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SEMI-TOTAL POINT GRAPHS
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ABSTRACT. The k-th semi-total point graph R*(G) of a graph G, is a graph obtained from G by adding
k vertices corresponding to each edge and connecting them to the endpoints of the edge considered. In

this paper, we obtain formulas for the resistance distance and Kirchhoff index of R* (G).

1. Introduction

Klein and Randi¢ [I0] conceived the resistance distance between the vertices of a graph G, denoted
by 744, defined to be equal to the effective electrical resistance between the vertices u and v of a graph
G, with unit resistors taken over any edge of G. For trees 1, = d,,, the distance between two vertices
v and v, and therefore the resistance distances are primarily of interest in the case of cycle containing
graphs. Resistance distances and molecular structure descriptors based on them were much studied in
the chemical literature [I0] and also attracted the attention of mathematicians [3, &, 0R]. In analogy
to the classical Wiener index, the Kirchhoff index of G, was defined by the sum of resistance distances
of all pairs of vertices of a molecular graph,

KfG = > rw@. (1)
{uv}CV(G)

All graphs considered in this paper are simple and undirected. For a graph G, let Aq, Ba, Dg
denote its adjacency matrix, incident matrix and diagonal matrix of vertex degrees, respectively. The
matrices Lg = Dg — Ag and BgBL = Dg + Ag are called Laplacian matrix and signless Laplacian
matrix of G, respectively.

Resistance distance, Kirchhoff index, derived graph.
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FIGURE 1. The graph G and R3(G).

Resistance distances can be computed by the theory of resistance electrical network. The standard
method to compute 7y, is via the (any) generalized inverse L, of the Laplacian matrix L of a graph
G. See Lemma 21 for details.

Let R(G) denote a graph obtained from G by adding a new vertex corresponding to each edge and
connecting it to the endpoints of the edge considered. This graph is called the semi-total point graph.
In [9], Joe et. al introduced a generalization of R(G), denoted by RF(G): it is a graph obtained
from G by adding k vertices corresponding to each edge and connecting them to the endpoints of
the edge considered. This is equivalent to adding k triangles to each edge of G. We call R¥(G) k-th
semi-total point graph of G. For an edge uv of G, let (uv)!, (uv)?, ..., (uv)* be k new adding vertices
corresponding to the edge uv. If G is a graph with n vertices and m edges, then R*(G) has n 4 km
vertices and m + 2km edges. In Figure [, the graph G and its 3-th semi-toatl point graph R3(G) are
depicted.

It is of interest to study the Kirchhoff index of graphs derived from a single graph. The formulas
and lower bounds of the Kirchhoff index of the line graph, subdivision graph, k-th semi-total point
graph, and total graph of a connected regular graph were reported in [, 04, I1]. The formulas for
the resistance distance and Kirchhoff index of the subdivision graphs of general graphs were obtained
in [I5, 16]. The main aim of this paper is to give the resistance distance and Kirchhoff index of the
k-th semi-total point graph of a general graph. This paper is organized as follows. In Section 2, some
auxiliary lemmas are given. In Section 3, we obtain formulas for the resistance distance and Kirchhoff

index of the k-th semi-total point graph of a general graph.
2. Preliminaries

The {1}-inverse of a matrix M is a matrix X such that M XM = M. If M is singular, then it has
infinite {1}-inverses (see [I0]). For a square matrix M, the group inverse of M, denoted by M#, is the
unique matrix X such that M XM = M, XMX = X and MX = XM. It is known that M# exists
if and only if rank(M) = rank(M?) (see [IZ, I3]). If M is real symmetric, then M7 exists and M7 is

3
a symmetric {1}-inverse of M (see [0, [2, [4]).
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In what follows we use M) to denote any {1}-inverse of a matrix M. Let (M), denote the
(u, v)-entry of M.

Lemma 2.1. ([I0]) Let G be a connected graph. Then
ruv = (LG uu + (LG )ow = (LG o = (LG Yo = (L) + (LE)ow = 2L
Let j denote an all-one column vector.
Lemma 2.2. ([1]) For any graph G, we have (Lg)™j = 0.

Lemma 2.3. (Foster’s Formula [1]) Let G be a connected graph with n vertices and edge set E(G).
Then ZuUEE(G) Tuo =N — 1.

Let T'r(M) denote the trace of a square matrix M.
Lemma 2.4. ([13]) Let G be a connected graph on n vertices. Then

Kf(G) =nTr(Ly)) - i"LY)j = nTr(LE).

A B
Lemma 2.5. ([13]) Let M = ( B O be a symmetric matriz and A is nonsingular. Then
AT+ ATIBS#BTATY —ATIBS# ‘ ‘ :
N = ( G#pT A o# is a symmetric {1}-inverse of M, where S is the

schur complement C — BT A71B of A in M.

3. The resistance distance and Kirchhoff index of R¥(G)

Theorem 3.1. Let G be a connected graph with n vertices and m edges. Then the following hold:
(1). The Kirchhoff index of R*(G) is

m?k® —n?+n  (mk+n)(n—1) k?

(km+mn) /2 2 T

— (=K kTr(DgL — 0t L6

k+2 (n H(G) +kTr(De )>+ 2 k+2 20k +2) &7
where § = (dy,ds, . ..,d,)" is the degree sequence of G.

(2). For any u,v € V(G) C R¥(@), we have 1., (R¥(G)) = k%_QTW(G).
(3). For any e = (w)*, (wv € BE(Q), i =1,2,...,k),w € V(G), we have

1 1

1
el RGN =5+ 53

(ruw(@) + rou(@)) = 5557w

(@).

(4). For any e = (uv)’ S ( ) f = (zy), (wv,zy € E(G),i,j = 1,2,... k),uv # xy, we have
Tef(Rk(G) 1+ 3 k+2 <rux + Tuy ) + ?"U:U(G) + Tvy(G) — Tuv — Tzy G))
(5). For any e = (wv)i, f = (wv)?, (uwv € B(G),i,j =1,2,...,k), we have ref(R k(@) =
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Proof. With a suitable labeling for vertices of R*(G), the adjacency and degree matrices of R*(G) can

. Ot T 2Lk 0 .
be written as follows: A = , D= ,where I' = (B¢, Bg, - .., Bg)
I' Ag 0 (k+1)Dg

is an (mk) x n matrix and IT'TT = k(Dg + Ag). Hence, the Laplacian matrix of R¥(Q) is L =
21,k -7
-I' (k+1)Dg—Ag |
Thus the Schur complement of 21, in L is
S = (k+1)Dg— Ag —T'(2L,,) " 'TT

k
= (k+1)Dg — Ag — §(DG + Ag)

k+2 k+2
= Ty Perdd =

Lg.

By Lemma 23, the following matrix

No L (k+2) L, +TTLED 20T LY )
2(k +2) 2LET ALY

is a symmetric {1}-inverse of L. By Lemma P, we have

Kf(R*¥(@G)) = (km+n)Tr(N)—j'Nj
2 mk 1
= (k Tr(L%) + — + ——Tr(TTLET)) — j7Nj.
(m+”)(k+2 ML)t Ty e )) =3NS
BLLELBL ... BLL:BL
Since FTLﬁI‘ = : : : is a k x k block matrix, we have
BLLEBL -+ BLLEBL
Tr(CTLET)) = kTr(BELEBG)
= Z ((L#G#)uu"‘(Lz)vv“‘Q(Lg)uv)
weE(G)
= Y (20wt 2LE) — 2r0(©)
weE(G)

= 2Tr(DgL?) —2(n —1).

Notice that Bgj = (dy,ds,...,d,)T =6 is the degree sequence of G, we have

T nre mk 1
Nj = 04 -
3 2 Tak12)

_ mk K
2 2(k+2)

JITTLET

j'BLLY Bgj

= —+_———0"L7%s.
2 +2(k:+2)6 a°



Trans. Comb. 4 no. 4 (2015) 33-41 D. Cui and Y. Hou 37

Therefore,
2 mk 1
k _ # Tr# _ T ars
Kf(R*Q)) = (hn+ww(k+27WU@)+ . +2“*+mZWG‘LGFD 3TN
B 2 u  Kk(km+4n) 2 m2k? —n?+n
= (km+n) (k: n 2T?“(LG) + ﬁTr(DgL )) + 5
(mk+n)(n—1) k> o
— L76.
k+2 2(k;+2)5 6°
For u,v € V(G), by Lemma P71 and equation (2), we have
2
k _
ruw(RY(G)) = k+2rw(G).
For e = (w)!, (uwv € E(G),i =1,2,...,k),w € V(G), by Lemma P and equation (2), we have
1 1 2
ew k = a5 FTL#F ee YT L# ww FTL# ew
1 1 # # # 1 #
= 3 71 1 o\ uu Vv uv L ww
1 # #
= ot s (@) @) — s (G)
= 9 (k?+2) Tuw Tyw 2(k+2)ruv .

For e = (w)i, f = (zy)’, (w,zy € E(G),i,j = 1,2,...,k), and uv # xy, by Lemma 21 and

equation (2), we have

reg(RM@)) = Z(ki 7Lk 4+ 2) s + TTLED)ce + ((k + 2) L + TTLED) py — TTLED) ]

1
k+2

= 1+ (PTLED)ee + TTLED) 44) (TTLED)

2(k + 2)
1

2(k +2)

=1 + 2(]{:1_’_2)((112&)1“1 + (Lg)vv + 2(L7C%)uv) + (Lé&)fuz +
1

2(k +2)

1
((BgLﬁBG)ee + BngBG’)ff) - 7(B£L§BG)ef

= 1
+ k2

(EE)ar + LDy + 20 E)ar) — 15 (LB + L)y + (L))

= 14—
HETET)

For e = (wv), f = (w)?, (uwv € E(G),i,j = 1,2,...,k), and i # j, by Lemma 21 and equation (2),

we have

(ruz(G) + ruy(G) + 102 (G) + 1oy (G) — 140 (G) — 12y (G)).

1
res(RNQ)) = gmrgyl(( - 2) o+ DT LED)ee (k- 2) s+ DT LED) 1y =TT LET).]
1
= o0y ((BELEBG)ee + BELEBG) 1r) — m(BgLﬁBG)ef
1 1



38 Trans. Comb. 4 no. 4 (2015) 33-41 D. Cui and Y. Hou

This completes the proof. O

Corollary 3.2. ([I1]) Let G be a d-regular connected graph with n vertices. Then

(dn + 2)?
2(k+2)

(n? —n)(kd+2) n*(d?k®>—-4) n
Kf(G)+ R + 3 +3-

Kf(RNG)) =

Proof. For a d-regular graph G with n vertices, we have m = %d, D¢ = dI,,,0 = dj,. Thus DgL# =
dL#, 5TL§5 = 0 and the result holds. O
Corollary 3.3. ([id]) Let G be a d-regular connected graph with n vertices. Then

(dn + 2)*
6

KF(G) + (n? —n()i(d—&-Q) n n2(d28—4) n

Kf(R(G)) =

SE

The formula for the Kirchhoff index of R¥(G) in Theorem B is not as good as T r(Dng) and
5TLZE5 are not easy to compute. Recently, two modifications of Kirchhoff index, which takes the

degrees of the graph into account, have been considered. One is the multiplicative degree-kirchhoff
index defined by Chen and Zhang [4]:

Kf (@)= > dudsrus(G). (3)
{u,w}CV
The other one is the additive degree-Kirchhoff index defined by Gutman et al. [G, 8.

Kf+(G) = Z (du + dy)Tun(G). (4)

{u,v}CV

It is not difficult to check that TT(DgLZE) = K f*(G). It would be better if we express the K f(R¥(Q)
in terms of K f(G), K f*(G), K f*(G). The following is such an expression.

Theorem 3.4. Let G be a connected graph with n vertices and m edges. Then the Kirchhoff index of
RE(G) is
1

k+2

k(k+2)m? —k(k+1)m+2mn—n?+n

2
<2Kf(G)+ka+(G)+%Kf*(G)> + 20k + 2)

Proof. Let the vertex set V(RF(G)) = V(G) U Ufle E", where E" = {(uwv)" : wv € E(G)},r =
1,2,...,k. By the definition of the Kirchhoff index, we have

Kf(RHG)) = Y. ru(RN(Q)
{i,5}CV(R*(G))
k
= Y RGO+ DY rg(REG) + Y] Y r(RNG)
(1.4}CV(G) Uyt e
+ Z rij(R*(@G)) (5)

JEES
r#£s
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By Theorem B, we can obtain the first and the last terms in summation (5):

2 2
Yo om(RNG) = Y rp(G) = K f(G). (6)
. o k+2 k+2
{i,7}CV(G) {#,7}CV(G)
k
Y r(RHG) = Y1 _m<2). )
i€eET 1€EET
jeES jEES
r#£s r#Ss

For the second term in summation (5), by the definition of R¥(G), we have

> rg(RHG) =k > ry(RMG))

ieUk_, B” iepl

JEV(G) Jev(a)
=k Y ra®@)+E D) raw(RMNG).
e:ngE(G) e:uU#EE(G)

By Foster’s formula, we have

EoY rewRMG))+ Y rwBMG) = Y rw(RMG) =km+n -1,

e=uvEE(G) UUEE(G) {17J}QV(RI€(G))

w=u Or v

Hence

EoY . ra(RMG) =km+n—1-

e=uveE(G)
w=u Or v

G) +row(G) — %Tuv(G)

Tuw
EY . ra(RFG) =k Z o )

e=uvEE(G) uwveE(G)
wH#u,v wH#U,v
S L L Yol DD rw@+ D r (G)—lzr (@)
- m 9 k+2 uw vw 9 uv
weE(G) \w#u,v wH#u,v w#u,v

weE(G) \weV(GQ) weV (G

n—2 k kK n+2
= S u Tuw S -1
hmes= s 2 2 e D w5 (=)
weE(G)ueV(G)  weV(Q)

= kmn;2+l{:_lf_2 Z ( Z Tuw + Z vamruv(G))

n—2 k k n+2
= km 5 + m Z (du + dv)ruv(G) + m B (n — 1)
{u,w}CV(G)

k n+2

5 +m F( )'i‘m 5 (n—1). )
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Thus we obtain the second term in summation (5). In what follows we compute the third term in

summation (5). By the definition of R¥(G), we have

k
SN rp(RRG) =k > re(RHG))

r=1 i€E" e=uveEE(G)
JEET f=zycE(G)
uv#£ Ty
= k2 Z <1 + #(rw(G) + Tuy (G) + 192 (G) + 10y (G) — 14 (G) — 1y (G))>
e=uvEE(G) 2(k + 2) ! ! !
f=zy€E(G)
uvFETYy
E*m(m — 1) k?
_ T35 > (7@ (G + 10a(G) + 7y ()

{w,zy}CE(G)
k2
ST D Z (T (G) + 724 (Q)). (10)
{w,ay} CE(G)

Let T' = > 10 aprci(c) (Tua(G) 4 ruy(G) + 1u2(G) + 1oy (G)) . For any two vertices u,v € V, we
compute the times that r,,(G) appears in the summation of 7. If wv ¢ E(G), then there are d,d,
different pairs of edges in which one edge is incident to w and the other edge is incident to v. Thus
ruww(G) appears dyd, times in T. If wv € E(G), then there are d,d, — 1 different pairs of edges as
above. Thus r,,(G) appears d,d, — 1 times in T. Thus

T = Z dydyrun (G) + Z (dudy — 1)1 (G)

{u,v}CV(G) {u,v}CV(G)
w@B(G)) weB(G))
= Z dudvTuv(G) - Z Tuv
{u,v}CV(G) weE(G)
— KfG) = (n—1). (11)

S @@ =5 3D (ulG)+ (@)
)

{w,zy}CE(G) weE(G) Izgi(f
1
= 5 2 (m=Drw+ D (@) (@)
weE(G) zy€E(G)
1
= 3 Z ((m—=2)ryy +n—1)
w€eE(G)
1
= 5((m—2)(n—1)+m(n—1)):mn—m—n+1. (12)

Thus we obtain the third term in summation (5). Substituting these terms back into summation

(5) and some calculations yield Theorem B=3. O
For k =1, we have

Corollary 3.5. ([6]) Let G be a connected graph with n vertices and m edges. Then the Kirchhoff
index of R(G) is %(2}( Q)+ KfH(G) + 2K f*(G))  mP—2mtdmn—n®in,
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