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ABSTRACT. A 2-rainbow dominating function (2RDF) on a graph G = (V, E) is a function f from
the vertex set V' to the set of all subsets of the set {1,2} such that for any vertex v € V with
f(v) = 0 the condition U, ¢ v, f(u) = {1,2} is fulfilled. A 2RDF f is independent (I2RDF) if no two
vertices assigned nonempty sets are adjacent. The weight of a 2RDF f is the value w(f) = > o\ [f(v)].
The 2-rainbow domination number vr2(G) (respectively, the independent 2-rainbow domination number
ir2(G) ) is the minimum weight of a 2RDF (respectively, I2RDF) on G. We say that v-2(G) is strongly
equal to i,2(G) and denote by vr2(G) = ir2(G), if every 2RDF on G of minimum weight is an I2RDF.
In this paper we characterize all unicyclic graphs G with 7,2(G) = i,2(G).

1. Introduction

Throughout this paper, all graphs considered are finite, undirected, loopless and without multiple
edges. We refer the reader to [8, 3] for terminology and notation in graph theory. Specifically, let
G be a simple graph with vertex set V = V(G) and edge set E = E(G). For every vertex v € V,
the open neighborhood N(v) is the set {u € V' | wv € E} and the closed neighborhood of v is the set
N[v] = N(v) U{v}. The degree of a vertex v € V is degg(v) = deg(v) = |N(v)|. A unicyclic graph
is a connected graph containing exactly one cycle. A vertex of degree one is called a leaf, and its
neighbor is called a support verter. If v is a support vertex, then L, will denote the set of all leaves

adjacent to v. A support vertex v is called a strong support vertex if |L,| > 1. For r,s > 1, a double
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star S(r,s) is a tree with exactly two vertices that are not leaves, with one adjacent to r leaves and
the other to s leaves.

For a positive integer k, a k-rainbow dominating function (kRDF) of a graph G is a function f from
the vertex set V(G) to the set of all subsets of the set {1,2,...,k} such that for any vertex v € V(G)
with f(v) = 0 the condition U, ey, f(v) = {1,2,...,k} is fulfilled. The weight of a kRDF f is the
value w(f) = > cy |f(v)|. The k-rainbow domination number of a graph G, denoted by v,1(G), is the
minimum weight of a kKRDF of G. A 7,1(G)-function is a k-rainbow dominating function of G with
weight 7,£(G). Note that 1-rainbow domination number is the classical domination number ~(G).
The k-rainbow domination was introduced by Bresar, Henning, and Rall [?] and has been studied by
several authors (see for example [3, B, @, [2]).

A k-rainbow dominating function f is called an independent k-rainbow dominating function (ab-
breviated IkRDF) on G if the set {v € V | f(v) # 0} is independent. The independent k-rainbow
domination number, denoted by i,,(G), is the minimum weight of an IkRDF on G. An independent
k-rainbow dominating function with weight i,4(G) is called an i,;(G)-function. The independent
k-rainbow domination number is investigated in [T, 4].

Obviously each independent k-rainbow dominating function is a k-rainbow dominating function,
and so Y,x(G) < i,k (G). If v1(G) = i,k(G), then every i,,(G)-function is also a 7, (G)-function.
However not every ~,(G)-function is an i, (G)-function, even when v,(G) = i,1(G). We say that
Yk (G) and i, (G) are strongly equal and denote by v,1(G) = i,,(G), if every 7,1(G)-function is an
irk (G)-function.

The strong equality between two parameters was introduced by Haynes and Slater in [I[1] in the
first. Also in [9] and [10], Haynes, Henning and Slater gave constructive characterizations of trees with
strong equality between some domination parameters.

In this paper, we characterize all unicyclic graphs G with v,2(G) = i,2(G). For this aim, we use
the constructive characterization of trees T with ~,2(T") = i,2(T") provided recently by Amjadi et al.
[M]. Below we present the procedure given in [I] to built such trees. Let F; be the family of trees
that can be obtained from k > 1 disjoint stars K 2 by adding either a new vertex v or a path uv and
joining the centers of stars to v. Also let F5 be the family including P5; and all trees obtained from
k > 2 disjoint P3 by adding either a new vertex v or a path wv and joining v to a leaf of each Ps. If
T belongs to F; U Fa — {Ps} then we call the vertex v, the special vertex of T and if T' = Ps, then its
support vertices are special vertices of T'. We now define recursively a collection F of trees such that
K9 € F, and if T is any tree in F, then we put in F any tree 7" that can be obtained from 7' by any

of the following seven operations:

e Operation O;: If z is a strong support vertex of T' € F, then O; adds a new vertex x and an
edge rz.

e Operation Os: If z is a vertex of T' € F, then Oy adds a new tree T € F; with special vertex
x and an edge xz provided that if = is a support vertex, then v,o(T — z) > ~,.2(7T).

e Operation Os: If z is a strong support vertex of T' € F, then O3 adds a path zxy.
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e Operation Oy: If z is a vertex of T' € F which is adjacent to a support vertex of degree 2, then
O, adds a path zzy.

e Operation Os: If z is a vertex of T' € F which is adjacent to a strong support vertex, then Oy
adds a path zxyw.

e Operation Og: If z is a vertex of T' € F, then Og adds new tree Th € Fo with special vertex x
and an edge zz provided that if x is a support vertex, then v,o(T — 2) > v,2(T).

e Operation O7: If z is a vertex of T' € F such that every ~,2(T)-function assigns ) to z, then Oz
adds the double star S(1,2) and an edge zx where x is a leaf of S(1,2) whose support vertex
has degree 3.

Theorem A (Amjadi et al. [1]). Let T be a tree. Then i,9(T") = ~,2(T) if and only if T € FU{K;}.

2. Unicyclic graphs G with 7,2(G) = i,2(G)

We begin by giving some definitions and results that will be useful in our characterization. A

vertex v € V(G) is called an empty vertex if f(v) = 0 for every 7,1 (G)-function f.
Observation 2.1. If v € V(G) is an empty vertex of G, then v,2(G) = vr2(G — v).

Proof. Since v is an empty vertex of G, each 7,29(G)-function is clearly a 2RDF of G — v implying
that 1,2(G — v) < %2(G). If 12(G — v) < 2(G), then let f be a v,2(G — v)-function and define the
function h by h(v) = {1} and h(z) = f(z) for z € V(G) — {v}. Clearly h is a 2RDF of G of weight
Yr2(G) that leads to a contradiction because v is an empty vertex of G. Thus v,2(G) = v,2(G —v). O

A pair (z,y) of vertices of a tree T' € F is called a complementary pair, orc-pair for short, if there
exists a vp2(T')-function f such that {f(z), f(y)} = {{1},{2}}. For the pair (z,y), let Gr, , be the
graph obtained from 7" by adding a new vertex z and edges xz and zy. Further, if z is an empty vertex
of G, ,, then (z,y) is called a c-pair of type 1, and if there is a v,2(G1, , )-function that assigns {1,2}
to z, then (x,y) is called a c-pair of type 2. Besides these two cases, (z,y) is called a c-pair of type 3.

The following observation is straightforward.
Observation 2.2. If ' € F and z,y € V(T') are a c-pair, then v,2(T) = ')’TQ(GTI’y).

A vertex v of a tree T is said to be an independent verter if (i) every ~yo(T')-function f with
|f(v)] =1 is independent and there is at least one ~,o(T)-function with this property, (ii) there is no
~r2(T)-function f such that |f(v)| = 2. We denote by H the set of all trees in F having an independent
vertex.

In the next, we provide a constructive characterization of unicyclic graphs G with v,2(G) = i,2(G).
Let U be the family of graphs G such that G is obtained from some trees in F by one of the operations

T1, 72, T3, or T4 or obtained from even number of trees in H by operation 7s.

e Operation 77: Let z and y be two non-adjacent vertices of T' € F. The Operation 77 adds the
edge xy if the following two conditions hold:
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(1) every 7y2(T')-function assigns @) to at least one of the z and y, and
(2) T —u, (u € {x,y}) has no 2RDF f of weight ~,2(T") such that f is not independent and
Uvevr@utizpy—upy £(0) = {1,2}-
e Operation Ty: Assume Ty, T1,..., T3 € F, z,y € V(Tp) and v; € V(T;) for i € {1,...,t} and let
(1) (z,y) is a c-pair of type 1,
(2) for each i € {1,...,t}, v; is an empty vertex of T;.
Then Operation 73 adds a new vertex z and edges zz, zy and zv; for each i € {1,... t}.
e Operation 73: Assume Ty, T1,..., 7 € F, z,y € V(Tp) and v; € V(T;) for i € {1,...,t} and let
(1) (x,y) is a c-pair of type 2,
(2) Tp — {=,y} has no 2RDF f of weight 7,2(Tp) — 1 that is not independent and j €
(UueNg, ()~ {3 f (@) N (Uueng, ()~ {ay f (w)) for some j € {1,2},
(3) for each i € {1,...,t}, v; is an empty vertex of T,
(4) T; —v; € F for each i € {1,... t}.

Then Operation 73 adds a new vertex z and edges zz, zy and zv; for i € {1,...,t}.
e Operation Ty: Assume Ty, T1,..., T, € F, z,y € V(Tp) and v; € V(T;) for i € {1,...,t} such
that

(1) (x,y) is a c-pair of type 3,
(2) To — {=,y} has no 2RDF f of weight 7,2(Tp) — 1 that is not independent and j €
(Uuenr, (@)—{y3f (@) O (Uueng, (5)—{ap.f (w)) for j € {1, 2},
(3) v; is an empty vertex of T; for each i € {1,...,t},
(4) for each i € {1,...,t}, T; —v; has no 2RDF g of weight ~,2(7;) such that g is not indepen-
dent and 1 € Uyen,, (wi)9(u) or 2 € UueNTi(vi)g(u).
Then Operation 7; adds a new vertex z and edges zx, zy and zv; for i € {1,... t}.
e Operation T5: Let t # 0 be an even integer, 171,75, ..., T; € H, and v; € V(T;) be an indepen-
dent vertex for each ¢ € {1,...,¢t}. Then Operation 75 adds new vertices uy,us,...,u; and

edges u;v;, for each i € {1,...,t}, vju;+1 for each i € {1,...,¢t — 1} and the edge viu;.

Lemma 2.3. If T is a tree with v,.2(7) = i,2(T) and G is a unicyclic graph obtained from 7" by
Operation 71, then v,2(G) = ir2(G).

Proof. Let T € F and let x and y be non-adjacent vertices of T jointed by Operation 7;. Clearly
every vyo(T')-function is a 2RDF of G and hence 7,2(G) < iy2(G) < v2(T) = ir2(T"). Now we show
that 7,2(G) = 72(T"). Suppose to the contrary that v,2(G) < vr2(T) and let f be a y,2(G)-function.
If f(x) = fly) =0, or O & {f(z), f(y)}, then f is a 2RDF of T with weight less than ~,.o(T), a
contradiction. If f(x) # 0 and f(y) = 0 (the case f(x) =0 and f(y) # 0 is similar), then the function
g defined by ¢(y) = {1},9(w) = f(w) for w € V(G) — {y} is a vp2(T)-function which contradicts
(i). Hence v2(G) = i2(G) = 42(T). It will now be shown that v,9(G) = 4,2(G). Suppose g is a
vr2(G)-function that is not independent. If g(z) # ) and g(y) # 0 then g is a vyo(T)-function, that
contradicts (i). If g(x) = g(y) = 0, then g is a y,2(T)-function that is not independent, a contradiction
with T € F. If g(z) # 0 and g(y) = 0 (the case g(x) = 0 and g(y) # 0 is similar), then g is a 2DRF of
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T —y of weight 7,2(T) that is not independent and e (n(y)utz1) 9(v) = {1,2}, a contradiction with
(ii). This completes the proof. O

Lemma 2.4. Let Ty, T1,..., Ty € F, z,y € V(1)) be a c-pair of type 1 and v; € V(T;) is an empty
vertex of T; for every i € {1,...,t}. If G is a unicyclic graph obtained from Ty, T, ..., T; by Operation
Ta, then v,9(G) = ir2(G).

Proof. Assume z is the new vertex added by Operation 75 for obtaining G. First we show that v,2(G) =
ir2(G). Let f; be a y,2(T;)-function for every i € {0,...,t} and let { fo(x), fo(y)} = {{1},{2}}. Define
h:V(G) — P({1,2}) by h(z) = 0 and h(u) = f;(u) for u € V(T;) and 0 < i < t. Since T; € F, we
deduce that h is an I12RDF of G with weight foo ~vr2(T;) implying that

t

(21) 77"2( < 7/7“2 < Z /)/7“2 Z irQ(E)

=0
Assume g is a y,2(G)-function. We claim that g(z) = (). Suppose to the contrary that g(z) # 0. If
w(glv(r;)) < vr2(T}) for some 1 < j <, then the function f defined by f(v;) = {1} and f(u) = g(u)
for v € V(Tj) — {v;} is a 2RDF of T; with weight at most 7,2(7;) which leads to a contradiction
because v; is an empty vertex of Tj. Thus w(gly(r;)) > vr2(T}) for each j € {1,...,t}. It follows
from (E1) that w(glv(m)uzy) < v2(To). This implies that g|V(GToxy) is a ’VTQ(GTOIy )-function with
g(z) # 0, a contradiction. Hence g(z) = . Thus 9|V(Ti) is a 2RDF for each ¢ € {0,...,t}. Therefore
w(glvr)) > wa(Ti) = ing(Ty) for every i € {0,...,t}. Hence 7,2(G) = w(g) > Yi_a(Ti) and by
(20) we have 7,2(G) = i,2(G) = Sr_o Vr2(Ti). Now it will be shown that v,2(G) = i,2(G). Assume h
is a y,2(G)-function that is not independent. Using an argument similar to that described above, shows
that h(z) = 0 and the function h ‘V(T. is a y,2(T;)-function for each 7. Since h is not independent, we
deduce that h }V(Ti) is not independent for some 7, a contradiction with T; € F. This completes the

proof. O

Lemma 2.5. Let Ty, T1,...,7y € F, z,y € V(1p) and v; € V(T;) for 1 < i < t satisfy in the
condition of Operation 73. If G is a unicyclic graph obtained from Tg, T4, ..., T; by Operation 73, then

'YTQ(G) = iTQ(G) .

Proof. Suppose z is the vertex added by Operation T3 for obtaining G. We first show that 7,2(G) =
ira(G) =30 _oVr2(T3). As in the proof of Lemma 24, we can see that

(2'2) 7r2( < 1r2 < Z '77"2 Z ir2(1—‘z)
=0

Assume g is a 7,2(G)-function. As in the proof of Lemma 24, we have w(g|v (1)) > vr2(T;) for each
j € {1,...,t}. On the other hand, the function g, restricted to GTom,y is a 2RDF of GTOW implying
that w(g\GTOx’y) > yr2(To,,) = Yr2(Tp) by Observation Z2. Thus v,2(G) > S o vr2(Th). Tt follows
from (Z2) that Y,2(G) = i,2(G) = St_g Ww2(Ti) = Yo ir2(Ti). Now we show that v,0(G) = ia(G).
Assume h is a 7.2(G)-function that is not independent. By above argument, hly () is a vr2(T)-

function for each i € {1,...,¢}. We consider two cases.
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Case 1. h(z) = 0.
Since h is not independent, h ‘V(Ti) for some 1, is a v,2(T;)-function that is not independent, a contra-
diction with T; € F.

Case 2. h(z) # 0.

If h(v;) # 0 for some 1 < i < t, then h ‘V(Ti) is a 7,2(T;)-function and v; is not an empty vertex
of T;, a contradiction. Thus h(v;) = 0 for every i € {1,...,t}. This implies that h |V(Ti)—{vi} is a
¥r2(T; — v;)-function, by Observation 1. If h|y(7)—y,} is not independent for some i, we obtain a
contradiction with T; —v; € F. Henceforth, we let hly(7,)_¢,,} is independent for each 4. Thus h‘GToz,y

is a vyro-function that is not independent. Consider two subcases.

Subcase 2.1. h(z) = {1, 2}.
If h(z) # (0 (the case h(y) # 0 is similar), then the function g defined by g(y) = {1}, g(u) = h(u) for
u € V(Tp) — {z} is a 2RDF of Tj of weight less than ~,2(Tp), a contradiction. Therefore, we assume
h(z) = h(y) = 0. Then the function g defined by g(z) = g(y) = {1}, g(u) = h(u) for u € V(1) —{z, y}

is a y,2(Tp)-function that is not independent, a contradiction.

Subcase 2.2. |h(z)| = 1.
We may assume without loss of generality that h(z) = {1}. If @ € {h(z), h(y)}, then hly (7, is a 2RDF
of weight less than v,2(Tp), a contradiction. If h(x) # () and h(y) = 0 (the case h(xz) = 0 and h(y) # 0
is similar), then 2 € UueNg, (yy(u) # 0 and the function g defined by g(y) = {1} and g(u) = h(u) for
u € V(Tp) — {y} is a 2RDF of weight ~,2(7p) that is not independent, a contradiction with Ty € F.
Hence, let h(xz) = h(y) = 0. Then 2 € UuENTO(v) h(u) for v € {z,y}. If Uyeny, (o)h(u) = {1,2} (the
case UyeNg, (y)1(u) = {1,2} is similar), then the function g defined by g(y) = {1} and g(u) = h(u) for
u € V(Ty) — {y} is a 2RDF of weight ~,2(Tp) that is not independent which is a contradiction again.
Thus Uyeny, @h(u) = UuENTO(y)h(u) = {2}. But then hly (7)—{z,) 13 @ 2RDF on Ty — {, y} of weight
~Yr2(To) — 1 that is not independent contradicting the assumption. This completes the proof. O

Lemma 2.6. Let Ty, T1,...,T; € F, x,y € V(Ty) and v; € V(T;) for each i € {1,...,t} satisfy in the
conditions of Operation 4. If GG is the unicyclic graph obtain from Ty, T1, ..., Ty by Operation 7Ty, then
Yr2(G) = ir2(G).

Proof. Suppose z is the vertex added by Operation 74 to obtain G. As in the proof of Lemma P4, we

obtain
(2.3) Yr2(G) <ira(G) < Z%«2(Ti)~
i=0

Assume g is a y,2(G)-function. If g(2) = 0 then g|y(7,) is a 2RDF of T; for every i € {0,...,t} and
hence w(gly(r;)) > vr2(Ti) for each i € {0,...,t}. Therefore 1,2(G) = w(g) > St w2(T;). Assume
g(z) # 0. Then gly(1,)u{z) is a 2RDF of Grm,,, and for each i either g|y (1, is a 2RDF of T; or gy (1;) (v}
is a 2RDF of T; — v;. By Observations 20 and 222, we deduce that v,2(G) > S°¢_ v,2(Ti). Tt follows
from (2Z33) that v,2(G) = i,2(G) = Si_o r2(T;). Now we show that v,2(G) = i,2(G). Suppose to the
contrary that g is a v,2(G)-function that is not independent. If g(z) = (), then as in the proof of Case
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1 in Lemma PTH we obtain a contradiction. Let g(z) # (). Since x and y are a c-pair of type 3, we have
lg(z)] = 1. Assume, without loss of generality, that g(z) = {1}. Since g is not independent, there are
two vertices u,v € V(G) such that ) & {f(u), f(v)}. Since w(glv(z,)) = 2(T;) and v; is an empty
vertex of T;, we deduce that g(v;) = 0 for each 1 < i < ¢. It follows that 2 € Uwe N, (v))9(w) for each
1 <i<t and u,v € V(Gr, ) or u,v € V(I; — v;) for some 1 < i < ¢. By condition 3., we deduce
that u,v € V(Gr, ). If g(x) = g(y) = 0, then we must have 2 € (Uyeny, () f(w) N (Uweng, ) f(w))
and u,v € V(Tp) \{z,y} contradicting condition 2. Let without loss of generality that f(z) # (). Then
the function h : V(G) — P({1,2}) defined by h(y) = {1} and h(w) = g(w) for w € V(Tp) — {y}, is
a yr2(Tp)-function that is not independent, a contradiction. Thus ~,.2(G) = i,2(G) and the proof is
complete. O

Lemma 2.7. Assume ¢ is an even integer, 71, 1o, ..., Ty € H, and v; € V(T;) is an independent vertex

for each i € {1,...,t}. If G is the unicyclic graph obtained from T7i,...,T; by Operation 75, then
Y2(G) = ira(Q).

Proof. We use the same notation as defined in Operation 75. Suppose f; is an independent ~,2(7;)-
function such that |f(v;)| =1 for each i. We may assume that f(v;) = {1} if 7 is odd and f(v;) = {2}
if 7 is even. Define the function f : V(G) — P({1,2}) by f(u) = fi(u) for u € V(T;) and f(u;) =0
for each i € {1,...,t}. Clearly f is an I2RDF of G of weight 22:1 ~Yr2(T;) implying that

(24) ,.)/TQ(G> < Zr2(G> < Z’YT?(E)
=1

It will now be shown that v,2(G) = Zﬁzl vr2(T;). Assume to the contrary that v,2(G) < 2521 Yr2(T5)
and let f be a 7,9(G)-function such that S°_, | f(u;)| is as small as possible. We claim that f(u;) #
{1,2} for each i. Suppose to the contrary that f(u;) = {1,2} for some 4, say i = 2. Then the function
g1 V(G) = P({1,2}) defined by g(uz) = 0,g(01) = f(e1) U {1}, g(e2) = £(v2) U {2} and g(z) = ()
otherwise, is a 2RDF of G such that S°4_, |g(u;)| < S_i_; | f(u;)], a contradiction. Hence f(u;) # {1,2}
for each . Since 1,2(G) < S2t_, v2(T), we deduce that W(flvr)utuisy) < Yr2(Ti) for some 1 < i < ¢,
say i = 1. If fly(q) is a 2RDF of T3, then its weight is less than 4,9(71) which is a contradiction.
Let fly(r,) is not a 2RDF of Ty. This implies that f(vi) = 0. If f(uz) # 0, then [f(u2)| = 1 and the
function h : V(T1) — P({1,2}) defined by h(v1) = f(u2),h(x) = f(z) for x € V(T1) — {v1} is a 2RDF
of Ty of weight less than ~,9(77) which is a contradiction again. Thus f(us) = (). Now to rainbowly
dominate vy, we must have f(u1) # (0. Since f(u1) # {1,2}, we may assume without loss of generality
that f(u1) = {1}. It follows that 2 € Uyeny, (v,)f(u). But then the function hy : V(T1) — P({1,2})
defined by hi(v1) = {1}, hi(z) = f(z) for z € V(T1) — {v1} is a yp2(T1)-function such that hy is not
independent and |h1(v1)| = 1, a contradiction by Tt € H. Thus w(f|v(1)ufuis,}) = ¥2(Ti) for each
i € {1,...,t} and hence v,2(G) > S>'_, v,2(T;). Tt follows from (24) that y.2(G) = Si_; w2(T})
implying that v,2(G) = i,2(G). Now we show that v,2(G) = i,2(G). Suppose to the contrary that g
is a y,2(G)-function that is not independent and let u and v be two vertices such that uv € F(G) and
0 & {g(u),g(v)}. We consider two cases.
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Case 1. u,v € V(T;) for some 1 <7 <t.

If |g(v;)| = 1 then g|y (1) is a y2(T;)-function that is not independent, contradicting (i) of the definition
of independent vertex. If [g(v;)| = 2, then obviously gly(r,) is a 2RDF of T;. Since T; € H, it
follows from the property (2) that g|y(z;) is not a ~,2(7;)-function which implies w(glv (7)ufuiy.}) =
w(glvry)) > w2(T3). Since w(glv(r)ufuisy) = w2(T;) for each 1 < i < ¢, we obtain v,2(G) >
St w2(Ty), a contradiction. Henceforth, we assume |g(v;)| = 0. If w(glv(r)) < v2(Ti) then we
define h(v;) = {1} and h(w) = g(w) for w € V(T;) — {v;} to obtain a ~,2(T;)-function that is not
independent, a contradiction with the property (1). Let w(g|v(z,)) = 2(Ti). Then we must have
g(uir1) = 0, otherwise w(glv(m)ufvi1}) = wW(glvem)) > Y2(Ti) and we obtain a contradiction as
above. It follows from g(u;+1) = 0 and g(v;) = 0 that g(vi+1) = {1,2}. By the property (2), we have

W(glv (1, 1) Utuise)) > Vr2(Tig1) which leads to a contradiction as above.

Case 2. {v,u} = {v;, uj+1} for some i. (the case {v,u} = {v;,u;} is similar).

Assume, without loss of generality, that v = v; and u = wu;41. Since 9|V(Ti) is a yp2(T;)-function and
since g(uiy1) # 0, we deduce that w(glv(z)ugu}) > Yr2(Ti). Since w(gly(ryyufu;s,y) = w2(T)) for
each 1 < j <t, we obtain v,2(G) > 2221 vr2(T;), a contradiction. Thus g¢ is independent and hence
Yr2(G) = ir2(G). This completes the proof. O

In the next, we show that if G is a unicyclic graph with i,2(G) = v,2(G), then G € U.
Theorem 2.8. If G is a unicyclic graph of order n > 3, with i,2(G) = 7,2(G), then G € U.
Proof. Let C' = (u1,us,...,ur) be the unique cycle of G and let

Co ={u € V(C) | there is a 7,2(G) — function that assigns () to u}.

Clearly Cy # ) because v,2(G) = i,2(G). Also let C1 = {u; € Cy | there is a v,2(G) — function f
with f(u;) = 0 such that f(ui—1) C f(ui+1) or f(uis1) € f(ui—1)}. We consider two cases.

Case 1. C; # 0.

Assume, without loss of generality, that us € Cy. By assumption, G has an i,2(G)-function f such
that f(ug) = 0 and f(ui) € f(us) or f(uz) C f(uy). Suppose, without loss of generality, that
f(u1) C f(ug). Let T = G — uyug. Clearly T is a tree. We show that 7' € F and G can be obtained
from T' by Operation 77. Obviously f is an I2RDF of T that yields v,2(T) < ir2(T) < 772(G). On
the other hand, every ~.o(T)-function is a 2RDF of G implying that v,2(T) > 7,2(G). Therefore
Yr2(T) = ir2(T) = v2(G). If T has a non independent v,o(7T)-function f, then f is y,2(G)-function
that is not independent, a contradiction with i,9(G) = 7,2(G). This yields i,9(T) = v2(T). If T has
a vyp2(T)-function g such that O & {g(u1), g(u2)}, then g is a v,2(G)-function that is not independent,
a contradiction again. Hence T satisfies (i) of Operation 7;. Suppose u € {uy,uz}. If T — u has a
2RDF g of weight v,2(T") such that g is not independent and Uye ny(w)u({us us}—{up)9(v) = {1, 2}, then
the function h : V(G) — P({1,2}) defined by h(u) = 0 and h(w) = g(w) for w € V(GQ) — {u} is a
2RDF of G of weight 7,2(G) that is not independent, a contradiction with i,9(G) = v,2(G). Therefore
T satisfies (ii) of Operation 7. Thus G can be obtained from T by applying Operation 7;.
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Case 2. () = 0.

Assume, without loss of generality, that ug € Cy and deg(ug) > deg(z) for every x € Cy. Since C1 = 0,
for every 7,2(G)-function g with g(ug) = 0, we have g(u1) € g(us) and g(u3) € g(ui). This implies
{g(u1),g(us)} = {{1},{2}}. Let f be a v,2(G)-function with f(uz) =0, f(u1) = {1} and f(us) = {2}.
We consider the following subcases.

Subcase 2.1. deg(u2) > 3.
Let N(ug) — {uy,us} = {v1,v2,...,v} and let Ty, T1,...,T; be the component of G — ug such that
ur,uz € V(Tp) and v; € V(T;) for each i € {1,...,t}. If f(v;) # 0 for some 1 < j < ¢, then
f(u1) C f(vy) or f(ug) C f(v;), say f(u1) C f(v;), and an argument similar to that described in Case
1, shows that G can be obtained from T' = G — ujus by Operation 7;. Henceforth, we assume that
f(vi) =0 for each i € {1,...,t}. Therefore we may assume for any v,2(G)-function g with g(uz) = 0,
g(vi) = 0 for each i € {1,...,t}. We claim that T; € F, w(flv(n)) = %2(Ti) and v; is an empty
vertex of T; for each i € {1,...,t}. Since i,2(G) = v,2(G) and since f(uz) = 0, the function fly(p,) is
an I2RDF of T; and hence v,2(T;) < ir2(T;) < w(flv(r,)) for each 0 < i < t. If v2(Ti) < w(flv (1))
for some i, then let g; be a ~qo(T;)-function and define h : V(G) — P({1,2}) by h(u) = f(u) for
u € V(G) —V(T;) and h(u) = g1(u) for u € V(T;). Obviously h is a 2RDF of G with weight less than
Yr2(G), a contradiction. So v,2(T;) = w(f|y(zy)) for each i € {0,...,t}. If T; ¢ F for some i, then let
g2 be a vp2(T;)-function that is not independent and define hy : V(G) — P({1,2}) by h1(u) = f(u) for
u € V(G)=V(T;) and hq(u) = go(u) for u € V(T;). Clearly hy is a v,2(G)-function that is not indepen-
dent, a contradiction with 7,2(G) = i,2(G). Similarly, we can see that v; is an empty vertex of T; for
each i € {1,...,t}. If ug is an empty vertex of G then u; and ug are a c-pair of type 1 of T and G can
be obtained by using Operation 73. Now suppose there is a y,2(G)-function h that assigns {1, 2} to us.
Then u; and us are a c-pair of type 2. If T; —v;, for some 1 < i < ¢, has a 2RDF g of weight v,2(7;) that
is not independent, then define hy(u) = h(u) for u € V(G) -V (T;) and hi(u) = g(u) for u € V(T; —v;)
and hi(v;) = 0 to obtain a non independent 7,2(G)-function, a contradiction with v,2(G) = i,2(G).
Thus T; — v; € F for each i € {1,...,t}. If Ty — {uy,us} has a 2RDF g of weight ~,2(Tp) — 1 such
that g is not independent and j € (UueNTO ()9(u)) N (UueNTO (u3)9(u)) for some j € {1,2}, then define
ho(u) = g(u) for uw € V(Ty) — {u1,us}, ha(ur) = ha(ug) = 0, ha(uz) = {1,2} — {j} and ha(u) = g;(u)
for u € V(T;), 1 < i < t, where g; is arbitrary ~,2(7;)-function to obtain a non independent ~,2(G)-
function, a contradiction again. Thus the conditions of Operation 73 holds and G can be obtain from
To,T1,...,T; by Operation T3. Finally let, there is a v,2(G)-function h that assign {1} (the case {2}
is similar) to uz. Then w; and ug are a c-pair of type 3. Since v,2(G) = i,2(G), h(v;) = () for each
1 <i <t It follows that 2 € Nr,(v;) for each i € {1,...,t}. If w(h|y (1)) < Yr2(T;) for some i, then
the function k : V(T;) — P({1,2}) defined by k(v;) = {1} and k(w) = h(w) for w € V(T;) — {v1},
is a v,2(T;)-function that is not independent, a contradiction. Hence, w(h!V(Ti)) = 7,2(T;) for each
i. We claim that for each i, T; — v; has no 2RDF g of weight ~,2(7;) that it is not independent and
Jje Uuenr, (v1)9(u) for some j € {1,2}. Assume to the contrary that T; — v; has an 2RDF ¢ of weight
~r2(T;) such that j € Uueny, wn9(u) (j € {1,2}) and g is not independent for some 4. If j = 2, then the
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function hg defined by hg(v;) = 0, hs(u) = h(u) for u € V(G) — V(T;) and hg(u) = g(u) for u € V(T5),
is a yr2(G)-function that is not independent, a contradiction with v2(G) = i,2(G). If j = 1, the
defined hy4 by ha(v;) = 0, ha(u) = h(u) for u € V(G) = V(T;), ha(u) = {1,2} \ g(u) if u € V(T;) and
lg(w)| = 1, and hy(u) = g(u) when v € V(T;) and |g(v;)| # 1, to obtain a ~,2(G)-function that is not
independent, a contradiction again. This proves the claim. As above we can see that Ty — {u1, us} has
no 2RDF g of weight v,2(7p) —1 that it is not independent and j € (UueNTO(ul)f(u))m(UueNTo (uo) f (1))
for some j € {1,2}. Therefore G can be obtained from Tp,T1,...,T; by Operation 7y.

Subcase 2.2. deg(uz) = 2.
Assume, without loss of generality, that f(u1) = {1} and f(usz) = {2}. Since v2(G) = ir2(G),
f is independent and hence f(u4) = 0. By the choice of ug and the fact that C; = (), we have
deg(ug) = 2 and f(us) = {1}. Repeating this process, we deduce that f(uzm,) = 0, f(ugm—1) = {1}
and f(ugm+1) = {2} for each integer m > 1. It follows that k& = 4s for some s and and every vertex of
C' with even index belongs to Cy. By the choice of ug, we deduce that deg(ug) = --- = deg(ug) = 2.
First let Cp — {uz2,uq,...,ux} # 0. Assume, without loss of generality, that us € Cy — {ue, ..., ux}.
By the choice of ugy, deg(us) = 2. Using an argument similar to that described in this subcase,
we obtain {u,us,...,ux—1} C Cp and deg(u1) = --- = deg(ug—1) = 2. Since G is connected,
we deduce that G = Cys. Now we can obtain G from 2s single vertices by Operation 75. Now
let Cy = {ug,uq,...,ur}. Assume Ty,T53,...,Tys—1 are the components of G — {ug,...,u;} and
Ugm—-1 € V(Tom-1) for 1 < m < 2s. First we show that v,o(Tom-1) = w(f|V(T2m71)) for each m.
Clearly f[v(z,,_,) is an independent 2RDF of Tyy,—1 and hence v,2(Tom-1) < w(flv(1,,_,)) for each
m. Assume to the contrary that v.2(Tom-1) < w(flv(z,,_,)) for some m and let g be a vr2(Tom—1)-
function. If |g(vem—1)| > 1, then we can assume that f(vam—1) C g(vam—1). Define the function h by
h(u) = g(u) if u € V(Tom—1) and h(u) = f(u) otherwise, to obtain a 2RDF of G of weight less than
Yr2(G), a contradiction. If |g(vam—1)| = 0, then [Uyeng, — (vs, 1) 9(1)| = 2. Define the function & by
h(u) = f(u) for u € V(G) — V(Tam—1 — vam—1) and h(u) = g(u) otherwise to obtain a v,2(G)-function
that is not independent, a contradiction with v,2(G) = ir2(G). Thus y2(Tom-1) = W(flvTmm._1))
for each i. Now we show that 77,73, ...,T4s_1 € H. Note that f]V(TQm_l) is an i,2(Th,—1)-function
with |f(vam—1)] = 1 for 1 < m < 2s. Let g be an i,9(Tom—1)-function such that |g(vam,—1)| = 1. Let
without loss of generality that g(vem—1) = f(vam—1). Then the function h defined by h(u) = g(u)
if w € V(Tam-1) and h(u) = f(u) otherwise, is an i,2(G)-function. Since v,2(G) = i2(G), h is
independent and hence g is independent. Thus Tb,,—1 satisfies (i) in the definition of independent
vertex. If there is a v,2(Tom—1)-function g with |g(ve,—1)| = 2, then vo,,—2, ve,, € Cy a contradiction
with C; = (. Thus Ty, satisfies (ii) in the definition of independent vertex, for each m. Thus
vom—1 18 an independent vertex of Ty,,_1 and hence 11,73, ...,T4s_1 € H. Thus G can be obtain from

T1,T5,...,T4s—1 by Operation T5. This completes the proof. O
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Now we are ready to state the main theorem of this paper.

Theorem 2.9. Let G be a unicyclic graph. Then i,2(G) = v,2(G) if and only if G € U.
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