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MULTIPLICATIVE ZAGREB ECCENTRICITY INDICES OF SOME COMPOSITE
GRAPHS
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ABSTRACT. Let G be a connected graph. The multiplicative Zagreb eccentricity indices of G are
defined respectively as IT{ (G) = [[,cv (e €2 (v) and II3(G) = [Liven e ce(u)ea(v), where eq(v) is
the eccentricity of vertex v in graph G and % (v) = (e (v))?. In this paper, we present some bounds of
the multiplicative Zagreb eccentricity indices of Cartesian product graphs by means of some invariants
of the factors and supply some exact expressions of II7 and IT5 indices of some composite graphs, such

as the join, disjunction, symmetric difference and composition of graphs, respectively.

1. Introduction

Throughout this paper we consider only undirected simple connected graphs. For terminology and
notations are not defined here we refer the reader to West [10].

Let G = (V(G), E(G)) be a graph with the vertex set V(G) and the edge set E(G), the number of
vertices and edges of G will be denoted by |V (G)| (or |G|) and |E(G)|, respectively. We denote the
degree and the neighborhood of a vertex v of G by degq(v) and Ng(v), then degg(v) = |[Ng(v)|. As
usual the distance between vertices u and v of graph G, denoted by dg(u,v), is defined as the number
of edges in a shortest path connecting the vertices u and v. For a vertex v of V(G), its eccentricity
ec(v) is the largest distance between v and any other vertex u of G, i.e., eg(v) = max,cy(g) da(u, v).
A vertex v € V(G) is well-connected if eg(v) = 1, i.e., if it is adjacent to all other vertices of G. We
suppose that W denotes the set of all well-connected vertices of G' and W; is the set of all well-connected

vertices of G; (i =1,2,...,n), respectively.
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A topological index is a real number related to a (molecular) graph, it does not rely on the la-
beling or the pictorial representation of a graph. There are several topological indices be defined in
the chemical literatures, especially those vertex-degree-based and vertices-distance-based topological
indices, which have been found many applications as means for modeling chemical, pharmaceutical
and other properties of molecules.

One of the oldest and extensively studied vertex-degree-based topological indices are the first and
second Zagreb indices M; and My, introduced by Gutman and Trinajstié¢ [5], which are applied to study
molecular, chirality in quantitative structure-activity relationship (QSAR) and quantitative structure-
property relationship (QSPR) analysis, etc. They are defined as Mi(G) = >, cyq) (degg(v))?
and M(G) = X ,ep(q) dega(u)degq(v). The multiplicative variant of Zagreb indices was intro-
duced by Todeschini et. al. [8], they are defined as II;(G) = HveV(G)(degG(v))2 and Ilx(G) =
[Luverc) dega(u)degg(v). Gutman in [6] call these indices as multiplicative Zagreb indices.

Recently, the topological indices based on vertex eccentricities attracted some attention in Chem-
istry. In analogy with the ordinary Zagreb indices, the first and second Zagreb eccentricity indices
M7 and M5 of a connected graph G have been introduced by Ghorbani et al. [4] and Vukicevi¢ et
al. [9] as the revised version of the Zagreb indices. They are defined as M{(G) = >_,cy (q) (ea(v))?
and M3(G) = 3_,,ep(c) €G(w)eg(v). Ghorbani and Hosseinzadeh computed the Zagreb eccentricity
indices of some composite graphs. Vukicevi¢ and Graovac showed that M (G)/|G| > M;(G)/|E(G)|
holds for all acyclic and unicyclic graphs and that neither this nor the opposite inequality holds for all
bicyclic graphs. For further results of the Zagreb eccentricity indices, we encourage the reader refer
to [T, B (1]

In analogy with the first and second multiplicative Zagreb indices, the multiplicative Zagreb ec-
centricity indices of the connected graph G were introduced by De [2] and are defined respectively

as

oie) = [ = I cw)?

veV(G) veV(G)
G = [ ee(wea).
weE(G)

In this paper, we present some bounds of the multiplicative Zagreb eccentricity indices of Cartesian
product graphs by means of some invariants of the factors, and supply some exact expressions of II]
and ITj indices of some composite graphs, such as the join, disjunction, symmetric difference and

composition of graphs, respectively.

2. Some bounds of II] and II indices of Cartesian product graphs

The Cartesian product G100G3 of graphs G and G has the vertex set V(G10G2) = V(G1) x V(G2)
and (ug,ue)(vy,vz) is an edge of G100G> if and only if u; = v1 and ugvy € E(G2) or ug = vy and
uivy € E(Gy). If G, G, ..., Gy are n(> 2) graphs, then we denote G10G20---0OG,, by O G;.
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Lemma 2.1. [4] Let G1,Go,...,G, be n graphs. Then

n
degryr g, ((u1,u2,. .., un)) = Z degg, (u;),
i1

n
EszlGi((ulﬁ uz, . .. 7un)) = Z €G; (uz)
=1
Theorem 2.2. Let G1,Ga,...,G, be n nontrivial graphs. Then

n
n 17n o .
I (O, Gy) > 2Lz 1Gil o | I (HT(GZ))” 7= 0 1G5l

i=1
with equality if and only if eq,(u1) = eq,(u2) = -+ = g, (un) for any vertexr (ui,ug,...,u) in
O, G;.
Proof. By Arithmetic-Geometric Mean Inequality, we have
(2.1)
So, from Lemma 2.1 and the inequality (2.1), we can obtain that
HT(Dyzle) = H 62[:'?:167'2‘((“1’ Uy .. . ,un))
(ul,ug,..‘,un)GV(D;’”:lGi)
- 2
- 11 OBEAT)
(u1,u2,...7un)€V(D?:1Gi) 1=1
> 11
(u1,u2,...,un)eV (1, Gy)
n
n 1 n .
= n2Hi:1 |Gil % H (HT(GZ)) w =15 ‘GJ|.
i=1
The proof is completed. O
Theorem 2.3. Let G;(i =1,2,...,n) does not contain any well-connected vertex. Then
n n
(2.2) I (O, Gy) < H (HT(GZ,))HJ':LJ';M |Gyl
i=1
with equality if and only if eq,(u1) = eg,(u2) = -+ = eq, (un) for any vertex (ui,uz,...,u,) of
O, G;.
Proof. Note that G; (i = 1,2,...,n) does not contain any well-connected vertex, then for any vertex

u; of G;, we have e¢, (u;) > 1,7=1,2,...,n. So, we can obtain that > ;" | e, (u;) < [[i~, eq,(ui). By

Lemma 2.1 and the same discussing method in Theorem 2.2, it is easy to deduce the inequality (2.2)

holds.

O

Similarly, we can also obtain the lower and upper bounds of ITj index of Cartesian product graphs.



24 Trans. Comb. 3 no. 2 (2014) 21-29 Z. Luo and J. Wu

Theorem 2.4. Let G1,Go,...,G, be n nontrivial graphs. Then

IO, G;) > n2 iz [EG)I(T=1 52 G5
n

I T () PO i ) (a1

i=1  j=1,j#i
with equality if and only if eq,(u1) = eg,(u2) = -+ = g, (un) for any vertexr (ui,ug,...,u) in
071 Gi. If n=2, set [}y s ; |G| = 1.
Theorem 2.5. Let G;(i =1,2,...,n) does not contain any well-connected vertex. Then

(G < [ [ T (i) PO M 98 (g ) v ]
=1 j=1,j#i
with equality if and only if eq,(u1) = eq,(u2) = -+ = eq, (un) for any vertex (ui,uz,...,un) of
OF 1 Gi. If n=2, set [[;_y s ; |G| = 1.

3. IIT and II] indices of join graphs

The join G + G2 of two graphs G and G2 with disjoint vertex sets V' (G1) and V(G2) and edge sets
E(G1) and E(G2) is the graph union G U G2 together with all the edges joining V(G1) and V(G2).
The definition generalizes to the case of n > 3 graphs in a straightforward manner.

In order to finish calculations of the first and second multiplicative Zagreb eccentricity indices of

join of graphs, we first present two key Lemmas as bellow.

Lemma 3.1. [4, 7] Let G1,Gs,...,G, ben graphs. Then

|E(G1+Ga+ -+ Gn) = D EG)H+ > GGl
=1 j=1<y
dega 4yt (v) = degg,(v) + Z Gl
j=1,j7#

Lemma 3.2. For any vertex v € V(G;)(1 <i<n) C U, V(G;) =V(Gi1+Ga+ -+ Gy), we have

1, ifveW;
2, ifveV(G;) \W,.

EG1+Gat 4Gy (V) =

Theorem 3.3. Let G =G+ Gy + -+ Gy. 0 < |W;| <|Gil,i=1,2,...,n. Then
HT(G) = 42?:1(|G1|_|Wz|)’

M5G) = 25imlRIBG) WG -)+(G Wi Sy s 1631

Proof. By the definition of II] index, Lemmas 3.1 and 3.2, we have

I (G) = H e (v) = H 12 % H 92 _ gIV(GN\UL Wil _ 43 (IGil=[Wil)
veV(Q) veul_ W; veV (G)\UL, W;
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I1;(G) = H eg(u)eg(v) = H (EG(U))degg(v)
weE(G) vEV(G)

_ H[lzvewi degg(v) 92 vevic)\w; degc(v)]
=1
— 9XiziXeevey\w; degc(v)

_ 22?:1 Yvevia\w;ldegg, (V) +327 ;4 1G]

— oXimilXeevieyw; de8a, (F L vev(a\w; L1, |Gl

— 9 i RIE(G) =Wl (IGi| =) +(1Gil = Wil) 3271 2 1G]

This completes the proof. O

Corollary 3.4. Let nG = G+ --- 4+ G and the set of well-connected vertices of G is W. Then
—_—

n times
IT; (nG) = 4™G1=IWD)
I (nG) = 22rE@2()IG +nIW|=n?|GIW])]
Corollary 3.5. If none of G;, i = 1,2,...,n contains well-connected vertices, then

(G4 Gy + -+ Gy) = 4xi=1Gil,
IL5 (G + Ga+ -4 Gp) = 4l=lIBGIH g GG

4. II7 and IIj indices of disjunction and symmetric difference of two graphs

The disjunction G V G2 of two graphs G and Gs is the graph with vertex set V(G1) x V(G2) and
edge set E(G1V G2) = {(u1,u2)(v1,v2)|uivy € E(Gp) or ugvs € E(Ga)}.

Lemma 4.1. [4.[7] Let Gy and G5 be two graphs, then
|B(GLV Ga)| = |BE(G|G2f” +|B(G2)||G1]* = 2|B(G1)||E(Ga)l,
degg,va, ((u,v)) = |Galdegg, (u) + |Gildegg, (v) — degg, (u)degg, (v).
The following lemma is obvious by means of the definition of disjunction of two graphs.

Lemma 4.2. Let Gy and Go be two graphs, W; is the set of well-connected vertices of G; and 0 <
(Wil < [V(Gi)l, i=1,2. Then
1, ifue Wy andv e Woy;

EGl\/GQ((ua ’U)) =
2, otherwise.

Theorem 4.3. Let Gy and Go be two graphs. Then

II; (G1VGe) = 4(|Gl|\G2|—\W1HW2|)7
IL(G1VGy) = 2[2(‘E(Gl)HG2|2+|E(G2)HG1‘Q_Q‘E(Gl)‘|E(G2)|)—|W2||G2|S(W1)—|W1HG1|S(W2)+S(W1)S(W2)},
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where s(W;) =3 ey, degg, (v),i=1,2.

Proof. From the definitions of multiplicative Zagreb eccentricity indices I, II§ and Lemmas 4.1 and

4.2, we have

I (G1VGy) = 11 enva, (u,v) = 11 22
(u,0)EV (G1VG2) (u,0)EV (G1VG2)\ (W1 x Wa)
gIV(GIVENWIxW2)| — 4(IG1|G2|=[Wa[[W2])

M(GivG) = ] (cawes((w o)) *eove)
(u,)eV(G1VG2)

— H 2degG1 VGo ((u7v))
(u,’U)EV(G1VG2)\(W1 ><W2)

— 92 (uw)EV(GIVG\(Wy x W) 4e8a; v, ((u,0))
— 9 (uweviarvay) 4e8a vay (40) =X (v ewy xwy 9086, va, (40))]
9RIE(G1VG2)| = ew Xvew, (1G2ldege, (u)+|G1ldegg, (v) —degg, (u)dege, (v))]

2[2(\E(G1)\|G2|2+|E(G2)||G1\2—2\E(Gl)\|E(G2)|)—|W2||G2|S(W1)—|W1HGlls(W2)+S(W1)$(W2)}‘

The proof is completed. O

Corollary 4.4. If G1 or Go does not contain any well-connected vertex, then
HT(Gl v GQ) _ 4:\01I\Gzl7

IE(GDIIG2I2+E(G)IG1|12—2|E(G1)||E(G2)]]

IL(GL Vv Ge) = 4

The symmetric difference G; @ G2 of two graphs G and Go is the graph with vertex set V(Gp) x
V(G2) and edge set {(u1,u2)(v1,v2)|uivn € E(G1) or ugva € E(G2) but not both}.

Lemma 4.5. [4] Let G1 and G2 be two graphs, then
|E(G1®Ga)| = [E(G)]|Gaf* +|E(G)||G1* - 4|B(G)||E(Ga)],
deggmq,((u,v)) = |Galdegg, (u) + |Gi|degg, (v) — 2degg, (u)degg, (v).

For any vertex (u,v) € V(G @ G2), by the definition of symmetric difference of two graphs, we
have eq,¢a, ((u,v)) = 2. So, by Lemma 4.5, it is easy to obtain the following theorem.

Theorem 4.6. Let Gy and G2 be two graphs. Then
[G11IG2]

I(GieGy) = 4 ,
H;(Gl @GQ) _ 4[|E(G1)|\G2|2+|E(G2)|\G1|2—4|E(G1)HE(G2)|]
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5. II7 and IIj indices of composition of two graphs

The composition G1[G2] of graphs G and G2 with disjoint vertex sets V(G1) and V(G2), edge sets
E(G1) and E(G2) is the graph with vertex set V/(G1[G2]) = V(G1) x V(G2) and edge set E(G1[G2]) =
{(u1,v1)(u2,v2)|uruz € E(G1) or (u1 = uz and vivg € E(G2))}.

By means of the definition as above, it is easy to deduce the following lemma.
Lemma 5.1. Let W; be the set of well-connected vertices in graph G;, i = 1,2. Then we have

1, if u € Wi and v € Wo;
€G1(G) (wsv)) = 4 2, ifue Wi and v € V(Ga) \ Wa;

£q,(u), otherwise.
Lemma 5.2. [4,[7] Let G1 and Gy be two graphs, then
|E(G1[Ga))| = |E(G))||Gal* + |E(G2)||Gal,
dege, (ay) ((w,v)) = [Ga|degg, (u) + degg, (v).

Theorem 5.3. Let G1 and Ga be two graphs and W; be the set of well-connected vertices in Gy,
i =1,2. Then

IT}(G1[Ga]) = 4Wil(G1=IWaD) o (115 (Gy)) 2,
IL(G1[Go]) = 2WilllGal(Gal=IWe)(Gi=1)+2B(Ga) [ =[W2|( G2l =1)]
2

* E(G * G
x (T (G) P92 (@)
Proof. By the definitions of IT} index and ITj index, Lemmas 5.1 and 5.2, we arrive at

I} (G1[Ga]) = IT  ctien (@)
(u,v)GV(Gl[Gz]

= H 12 x H 22 x H g, (u)

ueWy,veWs uEW1,weV (G2)\Wa u€V(G1)\W1,v€V(G2)
B G
_gmlG e (T e ()
ueV (G1)\W1

—  4IM(IG2|=W2]) o (HT(Gl))lGﬂ-

H;(Gl [GZ]) = H (5G1[G2]((U, U)))degGﬂGQ]((“u”))
(uw)eV(G1[Ga])

_ I olIGaldeg, (u)-+degc, (v)
uweEW1,veV (G2)\Wa

« H (5G1 (u)) [|Galdegg, (u)+degg, (v)]
ueV(G1)\W1,veV(G2)
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_ 22u6W1,veV(G2)\W2[|G2|degcl(u)+degcz(v)] X H (6G1(u))‘G2|degG1(u)
ueV(G1)\W1,veV (Ga)
S | B CER ) Rt
uGV(Gl)\Wl,UEV(GQ)
_ llG2l1G2I=IWal) S e, dege, )+ Wi Z ey ey, degas, (v)]

X ( H (cc, (u))degGl (u)) Gal” ( H 52G1 (u)) 1Y ev(ay) de8a, (v)
uEV(Gl)\W1 UEV(Gl)\Wl

—  oMilIG2|(|G2|=W2|)(|G1|-1)+2| E(G2)[-|W2|(|G2|-1)] (H;(Gl))IGQP x (HT(G1))|E(G2)|.
This completes the proof. O

Corollary 5.4. If W1 =) or Wy = V(G3), i.e., Gy does not contain any well-connected vertex or G
is a complete graph. Then

|G|

IT; (G1[G2]) = (IT(G1)) ' and II5(G1[G3)) = (HT(Gl))‘E(GQ)l % (Hg(Gl))‘GQD‘
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