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ABSTRACT. Let G = SLa(p’) be a special linear group and P be a Sylow 2-subgroup of G, where p
is a prime and f is a positive integer such that p/ > 3. By N¢(P) we denote the normalizer of P
in G. In this paper, we show that Ng(P) is nilpotent (or 2-nilpotent, or supersolvable) if and only if
p*! =1 (mod 16).

1. Introduction

Let G = SLo(p?) be a special linear group and P be a Sylow 2-subgroup of G. By Ng(P) we denote
the normalizer of P in G.

If p/ = 2. One has G = S3, the symmetric group of degree 3. It follows that Ng(P) = P is
nilpotent.

If p/ = 3. One has G = Qg x Zs, the semidirect product of the quaternion group Qg and cyclic
group Zs. It follows that Ng(P) = G. It is easy to see that Ng(P) is non-nilpotent. Moreover, N¢(P)
is not only non-2-nilpotent but also non-supersolvable.

In this paper, our main goal is to investigate the case pf > 3. We have:

Theorem 1.1. Let G = SLy(p!) and P be a Sylow 2-subgroup of G, where p is a prime and f is a
positive integer such that p? > 3. Then

(1) Ng(P) is nilpotent if and only if p*/ =1 (mod 16).

(2) Ng(P) is 2-nilpotent if and only if p*>f = 1 (mod 16).

(3) Ng(P) is supersolvable if and only if p?>f = 1 (mod 16).
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2. On the Normalizer of Sylow 2-Subgroup of PSL;(p/)

Proposition 2.1. Let G = PSLg(pf) and P be a Sylow 2-subgroup of G, where p is a prime and f
is a positive integer such that pf > 3. Then

(1) NG(P) =P x Z(pffl) ’lfp = 2,’

(2) Ng(P) = P if p*/ =1 (mod 16);

(3) Ng(P) = Ay if p > 2 and p*/ # 1 (mod 16).

Proof. (1) Suppose p = 2. By [I} II, Theorem 8.27], we can easily get that Ng(P) = P X Z(,r_).
(2) Suppose p > 2 and p*>/ =1 (mod 16). We claim that

either 8 | p/ +1 or 8 | p/ — 1.

Otherwise, assume that 8 { p/ + 1 and 8 t p/ — 1. Since p?/ = 1(mod 16), we must have that
4| pf+1and 4 |pf —1. It follows that 4 | 2, a contradiction. Therefore, we have that either 8 | pf +1
or 8| pf —1.

(1) Suppose p/ +1=28m and pf — 1 = 2n, where m and n are positive integers. We claim that
n is an odd integer.

Otherwise, assume that n is even. Then 4 | pf — 1. Since 8 | p/ + 1, we have 4 | 2, a contradiction.
Therefore, n is an odd integer.

It is obvious that Ng(P) < G since G is non-solvable. By [I], IT, Theorem 8.27], one has that Ng(P)
must be contained in a subgroup M of G that is isomorphic to a dihedral group of order pf +1. Then
Ng(P) = Ng(P)NM = Ny (P) = P.

(i1) Suppose p/ —1 = 8m and p/ + 1 = 2n, where m and n are positive integers. Arguing as above,
we also have Ng(P) = P.

Thus Ng(P) = P for p*/ =1 (mod 16).

(3) Suppose p > 2 and p?>/ # 1 (mod 16), which implies that 8 { p/ + 1 and 8 { p/ — 1. Since p/ > 3,
one has that G is non-solvable. It follows that G is non-2-nilpotent and then P is non-cyclic by [2)
Theorem 10.1.9]. So |P| > 4.

We claim that

|P| = 4.

Otherwise, assume |P| > 4. Since |G| = ip/(p/ +1)(p/ — 1), we must have 4 | p/ +1 and 4 | p/ — 1,
which implies that 4 | 2, a contradiction. Thus |P| = 4.
So by [I, II, Theorem 8.27], we have Ng(P) = Aa. O

3. On the Normalizer of Sylow 2-Subgroup of SLg(pf)

Proposition 3.1. Let G = SLa(pf) and P be a Sylow 2-subgroup of G, where p is a prime and f is
a positive integer such that pf > 3. Then
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(1 (P)=PXZyr_y) ifp=2;
(2 (P) = P if p*) =1 (mod 16);
(3) Ng(P) = SLy(3) if p > 2 and p*/ # 1 (mod 16).

) Na
) Na

Proof. (1) Suppose p = 2. Then SLa(p/) = PSLa(p/). By Proposition we have Ng(P) =
P X Zpr 1y

(2) Suppose p > 2. We have G/Z(G) = SLa(p/)/Zs = PSLa(p/). It is obvious that P/Z(G) is a
Sylow 2-subgroup of GG/Z(G). Moreover, one has P/Z(G) < Ng(P)/Z(G) = Ng/zc)(P/Z(G)).

(1) Suppose p*/ =1 (mod 16). By Proposition we have Ng/z(q)(P/Z(G)) = P/Z(G). It follows
that Ng(P) = P.

(43) Suppose p*/ # 1(mod16). By Proposition one has Ng/z()(P/Z(G)) = Ay. That is,
Na(P)/Z(G) = Ng(P)/Zy = A4. It implies that Ng(P) is a group of order 24 in which the Sylow
2-subgroup is normal but the Sylow 3-subgroup is not normal. By classification of groups of order
24, we have Ng(P) = SLy(3) or Ay x Zs. However, by [I, II, Theorem 8.10], one has that P is
isomorphic to a generalized quaternion group, which implies that Ng(P) 2 A4 X Zs. Thus we have
N¢g(P) = SLa(3). O

4. A Corollary of Propositions and

By Cg(P) we denote the centralizer of P in G. The following corollary is a direct consequence of

Propositions 2.1 and

Corollary 4.1. Let G = SLy(pf) or PSLy(pf) and P be a Sylow 2-subgroup of G, where p is a prime
and f is a positive integer such that p! > 3. Then

(1) Suppose p =2, then Cq(P) = P;

(2) Suppose p*/ = 1 (mod 16), then Cq(P) = Z(P) = Zo;

(3) Suppose p > 2 and p*>/ # 1(mod 16), then Cg(P) = Csro3)(P) 2 Zo if G = SLa(p/) and
Ca(P) = Ca,(P) = Z9% if G = PSLa(p/).

5. Proof of Theorem [I.1]

Proof. (i) Theorem (1) and (2) are direct consequences of Proposition

(73) For proof of Theorem [1.1] (3), we only need to prove that Ng(P) in Proposition (3.1 (1) and (3)
are non-supersolvable.

(a) Suppose Ng(P) = P X Z,s_1), where p = 2. Assume that Ng(P) is supersolvable. Let M be
any maximal subgroup of Ng(P). It follows that |[Ng(P) : M| is a prime.

If INg(P) : M| = 2. Tt is clear that M < Ng(P).

If [INg(P) : M| = q # 2. We have q | p/ — 1. In particular, we have M = P x Z
see that M < Ng(P).

It follows that every maximal subgroup of Ng(P) is normal and then Ng(P) is nilpotent, a contra-

(pf_l). It is easy to

q

diction. Therefore, Ng(P) = P X Z,s_yy is non-supersolvable.
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(b) Suppose Ng(P) = SLa(3). It is obvious that SLa(3) is non-supersolvable.
Thus we have that Ng(P) is supersolvable if and only if p?/ = 1 (mod 16).
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