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ABSTRACT. We pursue further our investigation, begun in [H. Smith, Groups with all subgroups sub-
normal or nilpotent-by-Chernikov, Rend. Sem. Mat. Univ. Padova 126 (2011), 245-253] and contin-
ued in [G. Cutolo and H. Smith, Locally finite groups with all subgroups subnormal or nilpotent-by-
Chernikov. Centr. Eur. J. Math. (to appear)] of groups G in which all subgroups are either subnormal
or nilpotent-by-Chernikov. Denoting by X the class of all such groups, our concern here is with locally
finite p-groups in the class X, where p is a prime, while an earlier article provided a reasonable classi-
fication of locally finite X-groups in which all of the p-sections are nilpotent-by-Chernikov. Our main

result is that if G is a Baer p-group in X then G is nilpotent-by-Chernikov .

1. Introduction

The main result of the article [I3] is that a locally soluble-by-finite group G that lies in the class
X of groups that have all subgroups either subnormal or nilpotent-by-Chernikov (that is, subnormal
or in MNC) is soluble-by-finite, and such a group G is even soluble if it is not nilpotent-by-Chernikov.
The original motivation for discussing the class X is that if G is a group and either every subgroup
of G is subnormal or G is locally graded and every subgroup of G lies in M€ then G is soluble — we
refer the reader to the papers [§], [9] and [I] for these results, and to the introductions in [I3] and [3]
for more detail and for further discussion.

Further consideration of the class X leads immediately to the problem of determining reasonable
conditions on an X-group G that suffice to ensure that G is in €. In view of the fact that there are
groups G that have all subgroups subnormal but are not nilpotent-by-Chernikov (see [10] and [12]),
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we restricted our discussion in [3] to locally finite groups in X, and we showed that there are locally
finite groups in X but not in NE. Indeed, we were able to provide a reasonable necessary and sufficient
condition for a locally finite X-group G to fail to belong to €, provided that it is assumed at the
outset that all p-sections of GG are nilpotent-by-Chernikov. This condition involves the presence of a
certain section of G that is described in terms of the structure of locally finite fields, and here we must
refer the reader to [3] for the details.

As far as locally finite groups in X are concerned, what remains to be considered is primarily the
case where G is a p-group for some prime p — an easy argument presented in Lemma 2 of [13] shows
that a locally finite-nilpotent group in X\ € has exactly one primary component P that is not in N¢,
and G/P is in NE. Let us recall that a group H is a Baer group if every cyclic subgroup (equivalently,
every finitely generated subgroup) of H is subnormal, and that every Baer group is locally nilpotent.

Our main result is as follows.
Theorem 1. Let G be a locally finite Baer group in the class X. Then G € NE.

Of course, what we would really like to know is whether every locally finite-nilpotent group in X
is nilpotent-by-Chernikov, and although we have made considerable progress towards answering this
more general question, nevertheless we have to leave it unanswered here. However, it is perhaps worth
pointing out the following.

Firstly, the property of being a Baer group is one that is immediately to hand if one wishes to show
that a p-group with all subgroups subnormal is nilpotent-by-Chernikov — that a p-group (and hence
any periodic group) with all subgroups subnormal is indeed nilpotent-by-Chernikov was established
by Casolo in [2], and it constitutes a major result in this area.

Secondly, the property of being a Baer group, though not immediate, is quite easy to establish if one
is assuming that G is a locally finite p-group in which all proper subgroups are in 1€ and attempting
to show that G is soluble (and hence in M&) — that a locally finite p-group (and hence an arbitrary
locally graded group, because of results from [9]) with all proper subgroups in M€ is itself in NC is
due to Asar [I], and is also a major result, of course. Our point here is that if we assume (as we may)
for a contradiction that G is perfect then G is the product of all its proper normal subgroups and so
there are G-invariant subgroups L < K with L a product of normal nilpotent subgroups and hence a
Fitting group (hence a Baer group), K/L a product of normal divisible abelian Chernikov groups and
hence abelian, and G/K a product of finite G-invariant subgroups (and hence an F'C-group). Because
G/K is perfect it is trivial in this case, and therefore so is K /L, which means that G = L and G is a

Baer group.

2. Preliminary results

Our first lemma collects, for convenience, a few results that are either well-known or very similar

to results that are well-known.
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Lemma 2.1.

(a) Let G be a group and let H, K be subgroups of G such that H < K < G, H 1is nilpotent and K/H
is Chernikov. Then HS is nilpotent.

(b) Let G be a locally finite Baer group in the class X and suppose that G has a normal nilpotent
subgroup N such that G/N has finite exponent. Then G is nilpotent.

(¢) Let G be a nilpotent p-group such that G' has exponent p. Then G/Z(G) has finite exponent.

(d) Let G be a p-group with an elementary abelian normal subgroup A containing G', and let C' =
Ci(A). Then C/Z(G) is elementary abelian.

(e) Let G be a Baer p-group and suppose that G has a normal nilpotent subgroup N such that G/N
is divisible. If G is residually nilpotent then G is nilpotent.

Proof. Part (a) follows immediately from Lemma 1 of [5]. Let G be as stated in (b) and let H be an
arbitrary non-subnormal subgroup of G. Then H is nilpotent, and by Theorem 3 of [11] we have that
every subgroup of G is subnormal. Theorem 12 of [7] now gives G nilpotent. For (c), let m be the
nilpotency class of G, choose n such that p" > m and let x,y € G. Since the binomial coefficient (p;)
is divisible by p if 1 < j < p" we have from a standard commutator formula that [z, y?"] = [z,,» y] = 1,
and the result follows. Now let G be as in (d) and let g € G, v € C. Then [2P, g] = [z, ¢]” = 1 and so
C? < Z(Q); also [C",G] < [C, G, |G, C,C] = 1, as required.

Finally, let G be a group that satisfies the hypotheses of (¢) and suppose first that G/Z(N) is
nilpotent. We claim that X := Z(NN) < Z(G), and assuming this false we have by residual nilpotency
that [X,G,G] < [X,G], so that we may factor and hence assume that [X,G,G] = 1. Choose an
element a of X that has order p modulo Z(G), and consider the homomorphism 6 : G — [X,G]
given by 6(g) = [a,g] for all ¢ € G. The image of 6 has exponent exactly p, but G/ker(0) is
divisible and we have a contradiction that establishes the claim. It remains only to show that G/X
is residually nilpotent, for then by induction on the class of N we may assume G/X nilpotent and
hence G nilpotent, by the above. Since G/N is a divisible Baer p-group and hence abelian, there is
a set {K) : A € A} of G-invariant subgroups of N with trivial intersection such that each G/K) is
nilpotent. Then L := (ycy XKy < N, and [L,N] < (ycp Kx = 1. Thus L = X and the result
follows. O

Next we need some notation from [2]. An abelian p-group A is small if it is the direct product of
a divisible Chernikov group and a group of finite exponent, otherwise A is large. The following result
will be useful in helping us to reduce the proof of the theorem to that of the metabelian case. The
proof of this lemma follows closely (and in most places exactly) that of Theorem 1 of [2] (and that of
Lemma 2 of [I4]).

Lemma 2.2. Let G be a Baer p-group in the class X and let H, K be subgroups of G such that
K < H < G, K is nilpotent, G/H is abelian and H/K is divisible Chernikov. Suppose further that
every nilpotent-by-abelian subgroup of G is in NC. Then G € NC.
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Proof. Suppose the result false and let G be a counterexample with the rank r of H/K minimal for
some H and K. Then K < H and r > 0. Since K@ is nilpotent, by Lemma , we may assume
K < G. Since G is a Baer group H/K is central in G/K, and Lemma 10 of [2] applies: if G/H is
small then there is a normal subgroup N/K of G/K that has finite exponent and is such that G/N
is divisible Chernikov. Then N is nilpotent, by Lemma @, and since G/N is abelian we have the
contradiction G € ME. Thus G/H is large.

Let W/K be a normal subgroup of G/K that is maximal such that WNH = K. Then W/ < K
and so W is nilpotent-by-abelian and there is a normal subgroup Y of W such that K <Y and W/Y
is Chernikov; we may assume that W/Y is divisible and, by Lemma @, that Y is G-invariant.
If G/HW is small then G/Y is (divisible-Chernikov)-by-(finite exponent), and by Lemma 10 of [2]
we see that G/Y is (finite-exponent)-by-divisible Chernikov. Again by Lemma [2.1|{f) we obtain the
contradiction G € ME. Thus G/HW is large, and by Lemma 10 of [2] there is a large abelian subgroup
X/W of G/W such that XNHW = W. Thus XNH = K and X/K is abelian, and again by hypothesis
there is a normal nilpotent subgroup U of X such that K < U and X/U is divisible Chernikov. Since
U < HU < G and HU/U is Chernikov (since U > K) we see from Lemma @ that U% is nilpotent
and contained in HU; also H/HNUY is divisible and hence of rank r, by minimality. Thus (HNU%)/K
is finite. But US/U = UHNU%)/U =2 (HNU®)/(HNU) = (HNU%)/K, so U%/U is finite. Since
XUY/UC is divisible it is central in G/U%; hence X¢ = XU,

Next we observe that X¢/X = UY/(X N U%) = U%/U, which is finite. Thus there is a positive
integer n such that M := (X%)P" is contained in X, and so X contains the normal subgroup WM of
G. Then WM N H = K, and by choice of W we have M < W and hence X?" < W, contradicting the
fact that X/W is large. This completes the proof of the lemma. O

3. Proof of the theorem

Throughout this final section G is a group that satisfies the hypotheses of the theorem. Firstly we

present two results dealing with special cases of our main result.
Lemma 3.1. If G* is a section of G that is a residually nilpotent p-group then G* is nilpotent.

Proof. Let H be a non-subnormal subgroup of G*. Then H is nilpotent-by-Chernikov and hence
nilpotent-by-divisible, and it follows from Lemma that H is nilpotent. Hence every subgroup
of G* is either subnormal or nilpotent, and by Theorem 3 of [I1] we have that every subgroup of G*
is subnormal. But a residually nilpotent group with this property is nilpotent if it is locally finite, by
(for example) Theorem 3 of [2]. The lemma is thus proved. O

Proposition 3.2. Suppose that G = AH, where A is an elementary abelian p-group containing G’
and H € NE. Then G € NC.

Proof. There is a normal nilpotent subgroup Hy of H with H/H(y Chernikov. If AHy € N then there
is a normal subgroup Ky of Hy such that Hy/Kj is Chernikov and AK) is nilpotent, and since G/AK)
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is Chernikov the result follows; thus we may replace H by Hy and assume that H is nilpotent. If ¢ is
the nilpotency class of H then [HNA,.G] =[HNA,.H]=1,s0 HNA < Z.(G) and we may factor
and hence assume that H N A = 1, that is, H is abelian and G = A x H. Again factoring if necessary,
we may assume that Cg(A) = 1. If R denotes the nilpotent residual of G then G/R is nilpotent, by
Lemma and so R = [A,; G] for some integer t. We may replace A by R and hence assume that
[A, H] = A.

Suppose that K < H and that B is a proper K-invariant subgroup of A. If BK ¢ N¢ then BK is
subnormal in G and so, for some integer r, [A,, K| < BK N A = B. In particular, [A, K] < A, and
since [A, H] = A we have [A, K]H non-subnormal and hence in M¢; thus there is a subgroup M of H
with H/M Chernikov and [A, K]M nilpotent. Let L = M N K; then [A, L]L is nilpotent and so AL is
nilpotent, and since K/L is Chernikov we have AK/AL Chernikov and hence AK € M€, which gives
the contradiction that BK € 91€. Thus BK € N for every subgroup K of H and proper K-invariant
subgroup B of A.

Let K be a large subgroup of H and suppose that [A, K| < A. By the above, there is a subgroup Ky
of K with K/Ky Chernikov and [A, K]K( nilpotent. Then AKj is nilpotent and, by Lemma ,
th centralizes A for some integer t. Since Cx(A) = 1 we have th = 1 and hence the contradiction
that K is small. This shows that [A, K] = A for every large subgroup K of H.

Now let h be a nontrivial element of H. Since G is Baer we have D := [A, (h)] < A; also, D < G
and DH € ME. So there is a subgroup K of H with H/K Chernikov and DK nilpotent, and this
implies that KP" centralizes D, for some m € N. By the three-subgroup lemma it follows that
[A, KP" (R)] = 1. Again because Cy(A) = 1 we see that [4, KP"'] < A, and by what was shown
above we now have KP" small and hence H small. By Lemma @ we deduce that G is nilpotent-
by-Chernikov, as required. O

We return now to our general hypothesis: let G be a locally finite Baer group in the class X, and
suppose for a contradiction that G ¢ NE. Our first aim is to reduce to the case where G is a metabelian
p-group. By Lemma 2 of [I3] there is exactly one primary component of G that is not in M¢, so we
may assume that G is a p-group for some prime p. By Proposition 2 of [13] G is soluble, and assuming
that G is a counterexample of minimal derived length there is a normal abelian subgroup B of GG such
that G/B € M¢, and by means of Lemma @ we may pass to an appropriate subgroup of G and
assume that G/B is nilpotent. By minimality we have G’ € M¢, and so by a second application of
Lemma @ there is a normal nilpotent subgroup A of G such that G/A is Chernikov-by-abelian;
we may assume that B < A and, since G is a Baer group, we may choose A so that K/A is divisible
(Chernikov) for some K that contains G'.

By Lemma we may now assume that G’ is nilpotent. By an easy application of Theorem 7 of [6],
G/G" ¢ NC and, factoring, we may assume that G is metabelian. Re-labelling if necessary, we may
suppose that G/A is abelian, where A is a normal abelian subgroup of G.

Suppose next that A? = 1, and let U be an arbitrary M€-subgroup of G. By Proposition [3.2]
AU € M, so there is a normal subgroup V of U with U/V Chernikov and AV nilpotent. By
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Lemma, some finite power of V' lies in the centralizer C of A, and so UC/C' is small. Conversely,
if U is a subgroup of G with UC/C' small then we may apply Lemma @ to deduce that U € MC.
We now proceed to obtain the contradiction that (on the assumption that A? = 1) G is in NE. Here
is an outline of our argument; it proceeds just like the proof of Lemma 9 of [2], to which the reader is
referred for further detail.

Denote by © the set of subgroups X of G such that XC/C is large (equivalently, the set of non-
MC-subgroups of G). Then O is non-empty since it contains G, and by Lemma 2 of [7] (see also
Lemma 3 of [2]) there is a positive integer d, a ©-subgroup H of G and a finite subgroup F' of H such
that every ©-subgroup of H containing F' is subnormal of defect at most d in H.

If every subgroup of H that contains F' is subnormal of defect at most d in H then, by Theorem 0.2
of [4], we obtain the contradiction that H is nilpotent. So there is a subgroup K of H and a finite
subgroup V of K containing F such that [H,; V] £ K; choose a € [H,; V]~ K. For each i > 0, define
H; by setting H;/(HNC) = Q;(H/(HNC)), and let m be least such that V' < H,,. Then each H;
is nilpotent, and by repeated application of Theorem 6 of [7] we may construct a union Y of finite
subgroups V =V < Vi < --- of H such that a ¢ Y and |V;y1/(Vig1 N Hyys)| = p'™ for each i > 0.
It is routine to show that YC/C is large, and we thus have a € [H,qV] < [H,;Y] <Y, which is a
contradiction. As pointed out above, the outcome of these considerations is that G /AP is in NE.

In the general case, denote by Cy the centralizer in G of A/AP. There is a nilpotent subgroup
Go/AP of G/AP such that A < Gy and G/GY is divisible Chernikov. By Lemma there is a
positive integer k£ such that ng < (Y, so G/Cy is small and, by Lemma , Cp is not nilpotent.
Let ¢ € Cp. Since G is a Baer group A(c) is nilpotent; also A(c)/AP" has finite exponent for each i.
Denoting by X*“ the intersection of all subgroups XP' of the arbitrary group X, we therefore have
(A{c))® = A¥. But (A(c))¥ is centralized by ¢ (see, for example, Lemma 1 of [2]), and since ¢ was
arbitrary we see that A < Z(Cj). Since [AP',Co] < AP for all i, Cy/A¥ is residually nilpotent and
hence, by Lemma [3.1] nilpotent. This gives our final contradiction that Cj is nilpotent, and the proof

of the theorem is complete.
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