
https://toc.ui.ac.ir

Transactions on Combinatorics

ISSN (print): 2251-8657, ISSN (on-line): 2251-8665

Vol. 15 No. 3 (2026), pp. 147–158.

© 2026 University of Isfahan

https://www.ui.ac.ir

DISTINGUISHING CHROMATIC NUMBER OF MIDDLE AND SUBDIVISION

GRAPHS

AMITAYU BANERJEE ∗, ALEXA GOPAULSINGH AND ZALÁN MOLNÁR

Abstract. Let G be a simple finite connected graph of order n ≥ 3 with maximum degree ∆(G). In

2016, Kalinowski, Piĺsniak, and Woźniak introduced the total distinguishing number D′′(G) of G. We

prove the following and show that the upper bound mentioned in (3) is sharp:

(1) The distinguishing chromatic number χD(M(G)) of the middle graph M(G) of the graph G is

∆(G) + 1 except for four small graphs C4,K4, C6, and K3,3, and ∆(G) + 2 otherwise.

(2) Inspired by a recent result of Mirafzal, we show that the distinguishing number D(S(G)) of the

subdivision graph S(G) of G is D′′(G). Consequently, D(S(G)) is at most ⌈
√

∆(G)⌉.
(3) Let G ̸∼= Cn, where Cn is the cycle graph of order n. If the distinguishing number D(G) of G is

at least 3, then the distinguishing chromatic number χD(S(G)) of S(G) is at most D(G), and if

D(G) is at most 2, then χD(S(G)) = D(G) + 1.

(4) If D(G) ̸= 1 and χD(G) = 2, then the automorphism group of G consists of 2 elements.

1. Introduction

Let G = (V (G), E(G)) be a connected graph with the vertex set V (G) and the edge set E(G), and

let Aut(G) be its automorphism group. The line graph L(G) of G is the graph with a set E(G) of

vertices, where the vertices x and y are adjacent in L(G) if and only if the corresponding edges x and
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y share a common vertex in G. The subdivision graph S(G) of G is obtained from G by putting a new

vertex in the middle of every edge of G. In [8], Hamada and Yoshimura introduced the middle graph

of a graph. The middle graph M(G) of G is the graph whose vertex set is V (G) ∪ E(G), and two

vertices x, y in the vertex set of M(G) are adjacent in M(G) in the case one of the following holds:

(1) x, y ∈ E(G) and x, y are adjacent in G;

(2) x ∈ V (G), y ∈ E(G), and x, y are incident in G.

Albertson and Collins [1] studied the distinguishing number of a graph and the distinguishing chro-

matic number of a graph was introduced by Collins and Trenk [7]. These concepts and its generaliza-

tions have been intensively studied in graph theory; see, for instance, [1, 2, 3, 5, 4, 6, 7, 11, 12]. Let f

be an assignment of colors to either V (G) or E(G). An automorphism ψ of G preserves f if each vertex

(edge) of G is mapped to a vertex (edge) of the same color. Let idG denote the trivial automorphism

of G. A vertex coloring h : V (G) → {1, . . . , r} is r-distinguishing if h is preserved only by idG, and h is

r-proper distinguishing if h is r-distinguishing and a proper coloring. The distinguishing number D(G)

of G is the least integer r such that G has an r-distinguishing vertex coloring and the distinguishing

chromatic number χD(G) of G is the least integer r such that G has an r-proper distinguishing vertex

coloring. The open neighborhood of v ∈ V (G) is NG(v) = {u ∈ V (G) : {u, v} ∈ E(G)}.

1.1. Motivation and results. Let Cn be a cycle graph of n vertices, Kn be a complete graph of n

vertices, and Kn,m be a complete bipartite graph with bipartitions of size n and m. Let χ(G) denote

the chromatic number of G.

• In 1998, Nihei [10] established that χ(M(G)) = ∆(G) + 1 for any graph G. In Section 2,

we apply a result of Hamada–Yoshimura [8] and two recent results of Alikhani–Soltani [2],

and Kalinowski–Piĺsniak [12] to determine χD(M(G)) of a connected graph G. In particular,

we prove that if G is a connected graph of order n ≥ 3, then χD(M(G)) = ∆(G) + 1 if

G ̸∈ {C4,K4, C6,K3,3} and χD(M(G)) = ∆(G) + 2 otherwise.

• In 2016, Kalinowski, Piĺsniak, and Woźniak [11] introduced the total distinguishing number

D′′(G) of a graph G as the least integer d such that G has a total coloring (not necessarily

proper) with d colors that is preserved only by idG. In the same paper, Kalinowski, Piĺsniak,

and Woźniak proved that D′′(G) ≤ ⌈∆(G)⌉ if G is a connected graph of order n ≥ 3. Recently,

Mirafzal [9] determined the automorphism group of S(G) and proved that if G ̸∼= Cn for any

natural number n, then Aut(G) ∼= Aut(S(G)). In Section 3, inspired by the techniques in [9],

the first author proves that if G is a connected graph of order n ≥ 3, then D(S(G)) = D′′(G).

Consequently, D′′(G) ≤ ⌈∆(G)⌉.
• Let G be a connected graph such that G ̸∼= Cn for any natural number n. In Section 4, we

apply the techniques in [9] to show that if D(G) ≥ 3, then χD(S(G)) ≤ D(G), and if D(G) = 2,
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then χD(S(G)) = 3. We also observe that if D(H) ̸= 1 and χD(H) = 2, then |Aut(H)| = 2

for any connected graph H.

2. Distinguishing chromatic number of Middle graphs

We have the following definition due to Hamada and Yoshimura [8].

Definition 2.1. Let G = (V (G), E(G)) be a graph where V (G) = {v1, . . . , vp} for some natural

number p. To G, we add p new vertices {u1, . . . , up} and p new edges {ui, vi}. The new graph is the

endline graph of G denoted by G+. The edges {ui, vi} are the endline edges of G+.

Kalinowski and Piĺsniak [12] introduced the distinguishing index D′(G) and the distinguishing

chromatic index χ′
D(G) of a graph G.

Definition 2.2. An edge coloring h : E(G) → {1, . . . , r} of a graph G = (V (G), E(G)) is r-

distinguishing if h is preserved only by idG. The distinguishing index of G, denoted by D′(G), is

the least integer r such that G has an r-distinguishing edge coloring and the distinguishing chromatic

index of G, denoted by χ′
D(G), is the least integer r such that G has an r-proper distinguishing edge

coloring.

Fact 2.3. The following holds:

(1) (Hamada–Yoshimura; [8]) Let G be any graph. Then M(G) ∼= L(G+).

(2) (Alikhani–Soltani; [2, Theorem 2.10]) If G is a connected graph of order n ≥ 3, that is not Q

and L(Q) (see Figure 1). Then χD(L(G)) = χ′
D(G).

(3) (Kalinowski–Piĺsniak; [12, Theorem 16]) If G is a connected graph of order n ≥ 3, then

χ′
D(G) ≤ ∆(G)+1, except for four graphs of small order C4,K4, C6,K3,3. For these exceptional

cases, χ′
D(G) = ∆(G) + 2.
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Figure 1. Graphs L(Q), Q,C+
6 ,K

+
3,3, C

+
4 , and K

+
4 .

Lemma 2.4. If ψ ∈ Aut(G+) such that ψ(u) = u for all u ∈ V (G), then ψ = idG+.

Proof. Let ui ∈ V (G+)\V (G). If ψ(ui) = uj for some uj ∈ V (G+)\(V (G) ∪ {ui}), then ψ(vi) = vj

since the automorphisms preserve adjacency, which is a contradiction to the given assumption. □
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Lemma 2.5. If G ∈ {C4, C6,K4,K3,3}, then χ′
D(G

+) = ∆(G) + 2.

Proof. Fix G ∈ {C4, C6,K4,K3,3}. By Fact 2.3(3), χ′
D(G) = ∆(G) + 2. We use the property that

all vertices of G has same degree, i.e. ∆(G), to claim that χ′
D(G

+) ≥ ∆(G) + 2. For the sake of

contradiction, assume that f : E(G+) → {1, . . . ,∆(G) + 1} is a proper distinguishing edge coloring

of G+. We claim that g = f ↾ E(G) is a proper distinguishing edge coloring of G which contradicts

the fact that χ′
D(G) = ∆(G) + 2. Clearly, g is a proper coloring. It is enough to show that g is

a distinguishing coloring of G. Let α be an automorphism of G preserving g. Define the mapping

πα : V (G+) → V (G+) by the following rule:

πα(w) =

α(vi) if w = vi ∈ V (G)

uj if w = ui ∈ V (G+)\V (G), vj = α(vi).

Then πα ∈ Aut(G+), where πα(V (G)) = V (G) and πα(V (G+)\V (G)) = V (G+)\V (G).

Claim 2.6. πα is the trivial automorphism of G+.

Proof. If e ∈ E(G+), then either e ∈ E(G) or e is an endline edge of G+. We show that f(πα(e)) = f(e)

for all edges e ∈ E(G+). Fix {x, y} ∈ E(G). Since g = f ↾ E(G) and α preserves g, we have

f(πα({x, y})) = f({πα(x), πα(y)}) = f({α(x), α(y)}) = f(α({x, y})) = g(α({x, y})) = g({x, y}) =

f({x, y}). Let e = {ui, vi} be an endline edge of G+.

• a1

• a2

• a∆(G)

•
vi

•
ui ..

.
· · ·

•πα(a1)
•πα(a2)

•πα(a∆(G))

•
πα(vi)

•
πα(ui)..

.

G

Figure 2. Graph G+.

Let NG(vi) = {a1, . . . , a∆(G)} be the open neighborhood of vi in G. Since all vertices of G have the

same degree, i.e., ∆(G), we have f(πα(e)) = f(e) for the following reasons (see Figure 2):

• f({vi, aj}) = f(πα({vi, aj})) for all 1 ≤ j ≤ ∆(G),

• the range of f is {1, . . . ,∆(G) + 1},
• f({vi, ui}) ̸∈ {f({vi, a1}), . . . , f({vi, a∆(G)})}, and
• f(πα({vi, ui})) ̸∈ {f(πα({vi, a1})), . . . , f(πα({vi, a∆(G)}))}.

Thus, πα is an automorphism of G+ preserving f , and πα = idG+ since f is a distinguishing coloring

of G+. This concludes the proof of Claim 2.6. □

By Claim 2.6, we have α = idG. Thus, χ
′
D(G

+) ≥ ∆(G) + 2.
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Claim 2.7. χ′
D(G

+) ≤ ∆(G) + 2.

Proof. Fix vi ∈ V (G). Define an edge coloring c : E(G+) → {1, . . . ,∆(G) + 2} as follows:

• Pick any hamiltonian cycle {z1, . . . , zp} of G such that z1 = vi and let c({z2i−1, z2i}) = 3,

c({z2i, z2i+1}) = 4, i.e., color the edges alternatively with 3 and 4.

• Let yi be the vertex adjacent to zi that is connected by an endline edge. Define c({z1, y1}) = 1,

and c({zj , yj}) = 2 for all 2 ≤ j ≤ p, i.e., we color the endline edge connected to z1 with 1 and

color all remaining endline edges with 2.

• If G ∈ {K4,K3,3}, then ∆(G) = 3. We color the remaining edges of G with 5.

z6

z1 z2

z3

z4z5

y3

y4y5

y6

y1 y2

4

3

4

3

4

3

2

22
2

1

555
2

Figure 3. An edge coloring c : E(K+
3,3) → {1, . . . ,∆(K3,3) + 2} of K+

3,3.

Clearly, c is a proper edge coloring (see Figure 3). We show that c is a distinguishing edge coloring.

Let ψ be a c-preserving automorphism of G+. Since {z1, y1} is colored differently than any other edges

in G+, ψ fixes z1 and y1. Moreover, ψ fixes x for all x ∈ NG(z1), since the edges {z1, x} are colored

differently. For zp ∈ V (G)\{z1, z2}, let Pz1,z2,zp denote the path connecting z1, z2, and zp. Now, ψ

fixes all the vertices of G since for any zp, zq ∈ V (G)\{z1, z2} such that zp ̸= zq, the length of Pz1,z2,zp

is different than the length of Pz1,z2,zq . By Lemma 2.4, we have ψ = idG+ . □

This concludes the proof of the present Lemma. □

Theorem 2.8. If G is a connected graph of order n ≥ 3. Then χD(M(G)) = ∆(G) + 1 if G ̸∈
{C4,K4, C6,K3,3}. Otherwise, χD(M(G)) = ∆(G) + 2.

Proof. By Fact 2.3 (1), we have χD(M(G))= χD(L(G
+)). Since G+ ̸∈ {Q,L(Q)} as G+ has n

vertices of degree one (see Figure 1), we have χD(L(G
+)) = χ′

D(G
+) by Fact 2.3 (2). We show that

χ′
D(G

+) = ∆(G) + 1 if G ̸∈ {C4,K4, C6,K3,3}, and χ′
D(G

+) = ∆(G) + 2 otherwise.

Case (i): G ∈ {C4,K4, C6,K3,3}. By Lemma 2.5, we have χ′
D(G

+) = ∆(G) + 2.
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Case (ii): G ̸∈ {C4,K4, C6,K3,3}. Then, by Fact 2.3 (3), either χ′
D(G) = ∆(G) or χ′

D(G) =

∆(G) + 1. Let E be the set of all endline edges of G+.

Subcase (A): χ′
D(G) = ∆(G). Let g : E(G) → {1, . . . ,∆(G)} be a proper distinguishing edge

coloring of G. Define the mapping g′ : E(G+) → {1, . . . ,∆(G) + 1} as follows:

g′(e) =

∆(G) + 1 if e ∈ E,

g(e) if e ̸∈ E.

We show that g′ is a distinguishing proper coloring of G+. Clearly, g′ is proper. If ψ is an

automorphism of G+ preserving g′, then ψ maps edges from E to E. So, ψ ↾ G is an automorphism

of G. Since g is a distinguishing edge coloring, ψ ↾ G = idG. Thus, ψ = idG+ by Lemma 2.4.

Subcase (B): χ′
D(G) = ∆(G) + 1. Let g : E(G) → {1, . . . ,∆(G) + 1} be a proper distinguishing

edge coloring. For each v ∈ V (G), let cv be a color from {1, . . . ,∆(G)+ 1}\{g(e) : e = {v, y} for some

y ∈ NG(v)}. Define g′ : E(G+) → {1, . . . ,∆(G) + 1} as follows:

g′(e) =

cv if e ∈ E and v is incident to e,

g(e) if e ̸∈ E,

Clearly, g′ is proper, and if f is an automorphism of G+ preserving g′, then f maps edges from E

to E since the vertices of E are the only vertices with degree one in G+. Similar to Subcase (A), one

may verify that g′ is a proper distinguishing edge coloring of G+ by applying Lemma 2.4. □

3. Distinguishing number of subdivision graphs

Definition 3.1. Let G = (V (G), E(G)) be a connected graph. The subdivision graph S(G) of G is

a bipartite graph with the vertex set V (G) ∪ E(G) in which vertices v ∈ V (G) and e ∈ E(G) are

adjacent if and only if the vertex v is incident on the edge e in the graph G. In other words, each

edge e = {u, v} ∈ E(G) is deleted and replaced by two edges {u,w} and {w, v} with the new vertex

w = {u, v}.

Fact 3.2. Let G be a connected graph of order n ≥ 3. The following holds:

(1) (Kalinowski, Piĺsniak, and Woźniak; [11, Theorem 2.2]) D′′(G) ≤ ⌈
√

∆(G)⌉.
(2) (Mirafzal; [9, Theorem 4]) If G ̸∼= Cn then Aut(S(G)) ∼= Aut(G).

Theorem 3.3. Let G be a connected graph of order n ≥ 3. Then D′′(G) = D(S(G)).

Proof. If G ∼= Cn where n ≥ 3 is any natural number, then D(S(G)) = D(S(Cn)) = D(C2n) = 2 =

D′′(Cn). For the rest of the proof, we assume that G ̸∼= Cn for any natural number n.

Claim 3.4. D′′(G) ≤ D(S(G)).
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Proof. Let f : V (S(G)) → {1, ..., D(S(G))} be a distinguishing vertex coloring of S(G). Define,

g : V (G) ∪ E(G) → {1, ..., D(S(G))} so that g(x) = f(x) for all x ∈ V (G) and g({x, y}) = f({x, y})
for all {x, y} ∈ E(G) = V (S(G))\V (G). We prove that g is a total distinguishing coloring of G. Let

α be a g-preserving automorphism of G. Define the mapping πα : V (S(G)) → V (S(G)) as follows:

πα(w) =

α(w) if w ∈ V (G)

{α(x), α(y)} if w ∈ V (S(G))\V (G), w = {x, y}, x, y ∈ V (G).

Then πα ∈ Aut(S(G)), where πα(V (G)) = V (G) and πα(V (S(G))\V (G)) = V (S(G))\V (G).

G
•x

•y

• α(x)

• α(y)

S(G)

•{x, y}

•x

•y

• πα({x, y}) = {α(x), α(y)} = α({x, y})

• πα(x) = α(x)

• πα(y) = α(y)

Figure 4. Graphs S(G) and G.

Since α is a g-preserving automorphism of G, we have the following:

(1) For all v ∈ V (G), we have g(α(v)) = g(v) =⇒ f(α(v)) = f(v) =⇒ f(πα(v)) = f(v).

(2) If {x, y} ∈ V (S(G))\V (G) and NS(G)(a) is the open neighborhood of a ∈ V (S(G)), then

α({x, y}) ∈ NS(G)(α(x)) ∩NS(G)(α(y)),

since automorphisms preserve adjacency. Thus, {α(x), α(y)} = α({x, y}) since G is a simple

graph (see Figure 4). Consequently, we have

g(α({x, y})) = g({x, y}) =⇒ g({α(x), α(y)}) = g({x, y})

=⇒ f({α(x), α(y)}) = f({x, y})

=⇒ f(πα({x, y})) = f({x, y}).

Thus πα is an automorphism of S(G) preserving f , and so πα = idS(G) since f is a distinguishing

vertex coloring of S(G). Consequently, we have α = idG. □

Secondly, we show that D(S(G)) ≤ D′′(G). Let f : V (G) ∪ E(G) → {1, . . . , D′′(G)} be a total

distinguishing coloring of G. We define f̃ : V (S(G)) → {1, . . . , D′′(G)} so that f̃(x) = f(x) for all

x ∈ V (G) and f̃({x, y}) = f({x, y}) for all {x, y} ∈ V (S(G))\V (G) = E(G). We claim that f̃ is a

distinguishing vertex coloring of the subdivision graph S(G). Let ψ be a f̃ -preserving automorphism

of S(G). If H = {πα : α ∈ Aut(G)} where πα is the induced automorphism of α ∈ Aut(G), which is

defined in the proof of Claim 3.4, then H ∼= Aut(G). Moreover, H = Aut(S(G)) since G ̸∼= Cn (cf.

[9, the proof of Theorem 4]). Thus, ψ = πα for some α ∈ Aut(G). Furthermore, ψ(V (G)) = V (G)
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and ψ(E(G)) = E(G). Since ψ is a f̃ -preserving automorphism of S(G), we can see that α is an

automorphism of G preserving f following the arguments in the proof of Claim 3.4.1 So, α = idG

since f is a total distinguishing coloring of G. Consequently, ψ = πα = idS(G). □

Corollary 3.5. If G is a connected graph of order n ≥ 3, then D(S(G)) < min{D(G), D′(G)} and

D(S(G)) ≤ ⌈
√

∆(G)⌉. Moreover, the bound D(S(G)) ≤ ⌈
√
∆(G)⌉ is sharp.

Proof. The first assertion follows from the fact that D′′(G) < min{D(G), D′(G)} (cf. [11, paragraph

after Proposition 1.8]), Theorem 3.3, and Fact 3.2(1). To see that the bound D(S(G)) ≤ ⌈
√
∆(G)⌉ is

sharp, we observe that for any star K1,m we have D(S(K1,m)) = ⌈
√
m⌉. □

4. Distinguishing chromatic number of subdivision graphs

The following definition is due to Sabidussi [13].

Definition 4.1. The graph G = (V (G), E(G)) is irreducible if for every pair of distinct vertices

x, y ∈ V (G), we have NG(x) ̸= NG(y), where NG(v) denotes the open neighborhood of v ∈ V (G).

The following results due to Mirafzal [9] will be useful for our purpose.

Lemma 4.2. (Mirafzal; [9, Lemma 1]) Let G = (U ∪ W,E), U ∩ W = ∅ be a connected bipartite

graph. If f is an automorphism of the graph G, then f(U) = U and f(W ) = W , or f(U) = W and

f(W ) = U .

Lemma 4.3. (Mirafzal; [9, Lemma 2]) Let G = (U ∪W,E), U ∩W = ∅ be a bipartite irreducible

graph. If f is an automorphism of G such that f(u) = u for every u ∈ U , then f is the identity

automorphism of G.

Lemma 4.4. If H is a connected graph where H ̸∼= Cn, then for every φ ∈ Aut(S(H)), we have

φ(V (H)) = V (H) and φ(V (S(H)) \ V (H)) = V (S(H)) \ V (H).

Proof. This follows from Lemma 4.2 (cf. the proof of [9, Theorem 4]). □

1In particular, we have the following:

(1) for all v ∈ V (G), f̃(ψ(v)) = f̃(v) =⇒ f(ψ(v)) = f(v) =⇒ f(πα(v)) = f(v) =⇒ f(α(v)) = f(v).

(2) for all {x, y} ∈ V (S(G))\V (G) = E(G), we have f̃(ψ({x, y})) = f̃({x, y}) =⇒ f(ψ({x, y})) = f({x, y}) =⇒
f(πα({x, y})) = f({x, y}) =⇒ f({α(x), α(y)}) = f({x, y}) =⇒ f(α{x, y}) = f({x, y}).
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4.1. Results.

Theorem 4.5. If G is a connected graph where D(G) ̸= 1 and χD(G) = 2, then |Aut(G)| = 2.

Proof. Let f : V (G) → {1, 2} be a proper distinguishing vertex coloring of G. Then G is bipartite

with bipartitions U = f−1(1) and W = f−1(2). Let ψ be a nontrivial automorphism of G. Then ψ is

not an f -preserving automorphism of G. Thus, f(ψ(v)) ̸= f(v) for some v ∈ V (G). So if v ∈ U , then

ψ(v) ∈W (and vice versa). By Lemma 4.2, ψ(W ) = U and ψ(U) =W .

Claim 4.6. Let Ba = {b ∈ V (G) : ψ(a) = b for some ψ ∈ Aut(G)\{idG}} for each a ∈ V (G). Then

Ba is a singleton set.

Proof. Assume a ∈ U , ψ1(a) = b1 and ψ2(a) = b2 for some ψ1, ψ2 ∈ Aut(G)\{idG} where b1, b2 ∈ V (G)

and b1 ̸= b2. Then, b1, b2 ∈ W , and ψ2ψ
−1
1 (b1) = b2, where ψ2ψ

−1
1 ∈ Aut(G)\{idG}. This contradicts

that ψ2ψ
−1
1 (W ) = U . Similarly, if a ∈W , the proof follows. □

Since D(G) ̸= 1, the graph G is not asymmetric. By Claim 4.6, there can be only one nontrivial

automorphism of G. Hence, |Aut(G)| = 2. □

Theorem 4.7. Let G be a connected graph of order n ≥ 3. Then the following holds:

(1) If G ̸∼= Cn and D(G) ≥ 3, then χD(S(G)) ≤ D(G).

(2) Under the assertions of (1), the bound χD(S(G)) ≤ D(G) is sharp.

(3) If G ̸∼= Cn and D(G) = 2, then χD(S(G)) = 3.

(4) If D(G) = 1, then χD(S(G)) = 2.

(5) If G ∼= Cn such that n = 3 or n ≥ 6, then χD(S(G)) = D(G) + 1.

(6) If G ∼= Cn such that n = 4 or n = 5, then χD(S(G)) = D(G).

Proof. (1). Let f : V (G) → {1, . . . , D(G)} be a distinguishing vertex coloring of G. Since D(G) ≥ 3,

we can define a vertex coloring f̃ : V (S(G)) → {1, . . . , D(G)} of S(G) as follows:2

f̃(v) =

f(v) if v ∈ V (G)

i if i ∈ {1, . . . , D(G)}\{f(x), f(y)}, v = {x, y}, x, y ∈ V (G).

Clearly, f̃ is proper. We show that f̃ is a distinguishing coloring of S(G). Let ψ be a f̃ -preserving

automorphism of S(G). Since G ̸∼= Cn, we have ψ(V (G)) = V (G) and ψ(V (S(G))\V (G)) =

V (S(G))\V (G) by Lemma 4.4. Moreover, ψ ↾ V (G) is an automorphism of G that preserves f . Since

f is distinguishing, ψ ↾ V (G) = idG. Since S(G) is a bipartite irreducible graph with bipartitions

V (G) and V (S(G))\V (G), hence from Lemma 4.3, it follows that ψ = idS(G).

2In particular, we color the vertices of V (G) using the coloring f , and we color {x, y} ∈ V (S(G))\V (G) with any

color other than f(x) and f(y).

https://dx.doi.org/10.22108/toc.2025.143380.2224

https://dx.doi.org/10.22108/toc.2025.143380.2224


156 Trans. Comb. 15 no. 3 (2026) 147–158 A. Banerjee, A. Gopaulsingh and Z. Molnár

(2). Since χD(S(K
+
5 )) = D(K+

5 ) = 3 where K+
5 is the endline graph of K5, the bound χD(S(G)) ≤

D(G) is sharp.

(3). Let f : V (G) → {1, 2} be a distinguishing vertex coloring of G. We define f̃ : V (S(G)) →
{1, 2, 3} such that

f̃(v) =

f(v) if v ∈ V (G)

3 if v = {x, y}, x, y ∈ V (G).

Clearly, f̃ is proper. Following the arguments of (1), f̃ is distinguishing. Thus, χD(S(G)) ≤ 3. It is

enough to show that χD(S(G)) ̸= 2 since χD(S(G)) ≥ χ(S(G)) = 2. Let f : V (S(G)) → {1, 2} be any

proper vertex coloring. We show that f cannot be a distinguishing coloring.

Claim 4.8. For all x, y ∈ V (G), f(x) = f(y). Thus, f(w) = f(v) for all w, v ∈ V (S(G)) \ V (G).

Proof. Assume f(x) ̸= f(y) for some x, y ∈ V (G). Since G is connected, there is a path of n vertices

connecting x and y for some natural number n. Hence, there is a path of 2n − 1 vertices connecting

x and y in S(G). But no path with an odd number of vertices can be properly colored with 2 colors

so that the end vertices get different colors. □

Since G is not asymmetric, there exists a nontrivial automorphism α of G. Then πα, the induced

automorphism of α which is defined in the proof of Claim 3.4, is a nontrivial automorphism of S(G).

Since πα(V (G)) = V (G) and πα(V (S(G)) \ V (G)) = V (S(G)) \ V (G), by applying Claim 4.8, we can

see that f(πα(v)) = f(v) for all v ∈ V (G) and f(πα{x, y}) = f({x, y}) for all {x, y} ∈ V (S(G))\V (G).

So, f cannot be a distinguishing coloring.

(4). If D(G) = 1, then D(S(G)) = 1 by applying Lemma 4.3. Hence χD(S(G)) = χ(S(G)) = 2,

since S(G) is bipartite.

(5)-(6). We note that if G ∼= Cn, then S(G) ∼= C2n. The rest follows from the following:

• If n ≥ 6, then χD(S(G)) = χD(C2n) = 3 and D(Cn) = 2.

• If n = 3, then χD(S(G)) = χD(C6) = 4 and D(C3) = 3.

• If n = 4 or n = 5, then χD(S(G)) = χD(C2n) = 3 and D(Cn) = 3.

□

Remark 4.9. If G is a connected graph of order n ≥ 3, then χD(S(G)) ≤ 2D′′(G) and the bound

is sharp. Collins, Hovey, and Trenk [6, Proposition 1.1] proved that χD(G) ≤ χ(G)D(G) for any

graph G. Since S(G) is a bipartite graph, we have χ(S(G)) = 2. Consequently, we have χD(S(G)) ≤
χ(S(G))D(S(G)) = 2D′′(G) by Theorem 3.3 and [6, Proposition 1.1]. To see that the bound is sharp,

we observe that χD(S(C3)) = χD(C6) = 4 and D′′(C3) = 2.
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