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TOTAL ROMAN DOMINATION ON KNESER GRAPHS

ABOLFAZL BAHMANI* AND MOJGAN EMAMI

ABSTRACT. A Roman dominating function (RDF) on a graph G is a function f : V(G) — {0,1,2}
such that any vertex v with f(v) = 0 is adjacent to at least one vertex w with f(w) = 2. In addition,
if the subgraph of G induced by the set of all vertices for which f # 0 has no isolated vertices then
f is called a total Roman dominating function (TRDF). If f is an RDF (TRDF) then the least value
of >, cv f(u) is called Roman domination number (total Roman domination number) of G and is
denoted by v, (G) ( v,z(G)). Let G = G(n, k,0) be a Kneser graph, where n, k are positive integers.
In this paper we present some bounds for v, (G(n, k,0)) for k> < n < k? 4+ k. In particular we show
that v,,(G(k*> + k — 1,k,0)) = 2(k + 2) and for n > 2k + 1, v, (G(n,k,0)) > maz{y,(G(n — 1,k —
1,0)),7x(G(n,k —1,0))}.

1. Introduction

Let G = (V, E) be a graph with vertex set V' and edge set E. The cardinality of V is called the
order of G. Given positive integers k and n, a Kneser graph denoted by G(n,k,0), is defined as a

graph where the vertices are all k-subsets of [n] = {1,2,...,n} and two vertices are adjacent if the

corresponding k-subsets are disjoint, hence G(n,k,0) is a (” kk)—regular graph of order (Z) Clearly
G(n,1,0) is the complete graph on n vertices and G(2n + 1,n,0) is the odd graph, denoted by O,
in particular O2 = G(5,2,0) is the Petersen graph (see figure 1). Let G and H be two graphs. A
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homomorphism from G to H is defined as a function f : V(G) — V(H) such that any two adjacent
vertices in G maps to two adjacent vertices in H. A subset S of vertices of a graph G is called a
dominating set of G, if every vertex of G either is in S or is adjacent to at least one of the vertices
of S. The domination number of G is the minimum cardinality of all dominating sets of G and is
denoted by (G). For the necessary concepts and terminologies we rely on [11].

A Roman dominating function (RDF') on a graph G = (V, E) is a function f : V — {0, 1, 2} having
the property that any vertex v with f(v) = 0 is adjacent to at least one vertex w with f(w) = 2. The
weight of a RDF is the value f(V) = > -y f(u). The minimum weight of all Roman dominating
functions on G is called the Roman domination number (RDN) of G and is denoted by vr(G) [4]. Any
graph G with yr(G) = 2v(G) is called a Roman graph. A total Roman dominating function (TTRDF)
on GG is an RDF on G such that the subgraph of G induced by the set of vertices with nonzero RDF
value, has no isolated vertex [1]. The weight of a TRDF is defined as the weight of the RDF, given
above. The total Roman domination number of G, denoted by v;r(G) is the minimum weight of all

total Roman dominating function on G.

{1,2}

(3,4} ‘ {4,5}

{2,5} {1,3}

FIGURE 1. Kneser graph G(5,2,0)

The Roman domination number of a graph introduced by Cockayne et al. [4] and the total Roman
domination number of a graph introduced by Liu and Chang [6]. The relation between RDN(TRDN)
and domination number (total domination number) of a graph is studied by Ahangar et al. [1]. Tatjana
et al. investigated TRDN on Kneser graphs and showed that yr(G(n,k,0)) = vr(G(n,k,0)) =
2(k + 1) for n > k% + k [10]. In this paper we show that yr(G(k*> +k — 1,k,0)) = 2(k +2). We
also provide some bounds for v;z(G(n, k,0)), where k? < n < k? + k. In particular, we show that for
n > 2k+1, v,(G(n,k,0)) > max{y,(G(n—1,k—1,0)),7,(G(n,k—1,0))}. See [2, 3, 4, 8, 9] for more
details about Roman and total Roman domination numbers. First note the following two theorems

that we need.
Theorem 1.1. For any connected graph G, we have v(G) < vr(G) < 2v(G) [4].

Theorem 1.2. If G is a graph without isolated vertices, then Yr(G) < vr(G) [4].
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2. Main Results

To give our results first we remind the concept of upward shadow of a (k — 1)-subset of [n| as the
set of all k-subsets of [n] that contain it [7]. Clearly the upward shadow of a fixed (k — 1)-subset is of
size n — k + 1.

Lemma 2.1. Let n > 2k + 1 and f be an RDF on G(n,k,0). If the set {v € G(n,k,0); f(v) # 0}
does not contain upward shadow of any (k — 1)-subset of [n], then f can be extended to an RDF for
G(n+1,k,0).

Proof. The graph G(n,k,0) is a subgraph of G(n + 1,k,0). We define the function g : V(G(n +
1,k,0)) — {0,1,2} as g(v) = f(v) for each v € V(G(n,k,0)) and g(v) = 0 otherwise. We show
that g is an RDF on G(n + 1,k,0). So we should show that any vertex v € V(G(n + 1,k,0)) with
g(v) = 0 is adjacent to a vertex, say w, with g(w) = 2. It is sufficient to prove the claim is true
for any vertices not in V(G(n,k,0)). Let v = {v1,...,vk_1,n + 1}, where vy,...,v5_1 € [n| be a
vertex of V(G(n + 1,k,0)) not belong to the subgraph G(n,k,0) with g(v) = 0. As is supposed the
set {v1,...,vk_1} has no upward shadow in V(G(n, k,0)) with nonzero f. So there is a vertex in the
upward shadow of {vq,...,vx_1}, say v* = {v1,...,vp_1,v;} with f(v*) = 0. Since f is an RDF on
G(n, k,0), the vertex v* has an adjacent vertex, say w € G(n, k,0), where f(w) = 2. Hence w and v*
have no intersection as k-sets. This, as well, shows that v and w have no intersection as k-sets. This

completes the prove. O

Theorem 2.2. For G = G(n,k,0) and n =k*+i(1 <i < k), we have
i. If Tk/2] <i <k, then vr(G) < 2(k +2).
ii. If 1 < i < [k/2], then vwr(G) < 4k.

Proof. Let n = k2 + [£] and consider

Ci ={aG-1)rt1: Qi—1)kt2s-- - @ik ;1 <0 <k,
Ck;+]_ = {ak2+1, N ,akg_,’_l—gw,al, .. .,G;k‘_l—gw},
Ck+2 — {ak2+1, oo ,ak2+|'g*‘,akil—%-|+1, - ,a2k72|'§*|}.

1. We show that the set S = {C},Cy,...,Ck, Cki1,Cria} is a dominating set for G. Let x be a
vertex of G. Either x N C; # ) for all 1 <4 < k, in which z is dominated by Cgyq or Ckyo, or there
exist a positive integer j (1 < j < k) such that z N C; = (), in which x is dominated by C;. Consider
the function f : V(G) — {0,1,2}, defined by f(v) =2 if v € S and f(v) = 0 otherwise. Since the
subgraph of GG induced by S is connected, the defined function f is a TRDF and we have

’YtR(G(nv k‘,O)) <2 ’ S |: 2(]{7 + 2)'
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The set S does not contain upward shadow of any (k — 1)-subset of [n], hence by lemma 2.1 for
n==~k+i ((%1 < < k) we have yr(G(n, k,0)) < 2(k + 2).
2. Let n = k? + 1. Consider S = {C1,Cy,...,C} and

S ={{arzy1, 01,y by € C1,1 < i < k—1}

We show that S U S’ is a dominating set for G. Let x be a vertex of G. If there exist an index
J (1 < j < k) such that N C;j = 0, then x is dominated by C}, otherwise |[ztNC;| =1 forall 1 <i < k.
Let xNCy = {a;}, where 1 <[ < k, then x is dominated by {a2,1,a1,...,a-1,a141,...,ar}. Consider
the function f : V(G) — {0, 1,2} defined by f(v) =2if v € SUS’ and f(v) = 0 otherwise. Since the
subgraph of G induced by the set SU S’ is connected, the defined function f is a TRDF and we have

Yir(G(E* 4+ 1,k,0)) <2(| S'US |) = 2(k + k) = 4k.

Since SUS’ does not contain upward shadow of any (k—1)-subset of [n], by lemma 2.1 for 1 < i < [%1,
we have vr(G(n, k,0)) < 4k. O

Theorem 2.3. Ifn > % + k, k=2m and m > 2, then yr(G) < 3k + 2.

Proof. Let n = % +k and S = {C1,Cy,...,Cspi2}, where Cj’s are m-sets (1 < i < 3m + 2)
and C;NC; = O for i # j. Consider L; = {Cs_2,C3—1,C3} for 1 < i < m. We show that
S" = (UL Pa(L;)) U {Csm+41 U C3mqa} is a dominating set for G, where Po(L;) is the set of all 2-
subsets of L;. Let z be a vertex of G. If |x N L;| > 2 for all i, then N {C311 U Csppp2} = 0
and z is dominated by {C5,,4+1 U C312}. Otherwise, there exists an integer j (1 < 7 < m), such
that |z N L;| < 2 and z is dominated by at least one element of P,(L;). Consider the function
[:V(G) — {0,1,2} defined by f(v) =2if v € S” and f(v) = 0 otherwise. Since the subgraph of G
induced by the set S’ is connected, the defined function f is a TRDF and we have

3k2 k
%R(G(T +k),k0) <28 |=23m+1) = 2(3(5) +1) =3k +2.

Since S does not contain upward shadow of any (k — 1)-subset of [n], by lemma 2.1 we have

2
Yr(Gln,k,0)) <3k +2(n > 2 1 k)

Inspired from a theorem given in [10] we give the following theorem:
Theorem 2.4. If G = G(k* + k — 1,k,0), where k > 4, then vr(G) = 2(k + 2).

Proof. By theorem 2.2, we have vg(G) < 2(k + 2). Given f be a TRDF on G we have the partition
V(G) = Vo UWVi UVy, where V; = {v € V(G); f(v) =i} for i = 0,1,2. In the following we study all
possible values of |V3| in different cases and show that in all cases f(V') > 2(k 4 2). This implies that
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r(G) > 2(k + 2) and the proof completed.
1. |V5| = 0. Since f is a TRDF and Vo = ), we have Vo = 0 and f(V) = |V4]. So

n nn—1)---(n— 2 - 2 _9) ... (k2 2k
|V1|:|V‘:<k>: (n—1) k‘( k1) | (B 4k 1)((14:;!—1@ 2) (/{:))>kk!‘

Since k > 4, we have k%,k = %If x kF > kF > 2(k + 2). Consequently

fV) =[Vi]=2(k+2).

2. 1 < |Va] < 2. At most k|Vz| different elements of [n] are used in k-subsets of the set V2. So at least
n—k|Va| > k*+k—1—(2k) = k¥ — k — 1 different elements of [n] appear in no vertex of V. Let
T be the set of these elements. Consider M = {{a1,...,ax_1,t};a; € [n]\ T,t € T}, such that each
vertex of M intersects with each vertex of V5. So no vertices of M is connected to vertices of V5 hence
M C Vi and we have |Vi| > |M| = k? — k — 1. Therefore

fOV)=2Va|+ V1| >2+ (k2 —k—1)=k* —k+1>2(k +2).

3. 3 < |Va] < k—1. By a similar argument as case 2 there exist at least 2k — 1 element not in V5.
Consider M as defined above then |Vi| > |M| > 2k — 1, hence

FV)=2\Va|+ V1| 26+ (2k —1) =2k + 5> 2(k + 2).

4. |V3| = k. If the subgraph induced by V5 be a clique, then |Vi| = k¥ > 2k and
F(V) =2|Va| + V1| > 2k + 2k = 4k > 2(k + 2).

Otherwise there exist at least two vertices u and v in V5 with non-empty intersection. Let s € uNw.
Let T be the set as defined in case 2 and consider M = {{s,aq,...,ar_1,t};a; € [n],t € T}, such that

each vertex of M intersects with each vertex of V5. Clearly there exist at least k elements in V7 and

FOV)=2\Va| + V1| > 2k + k > 2(k + 2).

5. |Va| =k +1. Let Vo = {C1,C4,...,C, Cpp1}. Since |Cs| = k(1 <i<k+1)andn=k +k—1
at least two elements of V5 intersect of size one. Let C; N Cy = {r}, where r € [n]. We show that
|Vi| > 2, which implies f(V) = 2|Va|+|Vi| > 2(k+1)+2 = 2k+4 > 2(k+2). This ends the proof. We

construct two vertices X and Y in Vj as follows. Let X = {z1,..., 21}, Y = {y1,...,yx} and consider
Ci = {a(—1)kt15 Ui—1)ht2s - G }; 1 <0 < K+ 1,

Let 1 = y; = r. The vertex C3 has at least k — 1 elements, such as asgy1 which are different with
r. Let 9 = yo2 = agg41. With a similar method we can choose z; = y; in Cj11 (3 < j <k—1). As
is clear Cy and C11 each has at least two elements not used above. Let a,b € Cy and ¢,d € Cjyq

be these elements. If for example a # ¢, then let ;1 = a,yr_1 = ¢,z = d,yr = b. Otherwise we
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assume that a = ¢,b = d. Since Cj, and Cj1 are different vertices there exist at least one element
say h € Ciy1 \ Ck. If h is not used before, then let zx_1 = a,yp—1 = a,xx = b,yr = h. If his
used before, then there exists an element say g € C, which is not used before, so we may consider

Th—1 = Q,Yp—1 =, Tk = G, Y = b.

6. |Va| >k +2. Clearly f(V) = 2|Va| + [Vi| > 2(k + 2). 0

Lemma 2.5. If there exists a surjective homomorphism from a graph G to a graph H, then yr(G) >
Yr(H).

Proof. Suppose that f is an RDF on G and ¢ : V(G) — V(H) is a surjective homomorphism. We
define a function g : V(H) — {0, 1, 2} as follows and show that g isan RDF on H. For any z € V(H)
consider ¢~ !(2) = {w;,, ..., ;. } and let g(2) = maz{f(z;,); 1 <j <r}. Lety’ € V(H) and g(y') = 0.
There exists y € V(G) with ¢(y) = 3 and f(y) = 0. Since f is an RDF on G there exists a vertex
z € V(G) such that yz € E(G) and f(z) = 2. If we let ¢(z) = 2/, then g(z’) = 2 and since ¢ is a
homomorphism 3’2z’ is an edge in H which implies that ¢ is an RDF. If f be an RDF with minimum
weight then: yz(G) = f(V(G)) = g(V(H)) = vr(H). O

Theorem 2.6. For n > 2k + 1, we have
i Yyr(G(n,k,0)) > vr(G(n— 1,k —1,0)),
ii vr(G(n,k,0)) > vr(G(n,k —1,0)).

Proof. i. The function ¢ : V(G(n, k,0)) — V(G(n—1,k—1,0)) defined as follows is a homomorphism.
For any {a;,, @iy, ..., a;} € V(G(n,k,0)) if a;; = maz{a;,ai,, ..., a;}, then ¢({ai, ai, ..., a:}) =
{ai,,...ai,...,a; }, where the hat notation denotes the deleted item ([5, p.148]). Clearly ¢ is surjec-

tive. So by above lemma we have
Yr(G(n,k,0)) > vr(G(n — 1,k — 1,0)).

ii. If in above definition of ¢, we delete a fixed j-th position (i; < j < id;) on each vertex
{ai,, aiy, ... a;,} € V(G(n,k,0)), then ¢ is a surjective homomorphism and by above lemma we
have yr(G(n,k,0)) = Ya(G(n, k — 1,0)). O

Theorem 2.7. If G = Oy, then yr(G) < 2(2kk:11) + (2kk:21).

Proof. Consider [n] = {a1,...,a,b1,...,bx,c} and let
Vo ={{ar,z1,...,zp1} [ {21, 201} C [n] — {a1,c}},
Wi = {{Ca a1,y - - 'aIEk—?} ‘ {J"l? s 7176_2} - [n] - {alac}}7

Vo =V(G) - (1 UVz).

https://dx.doi.org/10.22108/toc.2025.140647.2148


https://dx.doi.org/10.22108/toc.2025.140647.2148

Trans. Comb. 15 no. 2 (2026) 69-76 A. Bahmani and M. Emami 75

Since any vertex of Vj is connected to a vertex of V5 the function f is an RDF on G and we have:

WwR(G) < f(V)=2]Va|+| W |:2<2:__11> * (2:—_21)

Example: Suppose G = Oz and [5] = {1,2,3,4,5}. Then

Vo = {{1,2},{1,3},{1,4}}, Vi = {1,5}, Vo = {{2,3},{2,4},{2,5},{3,4},{3,5}, {4,5}} is an RDF for
G. Also, Vo = {{1,2},{1,5},{2,5},{3,4}}, Vi =0, Vo = {{1,3},{1,4},{2,3},{2,4},{3,5},{4,5} } is
a TRDF for G (see figure 2).

{1,2}
2 (1,2}

{2,5} {1,3} 2
FIGURE 2. An RDF and a TRDF for Petersen graph
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