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ON RELATIONSHIP BETWEEN REFORMULATED SOMBOR AND OTHER
VERTEX-DEGREE INDICES

EMINA 1. MILOVANOVIC, STEFAN STANKOV ", SERIFE BURCU BOZKURT ALTINDAG
MARJAN MATEJIC” AND IGOR Z. MILOVANOVIC" *

ABSTRACT. Let G = (V,E), V = {v1,v2,...,un}, E = {e1,e2,...,em}, be a simple connected graph
with n > 2 vertices and m edges, with vertex degree sequence A =dy > dy > --- > d, =6, d; = d(v;),
and edge degree sequence A, = d(e1) > d(ez) > -+ > d(en) = de. The reformulated Sombor index
is defined as RS(G) = Zewej V/d(e;)? +d(ej)2. We consider a relationship between reformulated

Sombor index and some of the vertex—degree-based indices.

1. Introduction

Let G=(V,E),V ={v1,va,...,05}, E ={e1,ea,...,en}, be a simple connected graph with n > 2
vertices and m edges. If vertices ¢ and j (i.e. edges e; and e;) are adjacent in G, we write i ~ j (i.e.
e; ~ e;). Denote with A =dy > dy > --- > d,, =6, dj = d(v;) and A, = d(e1) > d(ep) > -+ >
d(en) = 0., vertex and edge degree sequences, respectively. As usual, L(G) denotes a line graph.

In graph theory, a graph invariant is property of the graph that is preserved by isomorphisms.
The graph invariants that assume only numerical values are usually referred to as topological indices

in chemical graph theory. Many of them are defined as simple functions of the degree sequence of
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(molecular) graph. These type of indices are also known as the bond incident degree (BID in short)

indices [28].
Most of the BID indices can be represented as [10, 15, 25, 28]:
(1.1) TIG) =) F(f(d). f(d)),

i~j
where F' is a symmetric non-negative real function of d; and d;, and f is a positive real valued function
of vertex degrees.
If instead L(G) is considered, a class of reformulated bond incident degree indices (that is edge—
degree-based topological indices) can be defined as [2]

(1.2) TI(G) = ETI(G) = TI(L(G) = Y F(f(ei), f(e)))-

€;~e;j

If F is an additive function, i.e. F'(z,y) = x + vy, then the following identities are valid (see e.g. [7]):

(1.3) TI(G) =Y (f(di) + f(d;)) =D dif(d
=1

and

m

(1.4) ETIG) = Y (f(d(e) + f(d(e;)) = D dlen) f(d(e).
e;~e; i=1
When f(z) = z, from (1.3) the first Zagreb index, M;(G), is obtained [11]

n

Mi(G) = (di+dj) = di.
inj i=1

Let us note that additive version of the first Zagreb index was defined in [20].

When F(x,y) = z-y and f(x) = x, from (1.1) the second Zagreb index, M3(G), introduced in [12],
is obtained:

=> did;.
i~vj

The corresponding reformulated first and second Zagreb indices, EM;(G) and EMs(G), were defined

n [18] as

m

EMi(G) =) (dle) +d(es)) = d(e)* and EM(G) =Y dle;)d(e;)

€in~e;j =1 €;~e;
The forgotten topological index [9] is obtained from (1.3) for F(z,y) = z+y and f(z) = 22, that is

F(G) =) (df +d}) = Zd3

’LN]
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The corresponding reformulated forgotten index, EF(G) was conceived in [16]
EF(G)= > (d(e:)? + d(e;)? Zd e;)?
ej~e;j
The inverse degree indeg index [25], ISI(G), is obtained from (1.1) for F(x,y) = :Hy and f(z) =
as
d;d;
ISI(G) = N
©=Yity
The corresponding reformulated degree indeg index, IS1, (G) is defined as [3]
IST(
626 d (&) + d e]
The Albertson index [1] is obtained from (1.1) for F(z,y) = |z — y| and f(z) = =, that is
Al(G) =) " |d; — d
i~j
For F(z,y) = |z — y| and f(z) = = from (1.2) the corresponding reformulated Albertson index is
obtained as
Albe(G) = Y |d(e;) — d(ej)|.
e;~e;

The geometric—arithmetic topological index [26] is obtained from (1.1) by the substitutions F'(z, y)
Ig and f(z) = z, that is

N Py di—i-dj ’

The corresponding reformulated geometric—arithmetic index is obtained from (1.2) by the same sub-
stitutions, that is

2.\/d(e;)d
GA“"(G):W d(ez)—i—d( )

The arithmetic-geometric index [23] is obtained from (1.

1) for F(x,y) = xji and f(z) =z, as

d; +d;
AGG) =) d'd{.
(]

i~vg

Analogously, by the same substitutions, from (1.2) the corresponding reformulated arithmetic-geometric
index is obtained as

cime; \/ d ej

The symmetric division deg index [27] is obtained from (1.1) for F(x,y)

SDD(G)=>_ (;l; + dj) .

=7+ 4and f(z) =1, as

d;

i~j
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The reformulated symmetric division deg index [21] is obtained by the same substitution from (1.2),

as

d €; d(e;
wonie- - (+4)

The Sombor index, defined in [13], can be obtained from (1.1) by the substitutions F(z,y) = /= +y

2
SO(G)=> \/d?+d2.

and f(z) = z°, as
i~

e;~e;

The corresponding reformulated Sombor index, introduced in [14], is obtained by the same substitution
from (1.2), as
RS(G)= > \/d(e;)? +d(e;)?.
eine;
Inspired by the results presented in [14], we further investigate mathematical properties of the

reformulated Sombor index and its relationship with above mentioned topological indices.

2. Preliminaries

We first recall one inequality for the real number sequences that will be frequently used in proofs

of theorems.

Lemma 2.1. [22] Let x = (x;) and a = (a;), i = 1,2,...,m, be two sequences of positive real numbers.
Then, for any r > 0 holds

(2'1) i Ly > (Z;il xi)T—H )

2 T (S a)

Remark 2.2. Lemma 2.1 is given in its original form as presented in [22]. But, it is not difficult to

verify that it is valid for any real v, such that r < —1 orr > 0, and when —1 < r < 0 the opposite

1 T2 . Tm

a az am ’

inequality holds. Equality holds if and only if r = =1, orr =0, or
Now we prove an auxiliary result that will be used later in the paper.

Lemma 2.3. Let L(G) be a connected strictly semiregular bipartite graph with m > 3 vertices. Then
there exists a connected graph G with m edges for which L(G) is line graph, if and only if L(G) = Ps.

~

Proof. Let L(G) = Kpq, p > 1, p < ¢, p+ g = m, be a connected strictly semiregular graph that
consists of two partitions, V, and V,, of vertices, such that V, N V; = 0. Assume e; € V, and
e2,e3,e4 € Vy. Then we have that e; ~ e, e1 ~ e3, e1 ~ e4, and ex » e3, ea » e4 and e3 = e4. Let
G = (V,E) be a graph for which L(G) is its line graph. In that case, vertices e, e2, e3 and e4 in
L(G), are edges €1, €9, e3 and e4 in G. Let e; = {z1, z2}, where x1, 22 € V. Since edges e; and ey are
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adjacent in G, then ey = {z1,23}, 3 € V. Also, since e; and e3 are adjacent in G and ez Neg = 0,
then e = {xg, 24}, x4 € V. The edge e4 is adjacent to ej, so it has to be incident to either vertex z
or x9. However, since es Ney = () and ez Ney = (), such edge does not exist. It follows that the vertex
e4 in L(G) neither exists. Consequently, it follows that the partition V, contains only two vertices,
i.e. ¢ =2. Since p < ¢, it is evident that p = 1, meaning that L(G) = K; 2 = P3, that is G = P, and
vice versa: if G = Py, then L(G) = Ps. O

3. Main results

In the next theorem we establish a relationship between RS(G), EM;(G) and Alb.(G).

Theorem 3.1. Let G be a connected graph. Then, we have

3.1) RS(G) > \/EMl(G)2 ; Alb.(G)2

Equality holds if and only if L(G) is a regular graph or L(G) = Ps.

Proof. The following identities are valid

-y Z ))2
e;j~e;j V +d e;~e; V 61 +d

and

d(ei +dej))
ewze \/d +d GZNZG Vd(e;)? +d(e

After summation of the above identities we obtain

d(e;) + d(e; ))
3.2 2RS(G J
(3:2) e; \/d —|—d ezZ; Vd(e;) +d

For r =1, z; :=|d(e;) — d(ej)|, a; == \/d(e;)? + d(e;)?, with summation performed over all pairs of

adjacent edges in G, the inequality (2.1) becomes

(e;)? (EM% \d(ei)—d(ej)l)2 Alb,(G)?
(3.3) e; \/W = Eezwe \/W RS(G)

Similarly, for r = 1, ; := d(e;) + d(e;), a; :== \/d(e;)? + d(e;)?, with summation performed over all

pairs of adjacent edges in G, the inequality (2.1) becomes

2
(3.4) o e Hdle))” (Zewes <d<€z> +de)  Ea(oy
' =, V(e +d(e)? ~ Yo, ei)? + d(e;)? RS(G)
Now, from (3.2), (3.3) and (3.4) we obtain

EM;(G)? + Alb.(G)?
(3.5) RS(G)? > 5 :

http://dx.doi.org/10.22108/toc.2024.136304.2036
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from which we arrive at (3.1).
Equalities in (3.3) and (3.4) hold, respectively, if and only if
e —d(e)l . d(e) +d(e)
d(e:)* + d(e;)? d(ei)? + d(e;)*

are constant for every pair of adjacent edges e; and e; in G. Suppose e; and ej, are two edges that are

adjacent to edge e;. In that case the following identities are valid

jd(ei) —dlej)l _ld(ei) — dley)]

Vd(e)? +d(ej)?  \/d(e:)? + d(ex)?

and
d(e;) +d(ej) _ d(ei) + d(ex)

V(e +d(e;)?  \/d(er)? +d(ex)?

From the above identities we obtain

2d(es) (d(es)? — d(e;)d(ex))(d(e;) — dlex)) = 0.

Thus, equality in (3.5) holds if and only if d(e;) = d(eg), that is if and only if L(G) is a regular or
semiregular bipartite graph. Now, by Lemma 2.3 we conclude that equality in (3.1) holds if and only
if L(G) is a regular graph, or L(G) = Ps. O

Corollary 3.2. Let G be a connected graph with m > 3 edges. Then we have

(3.6) RS(G) > \fEMl(G).

Equality holds if and only if L(G) is a regular graph.

Proof. For any graph G holds that Alb.(G) > 0, with equality if and only if L(G) is a regular graph.
From this inequality and (3.1), the inequality (3.6) follows. O

Remark 3.3. In [14, Theorem 5.1] it was proven that

RS(G) > S EM(G).

Since /2 > 1, the inequality (3.6) is stronger than the above inequality.

Remark 3.4. It should be pointed out that some new inequalities involving A, —spectral radius (for
connected line graphs) can be obtained by using some of the results of [17] and this paper. For instance,

one of such inequalities follows from [17, Corollary 2.3] and Theorem 3.1.

Corollary 3.5. Let G be a connected graph with m > 3 edges. Then we have
V2(Mi(G) — 2m)?

2m

(3.7) RS(G) =

Equality holds if and only if L(G) is a regular graph.

http://dx.doi.org/10.22108/toc.2024.136304.2036
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Proof. In [6] it was proven that

EMl(G) > (MI(G) B 2m)2 ’

with equality if and only if L(G) is regular. From the above inequality and (3.6) we arrive at (3.7). O

Remark 3.6. In [14, Theorem 4.1 (i)] it was proven that

RS(G) > *f(Ml(G) —2m).

Since G is connected and m > 3, the inequality (3.7) is stronger than the above.

Corollary 3.7. Let G be a graph of size m > 3. Then we have
< 2v/2m(2m — n)?

(3.8) RS(G) 3 .
Equality holds if and only if G is reqular.
Proof. In [8] it was proven that
4 2
Mi(G) > =,

with equality if and only if G is a regular graph. From the above and inequality (3.7) we obtain
(3.8). O
Remark 3.8. In [14, Theorem 3.1] it was proven that

RS(G) > ?m.

Since G is connected and m > 3, the inequality (3.8) is stronger than the above one.

In the next theorem we determine a relationship between RS(G), EM;(G) and ISI.(G).

Theorem 3.9. Let G be a connected graph with m > 3 edges. Then

(3.9) RS(G) < VEM,(G)(EM,(G) — 2IS1.(G)) .
Equality holds if and only if L(G) is reqular or L(G) = Ps.

Proof. The following identity is valid
d(ei)2 + d(ej)z

(3.10) EM(G) = 2ISL(G) = 3 “ges—a

ei~e;

For r =1, x; :== \/d(e;)? + d(e;)?, a; := d(e;) + d(ej), with summation performed over all adjacent

pairs of edges e; and e; in G, the inequality (2.1) becomes

dlen)? +d(e;)? (Seree, VAP F &) _ RS(G)?

dlei) +dlej) —  Deime; (dlei) +d(ej)) EMi(G)

(3.11) >

€;~Ej
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Now, from the above inequality and identity (3.10), we obtain

RS(G)?
EM(G) —2I51.(G) > ———,
from which (3.9) immediately follows.
Equality in (3.11) holds if and only if 7W is a constant for every pair of adjacent edges e;
i J

and e; in G. Suppose e; and ey are two edges adjacent to edge e;. Then, the following is valid

\/d(ei)2 + d(ej)Q _ \/d(ei)z + d(ek)2
d(e;) + d(ej) d(e;) + d(eg)

that is
2d(e;)(d(e;) — d(ex))(d(e:)* — d(e;)d(ex)) = 0.
Thus, we conclude that equality in (3.11) holds if and only if d(e;) = d(ey), that is if and only if L(G)

is a regular or semiregular bipartite graph. By Lemma 2.3 equality in (3.9) holds if and only if L(G)
is regular or L(G) = Ps. O

Corollary 3.10. Let G be a connected graph with m > 3 edges. Then
(3.12) RS(G) < V2(EM,(G) — 2ISI.(G)).
Equality holds if and only if L(G) is reqular.
Proof. For every ¢ and j, 1 < 4,5 < m, holds

(d(e:) + d(e))* > 4d(es)d(e;) ,
that is
(3.13) d(e;) + d(ej) > Ad(e;)d(c;)

~ d(e;) + d(ey)

Summing up the above inequality over all pairs of adjacent edges e; and e; in G, yields

EM;(G) > 4IS1.(G),
that is
EM(G) <2(EMi(G) —2IS51.(G)).

From the above and (3.9) we arrive at (3.12).
Equality in (3.13) holds if and only if d(e;) = d(e;) for every pair of adjacent edges e; and e; in G,
which implies that equality in (3.12) holds if and only if L(G) is a regular graph. O

Remark 3.11. The inequality (3.12) was proven in [14, Theorem 6.2]. The inequality (3.9) is stronger
than (3.12).

In the next theorem we establish a relationship between RS(G), M1(G) and EF(G).
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Theorem 3.12. Let G be a connected graph with m > 3 edges. Then

(3.14) RS(Q) < \/ %(Ml(G) _om)EF(G).

Equality holds if and only if L(G) is regular or L(G) = Ps.

Proof. Forr =1, z; := \/d(e;)? + d(e;)?, a; := 1, with summation performed over all pairs of adjacent

edges e; and e; in G, the inequality (2.1) becomes

2
Y epme; Ve + d(e;P)
Zeiwej 1 7

(3.15) S (de)” + d(e;)) > (

ei~e;

that is
RS(G’)2

BHO = tan@ —2m

from which we obtain (3.14).
Equality in (3.15) holds if and only if y/d(e;)? 4 d(e;)? is a constant for every pair of adjacent edges

e; and e; in G. Suppose e; and ej, are two edges that are adjacent to edge e; in G. Then, the following

\/d(ei)2-+’d(6j)2 = d(ei)2-+-d(ek)2,

that is d(e;) = d(e). This means that equality in (3.15) holds if and only if L(G) is a regular or

is valid

semiregular bipartite graph. Now, by Lemma 2.3, equality in (3.14) holds if and only if L(G) is regular
or L(G) = P3. O

Corollary 3.13. Let G be a connected graph with m > 2 edges. Then

(3.16) RS(G) < ﬂg{f@

Equality holds if and only if L(G) is regular.

Proof. Since
EF(G)= > (d(e:)’ +d(e;)?) > 262 > 1=062(Mi(G) — 2m),

e;~ve; e;~ve;
then the following is valid
EF(G
M 1(G) —2m < g )
9
Now, from the above inequality and inequality (3.14) we obtain (3.16). O

Remark 3.14. Since 6. > 2(6 — 1) (6 > 2) then from (3.16) we obtain

V2EF(Q)
RS(G) < ——F~——2.
(@) = 46 — 1)
Equality holds if and only if G is regular. The above inequality was proven in [14, Theorem 8.1]. The
inequality (3.16) is stronger than the above one.
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Corollary 3.15. Let G be a connected graph of order n > 2 and size m. Then we have

1
RS(G) < \/2(2m(A +0—1) —nAS)EF(G).
Equality holds if and only if G is reqular or semiregular bipartite graph, or G = Py.

Proof. In [5] it was proven that
Mi(G) <2m(A +9) —nAd,
with equality if and only if d; € {A, ¢}, for i = 1,2,...,n. From the above and inequality (3.14) we

obtain the required result. O

In the next theorem we determine a relationship between RS(G), EM»(G), EF(G), AG.(G) and
GA:(G).

Theorem 3.16. Let G be a connected graph of size m > 3. Then

(3.17) RS(@) < \/ %(EF(G) +2EM(G))(2AGL(G) — GAL(G)).
Equality holds if and only if L(G) is reqular.

Proof. The following identity is valid
d(€¢)2 + d(ej)2

(3.18) 2AG.(G) — GA.(G) = .
e = 2 e+ diey) e
By the arithmetic—geometric mean inequality, AM-GM, (see e.g. [19]) the following is valid
1

(3.19) d(eo)d(e;) < 3 (d(ei) + dle)
From the above and identity (3.18), we obtain

2 +d(ej)?

2 2AG. ) > 2 .
(3:20) Gel(G) ~ Z; d(e;) —I—d (€))%
J

For r =1, ; := \/d(e;)2 + d(e)?, a; == (d(e;) + d(e;))?, with summation performed over all pairs of

adjacent edges e; and e; in G, the inequality (2.1) becomes

Z d(ei)Q + d(ej)z S (Zeiwej d(ei)Q + d(ej)2>2
(dled) +d(eg))? T D, (dles) +d(ef))?

e;i~e;

that is

d(en)? + d(e;)? RS(G)?
> (d(e)) +d(e,)? ~ EF(G) + 2EM(G)

e;~e;
Now, from the above and inequality (3.20) we obtain
2RS(G)?
EF(G) 4+ 2EM>(G)”’

24G.(G) — GAL(G) >

from which (3.17) immediately follows.
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Equality in (3.19) holds if and only if d(e;) = d(e;) for every pair of adjacent edges e; and e; in G,
which implies that equality in (3.17) holds if and only if L(G) is a regular graph. O

In the next theorem we establish a relationship between RS(G), EM2(G) and SDD.(G).

Theorem 3.17. Let G be a connected graph of size m > 2. Then we have

(3.21) RS(G) < \/EM3(G)SDD.(G).
Equality holds if and only if L(G) is regular or L(G) = Ps.
Proof. The following identity is valid

€; e; ei)? ej)”
(3.22) SDD.(G) = Z <3Ee;)) * flieﬁ))) - Z d(d()ei;;lé(j)])

e;~e; e;~e;

On the other hand, for r = 1, z; := \/d(e;)? + d(e;)?, a; := d(e;)d(e;), with summation performed

over all pairs of adjacent edges e; and e; in G, the inequality (2.1) becomes

2
> d(ei)® +d(e;)* (Zewej d(ei)2+d(ej)2> _ RS(G)?

(3.23) d(e)d(e;) = 267;’\/6]' d(e;)d(e; ) B EMy(G)"

ei~e;
From the above and identity (3.22) we obtain

RS(G)?
SDD.(G) = gy

from which (3.21) immediately follows.
Equality in (3.23) holds if and only if the expression ﬁ + ﬁ is a constant for every pair of
i J
adjacent edges e; and e; in G. Suppose e; and ey, are two edges adjacent to edge e; in G. Then, we

have that
1 1 1 1

dlei? " d(e? " e den)?
that is d(ej) = d(ey). Thus, the equality in (3.23) holds if and only if L(G) is a regular or semiregular
bipartite graph. By Lemma 2.3, equality in (3.21) holds if and only if L(G) is regular or L(G) = P;. O
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