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PREDICTION OF PM2.5 POLLUTION IN TEHRAN AIR BASED ON
TEMPERATURE AND PRESSURE USING MARKOVIAN REGIME-SWITCHING
NON-PARAMETRIC ADDITIVE TRANSITIVE REGRESSION MODEL

MORTEZA AMINI

ABSTRACT. In this paper, we introduce the Markovian regime-switching regression model, which is a
graphical model based on the hidden Markov model. This model can be viewed as a clustered regression
model, in which a Markov process models the transition from one cluster to another. These clusters
are indeed the hidden states of the process, in the hidden Markov model, which are assumed to be a
Markov process of order one. Besides, other assumptions of the hidden Markov model are assumed in
this model, while the emission distribution is assumed to be the conditional distribution of the response
given the covariates and the states. As an application of this model, the problem of prediction of PM
2.5 pollution in Tehran’s air based on temperature and pressure during 2015-2017 using the Markovian
regime-switching non-parametric additive transitive model, is considered and studied. Furthermore, the

package hhsmm in R software, is introduced as a powerful tool for modeling the stated model.

1. Introduction

State-switching models are models in which the distribution of a sequence of observations (usually
during a time interval) is controlled by a sequence of hidden states, such that the conditional distribution
of observations given each state is different from that given others. Hidden Markov and semi-Markov

Models [27] are the most common instances of state-switching models, in which the hidden state is a
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Markov or semi-Markov process. Some other models, including the regime-switching models or Kalman-
Filter model, are in this category. Various applications of such models are introduced by the researchers
including, speech recognition [12], cognitive learning [24], brain performance modeling [15], modeling
environmental processes [4, 5, 6], sequential analysis, reliability theory [7], biological analysis [8, 9, 27],

and many other applications.

2. Main Results

A hidden Markov model is constructed by the following items:
(1) Transition Probability Matrix I = (v;;), where

Yij = Pr(Sep1 = j[Se =14), i,i=1,....J,

such that

J
=1 =1,
=1

(2) Initial State Probability = (;), where

(3) Observation distributions fi(y), ..., fs(y), where
fity) =Pr(Yi=ylSi=j); j=1,....J

which are also called state-dependent distribution or emission distribution. When y; is a con-
tinuous random variable, f;(y) is a probability density function, which is usually a normal

distribution or mixture of normal distributions.

The regime-switching regression model is introduced by [14] as follows:
(21> yt = x?ﬁst + O—Steta

in which {y;} is the sequence of responses, {x;} is the sequence of covariates, {¢;} are sequence of
(usually) i.i.d. normally distributed errors with zero mean and a variance equal to 1, and f,, and o,
are the regression coefficients and the standard deviation of errors at state s;, respectively.

A generalization of the model (2.1) to the the additive regime-switching regression model is introduced

by [20] as follows:

p
(2.2) Yt = Msy + Z fise(@je) + 0s,€t,
j=1

Letting ©; = (Y4—0y -+, Yt—L» Zt—t,- - -, 2t—1), Tor lags L > ¢ > 1 in (2.2), the non-parametric additive
transitive regime-switching regression model is obtained.
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All models in this paper and all necessary tools for modeling, initialization, fitting, and prediction
of these models are included in the R package hhsmm, which can be downloaded from https://cran.
r-project.org/package=hhsmm. The reader is also referred to [3] for more information and examples

about hhsmm package.

3. Summary of Proofs/Conclusions
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FIGURE 1. Temperature (left) pressure (middle) and PM2.5 (right) of Tehran city air during
2015-2017
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FIGURE 2. Prediction of PM2.5 in Tehran city air using regime-switching regression model,
only based on the air temperature, in each of the four hidden states. The points in each state

are colored by different colors and the curve of the prediction is drawn with the same color.

The data set for this paper is obtained from two sources. The AQI data set (PM2.5 values) are
obtained from https://airnow.tehran.ir/, while the air temperature and pressure are obtained
from Iran meteorological organization. Figure 1, shows the time-series plots of this data set.

To visualize the additive regime-switching regression model, we first consider only the temperature
as the covariate in the model. Figure 2, presents the prediction of PM2.5 in Tehran city air using a
nonparametric additive regime-switching regression model, only based on the air temperature, in each
of the four hidden states. The points in each state are colored by different colors and the curve of the
prediction is drawn with the same color. As one can see from this figure, the predictive curves are fairly

fitted to the points in each state.
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As a competitor model, we consider the single-state additive regression model. Figure 3, presents the
result of the comparison of prediction precision of PM2.5 in Tehran city air, using two fitted models: the
regime-switching regression model with four hidden states and the single state non-parametric additive
regression model. The mean squared error in each model is presented in each plot. One can see that
the non-parametric additive regime-switching regression model with four hidden states performs better

than the single-state non-parametric additive regression model.
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FIGURE 3. Comparison of prediction precision of PM2.5 in Tehran city air, using two fitted
models: regime-switching regression model with four hidden states and the single state non-
parametric additive regression model. The mean squared error in each model is presented in
each plot.
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FIGURE 4. Prediction of PM2.5 in Tehran city air using transitive regime switching non-
parametric additive regression model with 1-day lag. The mean squared error of the model

is presented in the plot.
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FIGURE 5. Out of sample prediction of PM2.5 in Tehran city air using transitive regime switch-
ing non-parametric additive regression model with 10 days lag. The mean squared error of the

model is equal to 99.3.

Another introduced model is the additive transitive regime-switching regression model. Figure 4,
shows the result of the prediction of PM2.5 in Tehran city air using a transitive regime switching
non-parametric additive regression model with a 1-day lag. The mean squared error of the model is
presented in the plot. One can see that this model performs better than the two other competitors.

Finally, the additive transitive regime-switching model is used for the prediction of the future values
of PM2.5. Figure 5, presents the out-of-sample prediction of PM2.5 in Tehran city air using a transitive
regime switching non-parametric additive regression model with 10 days lag. The mean squared error

of the model is equal to 99.3. The result of the prediction is satisfactory.
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Figure 1: Graphical representation of hidden Markov model.
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Figure 2: Graphical representation of regime switching regression model.
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Figure 3: Temperature (left) and pressure (right) of Tehran city air during 2015-2017
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Figure 4: PM2.5 in Tehran city air during 2015-2017

Sot e Olsea L on las L3 gl pmaz (6 50DL0 (B35l (035 5 5 S5 e G351 0528 S s
-r:.a)@ J‘J:Q \cx‘x ‘J u@ 6\.@;"«:.9..95 slass

2% 152 53 PMY.0 lao D13 Glime (s g Ol gl oo (55310 s T =F 5 p =\ L | (V) Joe U1
Olas L ol Cundyslaz 51K o s 1o glos bl 5y e (B5S3le w8y S (g S st o0l (351 Joto a5 08
Brislaitd oLl 6 s bLG (B3 0 ) ol 5 (ke cni) s e s & sl ol -ansm
AR o OLES sud asls uig’\ﬁ ahg> o Ll 6 ouslsl Ll sen

http://dx.doi.org/10.22108/msci.2023.138405. 1593 \Y


https://airnow.tehran.ir/
http://dx.doi.org/10.22108/msci.2023.138405.1593

Casep=1

150

100

PM2.5 in Tehran

State.] Y-

T T
0 10 20 30

(0 S s Sy oa ools (3510 Jse Lo s 0,5 e (slsm s PMY-0 (3lae OI3 0l ot 0 U
jaﬁwm&JLWjﬁLu; u%&:&ojjkg?)‘&“ﬁ); ‘)ﬁdu)wu‘ﬁ\.@:uﬁ;)b

g:,\..u‘ 0 rw) &.i.‘!) QLQ.#: lg % Glfkf:‘:‘f 6\.&_}‘.\}.&: J‘bﬁ.’a
Figure 5: Prediction of PM2.5 in Tehran city air using regime switching regression model, only

based on the air temperature, in each of the four hidden states. The points in each state are

colored by different colors and the curve of the prediction is drawn with the same color.
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Figure 7: Prediction of PM2.5 in Tehran city air using regime switching regression model,
based on the air temperature and pressure, in each of the four hidden states. The points in

each state are colored by different colors and the curve of the prediction is drawn with the same

color.
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each plot.
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Figure 9: The plots of residuals versus time for each hidden state of the regime switching

nonparametric additive regression model.
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Figure 10: The Q-Q plots of normal quantiles for each hidden state of the regime switching

Normal Q-Q Plot Normal Q-Q Plot
[e=)
(]
Ls)
w
- =
o g
- =
a
o @
=
- E
®
2 e
' T T T T T
2 1 0 1 2
Theoretical Quantiles Theoretical Quantiles
Normal Q-Q Plot Normal Q-Q Plot
= 2 o
@
g o
<] & o
= a2 w4
. E v
= .
g. LT @ 5]

o
-
o
=
~
[
w
to -
-
oo
o
o~
[
w

Theaoretical Quantiles Theaoretical Quantiles

nonparametric additive regression model.

Regime switching
additive transition model

SSE = 26652.23

150
|

PM2.5 in Tehran
100
1

T T T T T T
0 200 400 600 800 1000

Time

Jie 0l Candy SSi5 4 Q-Q oy Sz Jlope sbalises Vo JS&

o> bbb

(25 et Qg S5 00 3ls 51 S Lo 0 ek (slsm 53 PMY-0 (lae 3 0lme (pmtey -V) S
el s et Jlsgas 3 Jus s> 55 5ol § same Dhime w35 S B b Jlaml S0

Figure 11: Prediction of PM2.5 in Tehran city air using transitive regime switching nonpara-

metric additive regression model with 1 day lag. The mean squared error of the model is

presented in the plot.
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Figure 12: Out of sample prediction of PM2.5 in Tehran city air using transitive regime switch-

ing nonparametric additive regression model with 10 days lag. The mean squared error of the

model is equal to 99.3.

et i s ol |y e ol m3ly oL Wil e 4200 Sl 33 ol sLansls (61 el sy o s Jeelb
sl =L="e ;5001 Juo S, ol gl sl 225900 0315 40 gazee 3] GJ\} bsls s s s eal 2l
st Sl e ol 51 e hools Gissal 3T 505 Vo ey gy el 5haslina b1y o 5 (535 L) S
LSLE" ¢33 slaolg O.:fdl:.oj‘.\in ARy o olas Iy s Y ‘_}iﬁu‘:}d -rﬂ\u;u\.é.‘:.w‘ (esls glgnl 5l sud B3> 34 0
23 35 PMY.0 2815 olajluie s ges opl 53 ol o> ol a.uTCMueg MSPE = 33X |, 59503 o0l 6l (so i
s s r\:u\ (S e O‘j:LSA s 505 3 45J3LQ\.@ R XY olas 1y sud (R s\laie 308 6\.5.1:.& 959
Waasls iz (s SYsb slaosb s sl o les ot ool Jilaw 53 8288 o 5 1y dles opl sl -l o slbae
C,‘?o.z‘ L)L:.......’ 633: Oz L 6;\.:3...,: PR Lg)\}i;)\sjﬁ.i:.; LgLa:J:i.“..o rf;\.uS u,..LN\J.; = QTLg\aWJ\Z}LN Ls
‘j-“’ Ca,»)b)ﬁ Jt,s U:Uﬁ S Lol @Lﬁ‘}:«.&:ﬁﬁ Cs) 2l ol \j.m)Liéﬁ Lobj‘ LQ.J J&jﬁ w\)b U.J.‘J" Ull.c !
& Pl ool wmsloazs as s,k a8 65l SWS PMY-0 wile lasscaVT pliae v i 85 il3dl & w515 0 oS
3ln o505 (el lansls aepeme 5, glassls (sl popada ) (GBS S e 4 (ol Soel (2>

SSanid 5 gaupez A
S5 bl Jols o ol I 5 gmez 50U (B35l oy el 03y o (omats dlie ol 55
SSL o sl 5o PMY.0 Glae D3 0l (o 6l die 0ol 51 il (ol (oS (slaiin 5 ey siie
4 S (5l 5y xS e Sy Jte o 015 LS sl sty s o288 05 elgn 5LES 5 Loy (68 ey (sla e
Joe ooz 5L LE G S e 51 2 Db Sl Ol Bl e S L s guiutdigs G S) e S (55
35 g 5184 53 bl b nly ke sl (slaslade i ey 51 1500 e ol S > piman S o

V4 http://dx.doi.org/10.22108/msci.2023.138405.1593


http://dx.doi.org/10.22108/msci.2023.138405.1593

(5 &) <)
A=Y (VoY) Foyled A uls Jarals 5 Lol ais (ol - L‘Gg‘f

Q&Mtﬁ I{‘)[}é‘r‘; BE) hllSIrnIlL5)\jé\rJ; {;ue BE) LQLJJA Cﬂ‘ ‘j;‘:;4fL5%HL;fg 9 Lj;j[ﬁ ‘LSJ;fLJAA Lstﬁ rju st{)be‘Ldeg
leads sals

$Sosll slonsls o1 s 4 0licen Sl ol S 5o 35 st g o o sl Sliind sl Sl (S 5|
.;er)Li\ cobté‘)jb 6\.&0&\.&@ J;‘J.a BL r}LS.A

&l

(1] T. Adam, R. Langrock and C. H. Weif}, Penalized estimation of flexible hidden Markov models for time
series of counts, Metron, 77 (2) (2019) 87-104.

[2] R. M. Altman, Mixed hidden Markov models: an extension of the hidden Markov model to the longitudinal
data setting, J. Amer. Statist. Assoc., 102 (477) (2007) 201-210.

[3] M. Amini, A. Bayat and R. Salehian, hhsmm: an R package for hidden hybrid Markov/semi-Markov
models, Comput. Statist., 38 (2022) 1283-1335.

[4] J. Bulla, F. Lagona, A multivariate hidden Markov model for the identification of sea regimes from incom-
plete skewed and circular time series, J. Agric. Biol. Environ. Stat., 17 (4) (2012) 544-567.

[5] M. S. Bebbington, Identifying volcanic regimes using Hidden Markov Models, Geophys. J. Int., 171 (2)
(2007) 921-942.

[6] D. L. Borchers, W. Zucchini, M. P. Heide-Jorgensen, A. Cafiadas and R. Langrock, Using hidden Markov
models to deal with availability bias on line transect surveys, Biometrics, 69 (3) 703-713.

[7] F. Cartella, J. Lemeire, L. Dimiccoli and H. Sahli, Hidden semi-Markov models for predictive maintenance,
Math. Probl. Eng., (2015) 23 pp.

[8] G. A. Churchill, Stochastic models for heterogeneous DNA sequences, Bull. Math. Biol., 51 (1) 79-94.

[9] R. Durbin, S. R. Eddy, A. Krogh and G. Mitchison, Biological sequence analysis: probabilistic models of
proteins and nucleic acids, Cambridge university press, 1998.

[10] Paul H. C. Eilers and B. D. Marx, Flexible smoothing with B-splines and penalties, Statist. Sci., 11 (2)
(1996) 89-121.

[11] Y. Guédon, Estimating hidden semi-Markov chains from discrete sequences, J. Comput. Graph. Statist.,
12 (3) (2003) 604—639.

[12] B. H. Juang and L. R. Rabiner, Hidden Markov models for speech recognition, Technometrics, 33 (3)
(1991) 251-272.

[13] G. Kauermann, A note on smoothing parameter selection for penalized spline smoothing, J. Statist. Plann.
Inference, 127 (1-2) (2005) 53-69.

[14] C. J. Kim, J. Piger and R. Startz, Estimation of Markov regime-switching regression models with endoge-
nous switching, J. Econometrics, 143 (2) (2008) 263—-273.

[15] R. Langrock, B. J. Swihart, B. S. Caffo, N. M. Punjabi and C. M. Crainiceanu, Combining hidden Markov
models for comparing the dynamics of multiple sleep electroencephalograms, Stat. Med., 32 (19) (2013)
3342-3356.

http://dx.doi.org/10.22108/msci.2023.138405.1593 Yo


http://dx.doi.org/10.22108/msci.2023.138405.1593

(@)
VA=) (VFoY) Foyled oA sl fumals 5 oils a5t e salizal b dlpm 5Lis 5 Lo Golal s 58 glsn PMY.O Gleo 3 s i

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

sl Ll e, =118 g 5,15 VWYA Il 55 (55 -l dadin jad 55 VWF0 sla s 0 Wita ol (2550 s
VWAS B AYAY sl dols s e 3503 S3Ls 1) 555 5l it )8 Shte VYAY Ul 55 5 ot ol S al ags
a3 6585 5595 33 \WAS Lo 5l oZls  agie g o851 53 bbbl a) by 870,90 5 s
20 JU 51 sls ol [ sy (65585 Shae ol VWA Jlu s 5 ad a0 dgdu omgs b o8isls 4o Ll

AR

R. Langrock, T. Michelot, A.Sohn and T. Kneib, Semiparametric stochastic volatility modelling using
penalized splines, Comput. Statist., 30 (2) (2015) 517-537.

R. Langrock, T. Kneib, A. Sohn and S. L. DeRuiter, Nonparametric inference in hidden Markov models
using P-splines, Biometrics, 71 (2) (2015) 520-528.

R. Langrock, T. Kneib, R. Glennie and T. Michelot, Markov-switching generalized additive models, Stat.
Comput., 27 (1) (2017) 259-270.

V. Leos-Barajas, E. J. Gangloff, T. Adam, R. Langrock, F. M. Van Beest, J. Nabe-Nielsen and J. M.
Morales, Multi-scale modeling of animal movement and general behavior data using hidden Markov models
with hierarchical structures, J. Agric. Biol. Environ. Stat., 22 (2017) 232-248.

R. Langrock, T. Adam, V. Leos-Barajas, S. Mews, D. L. Miller and Y. P. Papastamatiou, Spline-based
nonparametric inference in general state-switching models, Stat. Neerl., 72 (3) (2018) 179-200.

A. Maruotti, Mixed hidden markov models for longitudinal data: An overview, Int. Stat. Rev., 79 (3)
(2011) 427-454.

S. Schliehe-Diecks, P. M. Kappeler, and R. Langrock, On the application of mixed hidden Markov models
to multiple behavioural time series, Interface focus, 2 (2) (2012) 180-189.

C. Sherlock, T. Xifara, S. Telfer and M. Begon, A coupled hidden Markov model for disease interactions,
J. R. Stat. Soc. Ser. C. Appl. Stat., 62 (4) (2013) 609-627.

I. Visser, M. E. J. Raijmakers and P. C. M. Molenaar, Fitting hidden Markov models to psychological
data, Sci. Program., 10 (3) (2002) 185-199.

L. R. Welch, Hidden Markov models and the Baum-Welch algorithm, IEEE Inf. Theory Soc. Newsl., 53
(4) (2003) 10-13.

W. Zucchini, D. Raubenheimer and I. L. MacDonald, Modeling time series of animal behavior by means
of a latent-state model with feedback, Biometrics, 64 (3) (2008) 807-815.

W. Zucchini, I. L. MacDonald and R. Langrock, Hidden Markov models for time series: an introduction
using R, Second edition, Monographs on Statistics and Applied Probability, 150, CRC Press, Boca Raton,
FL, 2016.

B St
ol o &asls ‘(’L‘ oBuslasls ‘;wlsr,l; 9okl ol suslasls Glal rag
morteza.amini@ut.ac.ir

Ll Q\J@" s&sls )LJJL_..&J‘; 5l ol Jdb s i K dﬁ_‘;..n SJ:— Sl yac u‘j..r- @ U‘J‘@j JLasls

http://dx.doi.org/10.22108/msci.2023. 138405 .1593


http://dx.doi.org/10.22108/msci.2023.138405.1593

	1. Introduction
	2. Main Results
	3. Summary of Proofs/Conclusions
	References
	MSCI-2307-1593,ev.pdf
	1. مقدمه
	2. مدل‌های مارکوف پنهان و رگرسیون تغییر رژیم مارکوفی
	3. برآورد پارامترها توسط الگوریتم بام-ولش
	4. رمزگشایی وضعیت‌های پنهان با الگوریتم ویتربی 
	5. پیش‌بینی وضعیت‌های آینده
	6. بسته نرم‌افزاری hhsmm در R
	7. تحلیل داده‌های ذرات معلق در هوای شهر تهران
	8. جمع‌بندی و نتیجه‌گیری
	مراجع


