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ABSTRACT. We give a short proof for an explicit upper bound on the proportion of permutations of a
given prime order p, acting on a set of given size n, which is sharp for certain n and p. Namely, we
prove that if n = k (mod p) with 0 < k < p— 1, then this proportion is at most (p-k!)~" with equality
if and only if p < n < 2n.

1. Introduction

The proportion p,(n) of permutations of a given prime order p and acting on a set of given size n has
been extensively studied. In particular, for fixed p as n grows, recursive formulas and an asymptotic
expansion have been known for more than 70 years, first by Jacabsthal [5] in 1949 who, in particular,

gave the following explicit formula:

[n/p] 1
(1.1) pp(n) = ; )iy
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The reader may recognise the denominator of the summand for ¢ as the centraliser order of a permu-
tation with ¢ cycles of length p and n — ip fixed points. Extensions of [5] were obtained in the early
1950s by Chowla, Herstein and Scott [3] and Moser and Wyman [7]. We give a brief discussion of
these results in Section 1.1.

It may not be immediately obvious, from the expression (1.1), what upper or lower bounds for p,(n)
apply. Our interest is in explicit estimates, especially upper bounds, even if they are not asymptotically
best possible. The simple upper bounds we obtain in our main result Theorem 1.1 are sharp for certain
n,p. Such explicit estimates are relevant in discussing various group theoretic algorithms, which we

mention briefly in Section 1.2.

Theorem 1.1. Let p be a prime and n a positive integer, and write n = ap + k where a > 0 and

0 < k <p. Then the proportion p,(n) of elements of order p in the symmetric group S, satisfies

pp(n) < with equality if and only if p < n < 2p.

p- k!

Theorem 1.1 is proved in Section 2.

1.1. Asymptotic estimates. Let p be a prime and n an integer such that n > p. Let p;(n) be
the proportion of elements in the symmetric group S, of order dividing p, that is to say, elements
x € Sy such that P = 1. Thus pj(n) = pp(n) + 1/n!. The proportions pj(n) and p,(n) have been
extensively studied in the literature, even when p is not prime, and asymptotic results are available
which determine the value, when p is fixed and n is unbounded. The original result of Jacobstahl

[5] from 1949 gives the following expression for p,(n), and also a generating function for p,(n), for a

prime p.
[n/p] 1 00
pp(n) = z_; m7 and zjlpp(n)xn = exp(z)(exp(z”/p) — 1).

While this expression for p,(n) could have been applied to obtain our result in Theorem 1.1, we believe
that the short inductive proof we provide is helpful, yielding a useful bound for several applications.
Several years after Jacobstahl’s work appeared, Moser and Wyman [7, (3.41)] obtained the following

asymptotic expression for py(n) for p an odd prime:

p;(n) N 1 (n)n(l—l/p) nl/p

— e
VD - n!

which, in the light of Stirling’s formula n! ~ (27n)'/2 . (n/e)", shows that for fixed p as n grows,

e

p;(n) ~ n~"/P_There are many similar asymptotic results, for example, where the primality condition
on p is removed, see in particular the paper of Wilf [10]. A helpful survey of these results is included
in [9, Section 2.2.6] or the explicit bounds in [1]. Most of these estimates are asymptotic, whereas it

is sometimes preferable to have explicit upper and/or lower bounds for such proportions.
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1.2. Some algorithmic considerations. For computational purposes a finite group G may be given
as a group of permutations or a group of matrices over a finite field, usually by specifying a small
generating set G = (X). We may know, or suspect, that G is isomorphic to a group such as S,,, and
we may wish to prove or exploit this computationally. Algorithms to recognise G, or to construct a
standard generating set for G, typically seek special kinds of elements. These elements are usually
sought, or constructed from, randomly selected elements, and to understand the complexity of such
searches we need estimates for the proportions of various kinds of elements in the group.

For example, in [2], as part of constructing a standard generating set for a ‘black-box group’ G
isomorphic to Sy, a transposition was constructed by searching, via random selection, for an element
b € G of order 2f for some odd positive integer f < n'81°8" gsuch that b/ corresponds to a transposition
in S,,. The choice of the upper bound n'81°8™ for f was chosen so that the proportion of such elements
was large enough to find such an element b with high probability (at least 0.318n/2 for n > 5, 2,
Theorem 5.1(a)]), and also to construct the transposition b at a reasonable cost, [2, Proposition 6.1].
The benefit of this method over a direct search for a transposition, by examining random elements, is
obvious as the proportion of transpositions is only (2-(n—2)!)~!. The paper [2] contains an analogous
analysis for construction of 3-cycles in alternating groups. More details about algorithmic applications
of proportions of elements in symmetric groups are given in [9, Section 2.2.8].

Let us turn now to primes larger than 2 or 3. Just as transpositions and 3-cycles can be constructed
by taking powers of elements with a single cycle of length = and all other cycles of length coprime to
x (where = 2 or 3) so also, for any prime p, we can construct a p-cycle (that is, a permutation with
one cycle of length p and fixing all other points) by taking an appropriate power of a permutation
g which has a single cycle of length p and all other cycles of length coprime to p. Such elements ¢
are called pre-p-cycles, and are useful for algorithms involving both permutation groups and classical
matrix groups (see for example [4, 6, 8]). Let s—p,(n) denote the proportion of elements of S, with
no cycle length divisible by p, equivalently the proportion of p-regular elements — permutations with
order coprime to p. It was proved in [8, Lemma 3.1(ii)] that the proportion of pre-p-cycles in S, is
s—p(n — p)/p, and explicit upper and lower bounds for s-,(n — p) were obtained in [2, Theorem 2.3b],
with simpler bounds derived in [6, Lemma 4.2] and [8, Lemma 3.1(i)]. These bounds imply that the

proportion of pre-p-cycles in S, lies between

1
and 3

4p - (n—p)t/p p-(n—p)l/r

This is far greater than the proportion of p-cycles, namely (p- (n — p)!)~L.

Along the same lines, we note that the proportion of p-singular elements of S, that is to say,
elements with order a multiple of p, is 1 — s—,(n) which, by our comments above, is greater than
1 — 3n~1/P. The simple upper bound given in Theorem 1.1 shows that the proportion of p-singular

elements of S, is far greater than p,(n). This is an easy confirmation that constructing elements of
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order p by taking powers of p-singular elements is much more efficient than searching for such elements

directly by random selection.

2. Proof of the main theorem

Let n be a positive integer, and let Q@ = {1,...,n} and Sym(Q2) be the symmetric group .S,, on 2.
Let P(n,p) denote the subset of Sym(2) consisting of all the elements of order p, so that

(2.1) pyn) = PP

First we record some basic facts.

Lemma 2.1. Let n,p,Q,P(n,p) and p,(n) be as above.
(2) If n < p then py(n) =0, and py(p) = 1/p.
(b) If n > p, then, for each subset A C Q with |A| = p, there are exactly (p — 1)! distinct p-cycles
permuting the points of A (that is, p-cycles in Sym(A)).

Proof. It n < p then P(n, p) is empty and pp(n) = 0. So assume that n > p and let A = {d1,...,0,} be
a p-element subset of (2. Each p-cycle in Sym(A) has a unique expression of the form (d1, az, ..., ap)
where ag, ..., q, are precisely the points in A\ {d1} = {d2,...,9,} in some order. There are exactly
(p —1)! ways to order {62, ...,0,} and hence exactly (p — 1)! distinct p-cycles permuting the points of
A. In particular, if n = p then Q = A, and we have therefore just shown that |P(p,p)| = (p — 1)!, so

pp(p) = |P(p,p)|/p! = 1/p. 0

We note that Lemma 2.1 proves Theorem 1.1 for n such that 1 < n < p. The main proof will be

by induction on n with these as the ‘base cases’. It will use the following recursion for p,(n).
Lemma 2.2. Let p be a prime and n an integer such that n > p+ 1. Then
n-pp(n) = pp(n —1) + pp(n —p) + m

Proof. By (2.1), |P(n,p)| = nlpp(n) for each positive integer n. We establish the recursion by enu-
merating P(n,p) as follows. We partition P(n,p) as P1(n,p) U Pa(n,p), where P;(n,p) consists of all
elements g € P(n,p) such that 19 = 1, and Py(n,p) consists of all elements g € P(n,p) such that
19 # 1. Now Pi(n,p) is precisely the set of elements of order p in Sym(A), where A = {2,3,...,n}
and hence |P;(n,p)| = (n — 1)!pp(n — 1), by (2.1).

Consider now the complement Py(n,p). To enumerate the elements of Pa(n,p), we note that, for
each such element g, the point 1 lies in a cycle h of g of length p, since 19 # 1. The number of such
cycles is equal to the number (Zj) of (p — 1)-element subsets A’ of ©\ {1} such that the p-cycle
h permutes the points of A := A’ U {1}, times the number (p — 1)! of p-cycles in Sym(A) (using
Lemma 2.1(b)). Then, for each of these (Zj) (p—1)! cycles, say h on a subset A containing the point
1, the elements g € P2(n,p) which have h as a p-cycle are precisely the permutations g = hg’ where ¢’
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is an element of Sym(Q\ A) = S,,_, of order dividing p. The number of such elements ¢’ is equal to
the number |P(n —p,p)| = (n —p)!pp(n —p) of elements of S,,—, of order p, together with the identity

element. Thus

Patnl = (271 ) 0= D=9yl =)+ 1)
1
=(n—1)! <pp(n —-p)+ (n—p)'> )
and the recursion n - p,(n) = pp(n — 1) + pp(n —p) + (n%p)! follows. O

We now use Lemma 2.1 and 2.2 to prove Theorem 1.1.

PROOF OF THEOREM 1.1. Let n be a positive and let a,k be the (unique) integers such that
n =ap-+k where a > 0 and 0 < k < p—1. We refer to this expression as the ‘quotient and remainder’
representation for n. We will prove that
1
pp(n) < - ) with equality if and only if p < n < 2p.
p-R:
This assertion follows from Lemma 2.1(a) if n < p, so assume that n > p+ 1, and assume inductively
that the result holds for all integers strictly less than n. Then, by Lemma 2.2,

_ Pp(n —1) Pp(n - D) 1
Pl = A T T T T

Now the quotient and remainder representations for n —p and n — 1 are n —p = (a — 1)p + k, and
n—1l=ap+(k—-1)ifl<k<p—landn—-1=(a—1)p+(p—1)if k=0.

Suppose first that p+1 <n <2p—1,thatistosay,a=1land 1<k <p—1. Thenn—p=k<p
so pp(n —p) = 0 by Lemma 2.1(a), and by induction, py(n —1) = 1/(p- (k — 1)!). Thus

1 1 k 1

np-(k:—l)!+0+ e
Thus we may assume that n > 2p. If & > 0 then, by induction, p,(n — 1) < 1/(p- (k — 1)!) and
pp(n—p) <1/(p-k!), so that

pp(n) = n-kl' np-kl p-kl

1 1 1 kE+1+p-k!/(n—p)!
np~(k—1)!+np-k!+n-(n—p)!: np - k! '
Since n —p >p > k+ 1, we have p- k!/(n — p)! < 1, and so the numerator k + 1+ p-k!/(n —p)! <
k+2<p+1<mn,sopy(n) <1/(p-k!). Suppose finally that n > 2p and k = 0, that is, n = ap with
a > 2. Then, by induction, p,(n —p) <1/p and pp(n —1) <1/(p- (p —1)!) = 1/p!. Thus

e L1 1 1 ( L. )
pn) < —+ —+ —— = — | —— .
P n-pl np n-(n-—p! np\(p—1)! (n—p)!

Since n — p > p we have p/(n —p)! < 1/(p — 1)! and so

()<1< 9 +1><3<1
pp(n) < — [ —— <2<
b np \ (p—1)! np p

which completes the proof by induction of Theorem 1.1.

Pp(n) <
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