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LINE GRAPHS ASSOCIATED TO ANNIHILATING-IDEAL GRAPH ATTACHED
TO LATTICES OF GENUS ONE

ATOSSA PARSAPOUR AND KHADIJEH AHMAD JAVAHERTI"

ABSTRACT. Let (L, A, V) be a lattice with a least element 0. The annihilating-ideal graph of L, denoted
by AG(L), is a graph whose vertex-set is the set of all non-trivial ideals of L and, for every two distinct
vertices I and J, the vertex I is adjacent to J if and only if I A J = {0}. In this paper, we characterize
all lattices L whose the graph £(AG(L)) is toroidal.

1. Introduction

One important theorem due to Whitney about line graphs is that with one exceptional case, £(G) =
K3, the structure of any connected graph can be recovered from its line graph. In [14], Whitney proved
there is a one-to-one correspondence between the class of connected graphs and the class of connected

line graphs as follows:

Theorem 1.1. [14, Theorem 1] Let G and G’ be two connected graphs, neither of which consists of three
arcs of the form ab, ac and ad. Let there be a 1 —1 correspondence between their arcs so that to any two
arcs having a common vertex in one graph correspond two arcs having a common vertex in the other.

Then G and G’ are congruent.
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On the other hand, the main object of topological graph theory is to embedding a graph into a surface.
Therefore, the investigation of the embedding of line graphs associated to lattices into a torus can make
the relationship between algebraic structures, graph theory and topological graph theory more attractive.

The concept of a annihilating-ideal graph of a lattice L, denoted by AG(L), is defined by Khash-
yarmanesh et al in [1]. Parsapour and Ahmad Javaheri completely determined all finite lattices L with
projective annihilating-ideal graphs AG(L) in [11] and all finite lattices L with planar and projective
line graphs associated to annihilating-ideal graphs AG(L) in [12].

AG(L) is a graph whose vertex-set is the set of all non-trivial ideals of L and, for every two distinct
vertices I and J, the vertices I and J are adjacent if and only if I A J = 0. In this work, we assume
that L is a finite lattice and A(L) = {a1, a9, ..., a,} is the set of all atoms of L. In the second section of
this paper, we study the finite lattices L with toroidal line graph associated to annihilating-ideal graphs
AG(L).

First we summarize notations and concepts on lattices and graphs which will be needed in the next
section.

For basis facts concerning lattices we refer to [5] and [10].

Let L = (L, A, V) be a lattice with a least element 0 and I be a non-empty subset of L. We say that
I is an ideal of L if, (i) for all a,b € I, aVbe I and (i4) if 0 <a <band be I, thena € I.

For two distinct ideals I and J of a lattice L, we have INJ ={zx Ay ; x € I,y € J}.

Now, we recall some definitions and notation on graphs. By a graph G = (V,E), we mean an
undirected simple graph with vertex-set V and edge-set F. In a graph G, for two distinct vertices a
and b in G, the notation a — b means that a and b are adjacent. The degree of a vertex x, denoted by
deg(z), is the number of edges incident to x, and an isolated vertex is a vertex with zero degree. We
define G \ H to be the graph with edge-set E(G) — E(H) and vertex-set V(G) —V(H)+ V(GNH). A
graph with no edges (but at least one vertex) is called an empty graph. The graph with no vertices and
no edges is the null graph. The complement G of a graph G has the same vertex-set as G, where vertices
x and y are adjacent in G if and only if they are not adjacent in G (see [2] and [6]). A graph G is said
to be contracted to a graph H if there exists a sequence of elementary contractions which transforms G
into H, where an elementary contraction consists of deletion of a vertex or an edge or the identification
of two adjacent vertices. A subdivision of a graph is any graph that can be obtained from the original
graph by replacing edges by paths. The line graph of a graph G is the graph £(G) with the edges of G
as its vertices, and two edges of G are adjacent in £(G) if and only if they are incident in G. In this
work, we denote w; ; for the vertex [v;,v;] € £(G), where v; and v; are adjacent vertices in G.

Recall that a graph is said to be planar if it can be drawn in the plane, such that its edges intersect
only at their ends. A remarkable characterization of the planar graphs was given by Kuratowski in 1930.
Kuratowski’s Theorem states that a graph is planar if and only if it contains no subdivision of K5 or K33
(cf. [8]). By a surface, we mean a connected compact 2-dimensional real manifold without boundary,

that is a connected topological space such that each point has a neighbourhood homeomorphic to an
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open disc. It is well-known that every compact surface is homeomorphic to a sphere, or to a connected
sum of g tori (Sy), or to a connected sum of k projective planes (Vi) (see [9, Theorem 5.1]). This number
g is called the genus of the surface. The torus can be thought of as a sphere with one handle. This
means that the genus of torus is 1. A torus is represented in the usual way as a rectangle in which both

pairs of opposite sides are identified with each other as indicated by arrows.

The canonical representation of a torus

A graph G is embeddable in a surface S if the vertices of G are assigned to distinct points in S such
that every edge of G is a simple arc in S connecting the two vertices which are joined in G. The least
number g that G can be embedded in S; is called the genus of G and denoted by 7(G). One easy
observation is that v(H) < v(G), for any subgraph H of G. One of the most remarkable theorems in
topological graph theory, known as Fuler’s formula, states that if G is a finite connected graph with n
vertices, m edges and genus g, then n — m+ f = 2 — 2¢g, where f is the number of faces created when G
is minimally embedded in a surface of genus g.

Note that graphs of genus 0 are planar graphs and graphs of genus 1 are toroidal graphs. We know
that a complete graph K, is a toroidal graph, if n = 5,6 or 7, and the only toroidal complete bipartite
graphs are K44 and K3, with n =3,4,5 or 6 (see [3] or [13]).

By [14, Lemma 4.1],

We end this section with one of the lemmas in [4] that is very helpful in proving the theorems.

Lemma 1.2. [4, Lemma 4.1] Let G be a simple graph and u,v be two distinct vertices of G such that
deg(u) = m and deg(v) = n. Then v(£(G)) > v(Km) + 7(Ky).

2. Toroidal Line Graph Associated to Annihilating-ideal Graph of a Finite Lattice

In this paper, we assume that L is a finite lattice and A(L) = {a1,aq,...,a,} is the set of all atoms
of L. The annihilating-ideal graph of a lattice L, denoted by AG(L), is an undirected simple graph with
all non-trivial ideals of L, and two distinct vertices I and J are adjacent if and only if I A J = 0. The
main goal of this section is to determine all finite lattices L such that the graph £(AG(L)) has genus
one. We begin this section with the following notation, which is needed in the rest of the paper.
Notation. Let i1,42,...,4, be integers with 1 < i1 < i3 < --- <4 < n. The notation U;,;,...;, stands

for the following set:
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{I QL; {ai;, iy, ..,05,} ST and a; ¢ I, for je{l,....,n}\{i1,...,ix}}.

Note that all two distinct elements in Uj,4,..;, are not adjacent in AG(L). Also if the index sets
{i1,d2,. .. ig} and {j1, jo, . .., Jir} of Uiyiy...i, and Ujyj,...5,,, respectively, are distinct, then one can easily
check that Ui, i,...i, NUj jy...j,, = 0. Moreover, V(AG(L)) = U Uiyiy..iy, for all 1 <y <idg < -+ < ip <.

Suppose that L has n atoms. Then Ujs...,, consists of isolated vertices. Clearly, the isolated points do
not affect toroidality. Hence, we ignore the set Uys..., from the vertex-set of AG(L), and so we do not
show these points in our figures.

We know that if |[A(L)| = 1, then AG(L) is an empty graph, and hence £(AG(L)) is a null graph.
Hence we ignore the case that the lattice has one atom, exactly.

Now, we begin with a result which exhibits an upper bound for the number of atoms of a lattice.
Lemma 2.1. If £(AG(L)) is a toroidal graph, then the size of A(L) is at most five.

Proof. Assume to the contrary that |A(L)| > 6. Then AG(L) contains a copy of Kg, and so it contains
two distinct vertices of degree at least 5. Hence, by [4, Lemma 4.1], the graph £(AG(L)) has genus

greater than one, which is not toroidal. O

In view of Lemma 2.1, it is sufficient to investigate the toroidality of the graph £(AG(L)) in the cases
that the size of A(L) is 2,3,4 or 5.

First we state the necessary and sufficient conditions for the toroidality of the graph £(AG(L)), when
|A(L)| = 2. To do this, we need the following lemma.

Lemma 2.2. If | U§:1 Uj| <5 or| U]2:1 Uj| > 9, then the graph £(AG(L)) is not toroidal.

Proof. First we assume that | UJQ':1 U;| < 5. By [12, Theorem 2.3], the graph £(AG(L)) is planar, which
is not toroidal. Now, suppose that ’U§:1 Uj| > 9. We know that as |A(L)| = 2, the graph AG(L) is a
complete bipartite graph. If AG(L) is a star graph, then the graph £(AG(L)) contains a copy of Kg,
which is not toroidal. Otherwise, the graph AG(L) contains a copy of Ky5. By [4, Lemma 4.1], the
graph £(K35) has genus greater than one, which is not toroidal. Therefore £(AG(L)) is not a toroidal
graph. (|

By the above lemma, when |A(L)| = 2, it is sufficient to study the toroidality of the graph £(AG(L)),
in the following cases.

Case 1. | U§:1 Uj| = 6. In this case, the graph AG(L) is isomorphic to one of the graphs K 5, K2 4 or
Ks33. If AG(L) = K5, then the graph £(AG(L)) is isomorphic to K5, which is toroidal. Now, suppose
that AG(L) = Ky4. By [4, Example 2.14], v(£(K24)) = 1, and so the graph £(AG(L)) is toroidal.
Also suppose that AG(L) = K3 3. By [4, Example 2.12], y(£(K33)) = 1, and so the graph £(AG(L)) is
toroidal.

Case 2. | U?Zl U;| = 7. In this case, the graph AG(L) is isomorphic to one of the graphs K g, K25 or
Ks,4. If AG(L) = K6, then the graph £(AG(L)) is isomorphic to K¢, which is toroidal. Now, suppose
that AG(L) = Ky 5. By [4, Lemma 4.1}, v(£(K25)) > 2, which implies that the graph £(AG(L)) is not
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toroidal. Also suppose that AG(L) = K34. By [4, Example 2.14], v(£(K34)) = 2, and so the graph
L£(AG(L)) is not toroidal.

Case 3. | U§:1 Uj| = 8. In this case, the graph AG(L) is isomorphic to one of the graphs K 7, Ko g,
Ksps or Ky4. If AG(L) = K7, then £(AG(L)) is isomorphic to K7, which is toroidal. Now, suppose
that AG(L) = Ky 6. By [4, Lemma 2.9], v(£(K26)) > 2, and so £(AG(L)) is not toroidal. Also suppose
that AG(L) is isomorphic to K35 or Ky 4. Clearly, the graph AG(L) contains a copy of K34. By [4,
Example 2.14], v(£(K34)) = 2, and so the graph £(AG(L)) is not toroidal.

As a consequence of the above discussion and Lemma 2.2, we have the next theorem.

Theorem 2.3. Suppose that |A(L)| = 2. Then £(AG(L)) is a toroidal graph if and only if one of the
following conditions holds:

(1) Ui Usl =6.
(2) 7< \U?Zl Uj| <8 and |U;| =1, for some unique i € {1,2}.

In the following, we investigate the toroidality of the graph £(AG(L)) in the case that |A(L)| = 3.
Lemma 2.4. If | U?:1 Uj| > 6, then the graph £(AG(L)) is not toroidal.

Proof. To proof this lemma, it is sufficient to consider |U§-’:1 Uj| = 6. Then the graph AG(L) is iso-
morphic to one of the graphs Ky i1, K321 or Kag9. If AG(L) = Ky 11, then, by [4, Lemma 4.1],
v(£(AG(L)) > 2. Hence the graph £(AG(L)) is not toroidal. Also if AG(L) = K321 and the vertices
v1 = {0,a1}, vo = I1, v3 = J; € Uy, vg = {0,a2}, v5s = Iy € Uy and vg = {0,a3} € Us, then the
contraction of the graph £(AG(L)) contains a copy of G1, one of the listed graphs in [15] (see Figure 1).
Therefore again £(AG(L)) is not a toroidal graph.

Ws,6 p W46
2,
w36 w1,6
W3 4 w2 5 y W15
W14 — W24 » W35
FIGURE 1.

Also if AG(L) = K22 and the vertices vy = {0,a1}, vo = Iy € Uy, v3 = {0,a2}, v4 = I € Uy,
vs = {0,as}, vg = I3 € Us, then the contraction of the graph £(AG(L)) contains a copy of G, one of
the listed graphs in [15] (see Figure 2). Therefore £(AG(L)) is not a toroidal graph.

]

http://dx.doi.org/10.22108/T0OC.2022.125344.1771


http://dx.doi.org/10.22108/TOC.2022.125344.1771

180 Trans. Comb. 12 no. 4 (2023) 173-190 A. Parsapour and Kh. Ahmad Javaheri

W46

w26

w23

w1,3 — W15

FIGURE 2.

In the following, we show an example of a lattice L whose the line graph associated to AG(L) is not

toroidal.

Example 2.5. A lattice L containing three atoms is pictured below (see Figure 3). We consider the graph
AG(L) with vertices v1 = {0,a1}, vo = I = {0,a1,a4} € U1, vs = {0,a2}, vg = Iy = {0,a2,a5} € Us,
vs ={0,a3}, vs = I3 = {0,a3,a6} € Us. It is clear that AG(L) = K25 and so, by lemma 2.4, the graph
L(AG(L)) is not toroidal.

1
a4 ag
ai as
0
FIGURE 3.

Theorem 2.6. Suppose that |A(L)| = 3. Then £(AG(L)) is a toroidal graph if and only if one of the
following conditions holds:
(1) |U§?:1 U;| = 3 and there exist unique i,j € {1,2,3}, such that 3 < |U;j| < 5 and |Uy| < 2 and
\Uji| <2, for 1 <k <3,
(2) |U§?:1 Uj| =4 and there exists unique i € {1,2,3}, such that |U;| = 2.
(a) |Uji| =2, |Usj| <1 and |Ug| <1, for 1 <1i,5,k <3.
(b) There exists unique j € {1,2,3}, such that 2 < |Uy| < 4, |Uy| < 1 and |Uj| < 1, for
1<k<3.

http://dx.doi.org/10.22108/T0OC.2022.125344.1771
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(3) Uiz Usl = 5.
a) There exists 1 € {1,2,3}, such that |U;| = 3. If |U;i| = 1, then Uy, = Ui, = &, with
( ) ) 4y ’ J ’ J
1 <4,k <3. Also if |[Uji| = 1, then Uy = Uy, = @, with 1 < j, k < 3.
b) There exists unique © € {1,2,3}, such that |U;| = 1. If |U;;| = 1, then Uy, = U, = &, with
( j j
1 <4,k <3. Also if |[Uj| = 2, then Uy = Uy, = @, with 1 < j,k < 3.

Proof. Firstly, we assume that £(AG(L)) is a toroidal graph. By Lemma 2.4, ]U;’:l U;| < 5. We have
the following cases.

Case 1. \U?Zl Uj| = 3. In this case, if |U;;| < 2, for all 4,5 € {1,2,3}, then, by [12, Theorem 2.5],
the graph £(AG(L)) is planar, which is not toroidal. If one of the sets Uja, Ug or Uss has at least six
elements, then the graph £(AG(L)) contains a subgraph isomorphic to Ky, which is not toroidal. Also,
without loss of generality we may assume that the sets U;o and U3 have at least three elements. Then,
by [4, Lemma 4.1], 7(£(AG(L)) > 2. Hence the graph £(AG(L)) is not toroidal.

Case 2. |U?:1 Uj| = 4 and |U;| = 2. In this case, if |U;;| < 1, for all 4,5 € {1,2,3}, then, by [12,
Theorem 2.5], the graph £(AG(L)) is planar, which is not toroidal. If |Ujs| = |Uis| = 2, then, by [4,
Lemma 4.1], v(£(AG(L)) > 2. Hence the graph £(AG(L)) is not toroidal. Also if |Uia| = |Uas| = 2,
then the contraction of £(AG(L)) contains G, one of the listed graphs in [15], which is not toroidal.
Now, we may assume that Uy, has at least five elements. Then the graph £(AG(L)) contains a subgraph
isomorphic to Kg, which is not toroidal. Also we may assume that |Uss| > 3. Then, by [4, Lemma 4.1],
v(L£(AG(L))) > 2. Hence the graph £(AG(L)) is not toroidal.

Case 3. |U§-’:1 Uj| = 5. First, assume that |U;| = 3, for some 4, say ¢ = 1, with |U;| = 3. If
|Ui2| = |Uiz| = 1, then, by [4, Lemma 4.1], v(£(AG(L)) > 2. Hence the graph £(AG(L)) is not toroidal.
Also if |Uya| = |Uas| = 1, then the contraction of £(AG(L)) contains G, one of the listed graphs in
[15], which is not toroidal. Now, we may assume that Uz has at least two elements and the vertices
v1 = {0,a1},v92 = I1,v3 = J; € Uy, vg = {0,a2} € Us, v5 = {0,a3} € Us and vg = I12,v7 = I}5 € Ua.
Then the complement of £(AG(L)) is contained in 7'5.8, one of the listed graphs in [7] (see Figure 4).

Thus it is not toroidal.

FIiGURE 4.
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Also if |Ua3| > 2, then the graph AG(L) contains a copy of K3 4. By [4, Example 2.14], v(£(K34)) = 2,
and so the graph £(AG(L)) is not toroidal.

Now, suppose that there exists unique U;, with 1 < i < 3, say Uy, such that |U;| = 1. If Ujg has at least
two elements, then, by [4, Lemma 4.1], v(£(AG(L))) > 2. Hence the graph £(AG(L)) is not toroidal. If
|Ui2| = |Uaz| = 1, then the contraction of £(AG(L)) contains G, one of the listed graphs in [15], which
is not toroidal. And if |Ujs| = |Uis| = 1,Then the graph AG(L) contains a subdivision of K5. Clearly,
v(£(AG(L))) > 1. On the other hand, by Euler’s formula, one can easily see that v(£(AG(L))) # 1.
Hence £(AG(L)) is not toroidal. Also if |Us3| > 3, then the contraction of £(AG(L)) is isomorphic to
Kg\ K1 3. Hence it contains a copy of D.3, one of the listed graphs in [7], which is not a toroidal graph.
Now, by the above cases, we have that if £(AG(L)) is toroidal,then one of the statements (1), (2) or (3)
holds.

Conversely, if one of the mentioned conditions hold, then we show that £(AG(L)) is a toroidal graph.
First suppose that the statement (1) holds. Hence there exist unique integers i and j, with 1 <14, j <3,
such that 3 < |Us;| <5 and |Uy| < 2 and |Uji| < 2, for 1 < k < 3. Without loss of generality, we may
assume that |Uia| = |U1s| = 2 and |Uas| = 5. We have the vertices v1 = {0,a1} € Uy, va = {0, a2} € Uy,
vg = {0,a3} € Us, vg = Lo, v5 = I{y € Ur2, v6 = 13, v7 = I{3 € Uz and vg = Iog,, vg = Ios,,...,
vig = I3, € Uss. As Figure 5 gives an embedding of £(AG(L)) on a torus, and so the graph £(AG(L))

is toroidal.

w18 w19
w1,12 o « w112
w13
w35 w23
W1,10 ¢ b W1,10
W3 4
’ ZU277 w276
W1,11 ¢ p W1,11
w12
w1,12 . * wi,12
w1 .8 w19
FIGURE 5.

Suppose that the first part of statement (2) holds. Without loss of generality, we may assume that
|Ui| = 2, |Uy2| = |U1s] = 1 and |Usas| = 2. We have the vertices v = {0,a1},ve = I € Uy, v3 = {0,a2} €
Uz, va = {0, a3} € Us, vs = I12 € Uia, v¢ = I13 € Ui and vy = Izg, vg = I35 € Us3. Therefore, the graph
£(AG(L)), which is pictured in Figure 6, is toroidal.
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W14 w1,8 w28 W1 4
&, B Y- _’
1 1
L W36 w13 :
1 1
: :
1 1
1 1
W23 ¢ w23
W24 ¢ w27 w2 4
w3 4
Wy,5
1,7
W14 w1,8 w28 W1 4
FIGURE 6.

Suppose that the second part of statement (2) holds. Without loss of generality, we can assume that
|Ui2| = 4 and |Uis| = |Uas| = 1. We have the vertices v1 = {0,a1}, vo = I} € Uy, v3 = {0,a2} € Uy,
vy = {0,a3} € Us, v5s = Ig, vg = Ijy, v7 = I{y, vg = I{5 € Uz, v9g = I13 € Uiz and vig = Ipz € Uss.

Therefore, the graph £(AG(L)) is toroidal (see Figure 7).

W45 W4,6
w2 4 . . w2 4
w3, 4
W48 ¢ p W48
3,9
w1,3 w23
w w
W47 W1,4 1,10 2,1 ) Wy 7
w2 4 » * w2 4
W4,5 W4,6
FIGURE 7.

Now, suppose that the statement (3)(a) holds. Then ]U?:l Uj| = 5 and without loss of generality,
we assume that |U;| = 3, |Ui2| = 1 and Uz = Uss = @. So, by considering the vertices v; = {0, a1},
vo = I, v3 =11 € Uy, vg = {0,a2} € Us, v5s = {0,a3} € Us and vg = 12 € Uy, the graph £(AG(L)) is
pictured in Figure 8, which is toroidal.
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W34 w2,5
W24 @@~ mmmmmmmmm - - - 4 w2 4
: :
1 1
1 1
: :
: |
w1,5 wW3,5 w1,5
W1,4 W45
Ws,6 Ws,6
| |
1 1
1 1
: :
1 1
1 1
Wo 4 ——— ¢F - - - - - o - - ¢ w2 4
W34 w25
FIGURE 8.

Also suppose that |U?:1 U;| = 5 and without loss of generality, |Ui| = 3, |Uss| = 1, Ui = Uiz = @.
Then, by considering the vertices v1 = {0,a1}, va = I, v3 = I} € Uy, v4 = {0,a2} € Ua, v5 = {0,a3} € Us
and vg = lo3 € Uss, Figure 9 is the embedding of £(AG(L)) on torus. Hence it is a toroidal graph.

w1 4 wW1,5
| e . U 1
1 1
1 1
1 1
1 1
1 1
1 1
: w3 4 w45 :
w2 4 ¢ W2 4
W26
w2 5 w2 5
! w36 w35 !
1 1
: w16 |
1 1
1 1
1 1
e e e e e e e e e e e e e — N e e e e e - = - J
w1 4 wW1,5
FiGURE 9.

Now, suppose that part (b) of statement (3) holds. Without loss of generality, assume that, |U;| = 1,
|Ui2| = 1 and U3 = Uss = @. Then, by considering the vertices v; = {0,a1} € Uy, va = {0,a2},
vy = Iy € U, vy = {0,a3}, v5 = I3 € Us and vg = 12 € Ujo, the graph £(AG(L)) is pictured in Figure
10 is toroidal.
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W4,6 ¢ W4,6
W3 4 ¢ W3 4
w35 ¢ w3 5
W5,6 ¢ Ws,6
W4,6 ¢ W4,6
w24 w1,3 w1,5
FiGUure 10.

Finally, suppose that |U?:1 Uj| =5, |Ui| =1, |Uss| = 2 and Uz = U3 = @. Then, by considering
the vertices v1 = {0,a1} € Uy, vo = {0,a2}, v3 = Iy € Uy, vg = {0,a3}, v5 = I3 € Us, vg = Iz3 and
vy = I}, € Uss, the graph £(AG(L)) is pictured in Figure 11, is toroidal.

w1,3 w1,4
W34 @ — ¢ W34
l el
1 S I
L S~y
[
IR !
: Sso. | wr !
w15 & = w15
w1,6
w1,2
w2,5 w2,5
: :
: w3,5 w24 :
1 1
1 1
1 1
1 1
W3,4 & » » W34
w1,3 w1,4

FiGure 11.

Lemma 2.7. If | Ujle Uj| > 6, then the graph £(AG(L)) is not toroidal.

Proof. We may assume that | U?Zl U;| = 6. In this situation, the graph AG(L) is isomorphic to K31,1,1
or K991.1. By [4, Lemma 4.1], v(£(AG(L))) > 2. Hence the graph £(AG(L)) is not toroidal. O
By Lemma 2.7, it is sufficient to study the toroidality of the graph £(AG(L)) in the case that U?:1 U;

has four or five elements. So, we have the following cases.
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4
Case 1. |U;_, Uj| = 4.

(1) If |Ur2s| = |Ur24| = |Urza| = |Uzss| = 1 and Uiz = Uz = U1y = Usg = Uy = Usy = &, then by

[12, Theorem 2.7], the graph £(AG(L)) is planar, which is not toroidal.
(2) If |Uras| = 4, |Ur2a| = |Uiza] = |Uzsa| = 1 and Ui = Uiz = Uy = Uz = Uy = U3y = I,
then the graph £(AG(L)), which is pictured in Figure 12, is toroidal. Consider the vertices
v ={0,a1} € Up, va = {0,a2} € Uz, v3 = {0,a3} € Us, vg = {0, a4} € Uy, vs = I123, v6 = 153,

v7 = I{y3, v8 = I193 € Ulaz, vg = 124 € Uio4, vio = 134 € Ur34 and vy = Iozq € Ussy.

W46 w3 4
Wy, 7 » p W47

w2 4

FiGURE 12.

(3) If |Ui2s| > 5, then the graph £(AG(L)) contains a copy of Kg. Hence it is not a toroidal graph.

(4) If |Ui2s| = |Ui24| = 2, then, by [4, Lemma 4.1], v(£(AG(L))) > 2. Hence the graph £(AG(L)) is
not toroidal.

(5) If |Ura| = |Ui2s| = |Uiza| = |Uasa| = 1 and Uiz = Uy = Usg = Uy = Usy = Uiy = O,
then the graph £(AG(L)), which is pictured in Figure 13, is toroidal. Consider the vertices
v; = {0,a1} € Uy, voa = {0,a2} € Us, v3 = {0,a3} € Us, v4 = {0,a4} € Uy, v5 = I12 € Uyo,
ve = I123 € Ui23, v7 = I134 € Urz4 and vg = Io34 € Uszy.

(6) If U] = 1 and |Uja3| = 2, then the graph £(AG(L)) contains G1, one of the listed graphs in
[15], which is not toroidal.

(7) |Ui2] =1 and |Ujz4| = 2, then the graph £(AG(L)) contains G, one of the listed graphs in [15],
which is not toroidal.

(8) If |Ui2| = |Ur2s] = |Ui24| = 1, then, by [4, Lemma 4.1], v(£(AG(L)) > 2. Hence the graph
L(AG(L)) is not toroidal.

(9) If |Ur2| = |Uiz| = |Ugga] = 1 and Uy = Uzz = Uy = Usy = Ujoz = Uoa = Uza = &,
then the graph £(AG(L)), which is pictured in Figure 14, is toroidal. Consider the vertices
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W34 W4,6 W2,4
;T A STt TT i
1 Phe RN < 1
1 ’/’ Seo 1
1 _- ‘N\I
r 1
: :
1 1
w18 ¢ w1,8
wi,3 W14
w12 p W12
w35 W4,5
2,7
w2,3 p W2 3
1 1
1 1
1 1
leoeecoe e o= = Ar—————fe— = == oz oz o o0 o» o = = Ll
w34 W4,6 W2,4
FIGURE 13.

v1 = {0,a1} € Uy, v2 = {0,a2} € Us, v3 = {0,a3} € Uz, v4 = {0,a4} € Uy, v5 = I12 € Usa,
vg = I13 € U1z and vy = I34 € Uszy.

w3, 4 w1 4 w17
w23 PY * Q-+1--9 W23
1
‘\
1
1
1
\
1
w26 4,6 W45 '
1
\J
W12 ¢ w3 5 w12
Wa 4 ¢ w4
w1,3
\\
\\
AY
Ay
N
AN
N
w23 > ¢ » - W23
w3 4 w1 4 w17
FIGURE 14.

(10) If |[Uro| = [Usa] = 1 and Uiz = Uy = Uz = Una = Urzg = Urog = Urza = Uy = 9,
then the graph £(AG(L)), which is pictured in Figure 15, is toroidal. Consider the vertices

v = {0,&1} e Uy, vo = {0, CLQ} € Uy, v3 = {0,&3} € Us, vy = {0,@4} € Uy, vs = I12 € Uyg and
vg = I34 € Uss.
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w2 4 w2,3
w1 4 s e --—----- o W14
w26
Ws,6
W1,2 p W12
w35
w1,6
w1,3 ¢ W45 p W1,3
3,4
w14 — e+ ------> b W14
w2 4 w2,3
FIcure 15.

(11) If |Ui2| = 2, then, by [4, Lemma 4.1}, v(£(AG(L)) > 2. Hence the graph £(AG(L)) is not
toroidal.
Case 2. ‘U?:l Ujl =5 and |Up| = 2.
In this case, AG(L) = K5 \ Kb, and so the graph £(AG(L)), which is pictured in Figure 16, is
toroidal. Consider the vertices v1 = {0,a1}, vo = I € Uy, v3 = {0,a2} € Uz, vg = {0,a3} € Us and
V5 = {0,&4} € Uy.

w3 5
Wi @———————————————————————————— A - - - - - - - - ¢ W45
W1,5 w1,3
w2 5 p W25
w23
w1,4
w2 4 p W24
w3
W45 - -------- ® W45
w3 5
FIGURE 16.

In addition, we may consider the following situations.

(1) If |Uis| > 1, then the graph £(AG(L)) contains Gy, one of the listed graphs in [15], which is not

toroidal.
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(2) If |Uassa| > 1, then the graph AG(L) contains a subdivision of K. Clearly, v(£(AG(L)) > 1. On
the other hand, by Euler’s formula, one can easily see that v(£(AG(L))) # 1. Hence £(AG(L))
is not toroidal.

As a consequence of the above discussion and Lemma 2.7, we state necessary and sufficient conditions
for toroidality of the graph £(AG(L)), when |A(L)| = 4.

Theorem 2.8. Suppose that |A(L)| = 4. Then £(AG(L)) is a toroidal graph if and only if one of the
following conditions holds.
(1) |U?:1 U;| =4 and one of the following conditions holds.
(a) There exist unique integers i, j, k € {1,2,3,4}, such that 2 < |U;ji| <4 and Uy | < 1, for
all 1 <7, 5" K <4 with i'j'k' # ijk, and also Uj; = @, for all 1 <i,j < 4.
(b) There exist unique integers i, j, k € {1,2,3,4}, such that |Uj| = 1 and |Usji, Uik |, |Ujkrr | <
1, where {K'} = {1,2,3,4} \ {i, 4, k}, and also Uyjr = Uiy = &, where 1 < 7', 5" < 4 and
il £ if.
(c) There exist unique integers i, j, k, k' € {1,2,3,4} withi,j, k' # k, such that 1 < |Usj|+|Uix| <
2 and \Ujiy| < 1, and also Uyy = Uy = @, for all i'j" ¢ {ij,ik} and it'j" # jkK', with
1<, 5 < 4.
(d) There exist unique integers i,i',7,7" € {1,2,3,4}, such that 1 < |Uy| + |Upy| < 2, for
i'j" #ij, and Upnjn = @, for all i"j" ¢ {ij,i'j'}, where 1 <", 7" < 4, and also Usj, = @,
forall1 <i,j,k <4.
(2) \U?Zl Uj| = 5, there exists unique i, with 1 < i < 4 such that |U;| = 2 and Uyj = Uy, = @, for
al1<i j k<4

In what follows, we investigate the toroidality of the graph £(AG(L)), when |A(L)| = 5. To do this,
suppose that |U35':1 Uj| = 5. Then the graph AG(L) is isomorphic to Kj. Clearly, v(£(AG(L))) > 1.
On the other hand, by Euler’s formula, one can easily see that v(£(AG(L))) # 1. Hence £(AG(L)) is

not toroidal. Therefore, we have the following theorem.
Theorem 2.9. There is no finite lattice L, when |A(L)| = 5, with toroidal graph £(AG(L)).
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