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CLAW-DECOMPOSITION OF KNESER GRAPHS

C. SANKARI, R. SANGEETHA* AND K. ARTHI

ABSTRACT. A claw is a star with three edges. The Kneser graph KG,, 2 is the graph whose vertices are
the 2-subsets of an n-set, in which two vertices are adjacent if and only if their intersection is empty.

In this paper, we prove that K G, 2 is claw-decomposable, for all n > 6.

1. Introduction

All the graphs considered in this paper are finite. For a graph G, G(\) is the graph obtained from
G by replacing each of its edges by A parallel edges. If a graph G has no edges, then it is called a
null graph. Let K,,,, denote the complete bipartite graph with m and n vertices in the parts. A star
with k edges is denoted by Si and Sy, = K. If k = 3, then the graph K3 is called a claw. A path
with k edges is denoted by Py and a cycle with k edges is denoted by Ck. A Hamilton cycle of G is a
cycle that contains every vertex of G. A graph G is Hamiltonian if it contains a Hamilton cycle. The
degree of a vertex x of G, denoted by deggx is the number of edges incident with « in G. Let k be a
positive integer. A graph G is said to be k-regular, if each vertex in G is of degree k. If Hy, Hs, ..., H;
are edge disjoint subgraphs of a graph G such that E(G) = E(H;) U E(Hz) U ---U E(H;), then we
say that Hy, Ho, ..., H; decompose G and we denote it by G = HH ® Hy ® --- ® H;. If H; =2 S,
for i = 1,2,...,1, then we say that G is Sk-decomposable and we denote it by Si|G. For positive
integers [ and n with 1 <1 < n, the crown C,,; is the bipartite graph with bipartition (A, B), where
A ={ag,ai1,...,an—1} and B = {by, b1,...,by—1}, and the edge set {a;b;|1 < j—i < with arithmetic

modulo n}. Note that Cy,,, = Ky, ,, and Cy, 1 = Ky, , — I, where I is a 1-factor of K, ,,. The tensor
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product of G and H, denoted by G x H has vertex set V(G) x V(H) in which two vertices (g1, h1) and
(g2, ho) are adjacent whenever g1g2 € E(G) and hihe € E(H). The line graph L(G) of a graph G is
the graph with V(L(G)) = E(G) and e;je; € E(L(G)) if and only if the edges e; and e; are incident
with a common end vertex in G. The complete graph on n vertices is denoted by K,. The line
graph of the complete graph K, is denoted by L(K,). Let A ={1,2,3,...,n}. Then Px(A) denotes
the set of all k-subsets of A. The Kneser graph K G, 2 is defined as follows: V(KG, 2)= P2(A) and
E(KGpa) = {XY|X,Y € Py(A) and XNY = B}. Note that the graph KG,, 2 = L(K,), where L(K,)
denotes the complement of the graph L(kK,,). Also, it is interesting to note that KG5 2 is the Petersen
graph. The Generalized Kneser Graph, GKG,, . is the graph whose vertices are the k-subsets of A,
in which two vertices are adjacent if and only if they intersect in precisely r elements.

In 1955, M. Kneser [3] introduced the Kneser graph. In 2000, Chen [1] proved that KGy2 is
Hamiltonian, when n > 3k, k > 1. In 2004, Shields and Savage [6] proved that all connected
Kneser graphs (except KG52) have Hamilton cycles, when n < 27 and the problem that all graphs
KG,, 2(except KG532) is Hamiltonian is still open. In 2015, Rodger and Whitt [5] established the
necessary and sufficient conditions for a P3-decomposition of the Kneser graph K G, 2 and the Gener-
alized Kneser Graph GKG,, 3. In 2015, Whitt and Rodger [7] proved that the Kneser graph K G, 2
is Py-decomposable if and only if n = 0,1,2,3(mod 16). In 2018, Ganesamurthy and Paulraja [2]
proved that if n = 0,1,2,3(mod 8k),k > 2, then the Kneser graph KG,, > can be decomposed into
paths of length 2k. In the same paper they also proved that, for k = 2!, 1 > 1, KGp2 has a Pojy1-
decomposition if and only if n = 0,1,2,3(mod 2/*3). In this paper, we discuss claw-decomposition of

the Kneser graphs. We will prove KG,, 2 is claw-decomposable, for all n > 6.

2. Preliminaries

Let G be a graph on n vertices and {1,2,3,...,k} C V(G). The notation (1;2,3,...,k) denotes
a star with a center vertex 1 and & — 1 pendent edges 12,13,...,1k. Let X and Y be two disjoint
subsets of V(G). Then E(X,Y’) denotes the set of edges in G, whose one end vertex is in X and the
other end vertex is in Y. The notation (F(X,Y")) denotes the graph induced by the edges of E(X,Y).

To prove our results we use the following;:

Theorem 2.1. (Lin et al.[4]) Let A\, k,l and n be positive integers. The graph Cy, ;(X) is Si-decomposable
if and only if k <1 and Anl = 0(mod k).

Theorem 2.2. (Yamamoto et al.[8]) Let k,m and n € Z4 with m < n. There ezists an Sk-
decomposition of Ky, n if and only if one of the following holds:

(i) k <m and mn = 0(mod k);

(i) m <k <n and n =0(mod k).

Note that the graphs KG9 and K G329 are null graphs. For n > 4, |[E(KG,2)| = "("_1)("8_2)("_3),

which is divisible by 3. Therefore for all n > 4, the graph K G, » satisfies the obvious edge-divisibility

condition to have a claw-decomposition. As the graph K Gy is 1-regular, it does not admit a claw-

decomposition. We know that the graph KGs 2 (Petersen graph) doesn’t admit a claw-decomposition.

http://dx.doi.org/10.22108/T0C.2021.126283.1792
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For, K(’5 2 is a simple, 3-regular and non-bipartite graph. It is easy to observe that a simple 3-regular
graph is claw-decomposable if and only if it is bipartite. Therefore, we look for a claw-decomposition
of KGp 2, when n > 6.

Let n > 6 and ny,ng2 > 3 be positive integers such that n = nj+ng. We define Vi = {1,2,3,...,n;},
Vo ={ni+1,nm +2,---,n} and V(KGp2) = A1 U Ay U A3, where Ay = P2(V1), Ay = Pa(V2) and
Az = {{i,7}{i,7} € Vi x Va}. Fori € Vi, i x Vo = {{i, j}|7 € Va} is called the i*" layer of the vertices
of Az and we denote it by Z;. Further, for j € Vo, V; x j = {{i,j}|i € V4 } is called the j*" column of
vertices of A3. We define the graphs G;,1 < i < 6 as follows:

V(Gy) = Ay ; E(G1) ={XY|X,Y € A; and X NY = 0}
V(Go) = Ay ; E(G9) = {XY|X,Y € Ay and X NY = 0}
V(Gs) = A3 ; E(Gs) ={XY|X,Y € A3 and X NY = 0}
V(Gy) = A UAy ; E(Gy) ={XY|X € A,Y € Ay and X NY = ()}
V(Gs) = A, UA; ; E(Gs) ={XY|X € A,Y € A3 and X NY = 0}
V(Ge) = AU Az ; E(Gg) ={XY|X € A3, Y € A3 and X NY =0}

We observe that, G1 = KGn1’27 GQ = KGR%Q, G3 = Kn1 X Kn2, G4 = K\A1|,|A2|a G5 = <E(A1,A3)>,
Gg = <E(A2, A3)> and KGnQ = @?:1(;1'.

Proposition 2.3. If G is a bipartite graph such that every vertex in one of the parts has a degree

which is multiple of 3, then G is claw-decomposable.

Proof. Without loss of generality, we assume that deggzr; = 0(mod 3) for every x; € X. Then
degax;=3q;, for some positive integer ¢;. We fix each z; as a center vertex ¢; times, to get a claw-

decomposition of G. U

3. Claw-decomposition of KG,, 2

In this section, we prove that KG,, 2 is claw-decomposable, for all n > 6.
Lemma 3.1. KGg2 is claw-decomposable.

Proof. Let ni,ny = 3. By using the above construction, we have V; = {1,2,3}, Vo = {4,5,6},
and V(KGg2) = A1 U Ay U Az, where A1 = P(Vi) = {{1,2},{1,3},{2,3}}, Ay = Pa(Va) =
{{4,5},{4,6},{5,6}} and A3 = {{3,j}/{¢,5} € V1 x Va}. Therefore, |A;1| = |A2| = 3 and |A3] =9. In
As, there are 3 layers and each layer has 3 vertices. We observe that, G1 = G2 =2 KG3 2, G3 =2 K3x K3,
Gy = K33, Gy = (E(Ay, A3)), Ge = (E(Ag, A3)) and KGg2 = ®Y_;G;. The graphs G; and Gy are
null graphs. Now, we show that each subgraph G3, G4, G5 and Gg of KGg 2 is claw-decomposable.
As G4 is a simple 3-regular bipartite graph, it is claw-decomposable by Proposition 2.3. In Gj5, the
vertex set Az has 3 layers and each layer has 3 vertices. Each vertex of A; is adjacent to all the
three vertices of exactly one layer of As, see Figure 3.1. So, the degree of each vertex of Aj is

exactly 3. By Proposition 2.3, we get a claw-decomposition of G5. In Gg, the vertex set As has
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A {12} {1,3} (2,3}
{1,4} {3.6}
44 {1,5} {3,5}
{1,6} {34}
24}y 250 {26}
FIGURE 3.1. The subgraph G5 of KGg2
A {4,5} {4,6} {5,6}
{14} {36}
{1,5} {35}
Az
{1,6} {34}
L
{2,4} {2,5} {2,6}

FIGURE 3.2. The subgraph G of KGg2

3 layers and each layer has 3 vertices. Each vertex of As is adjacent to all the three vertices of
exactly one column of As, see Figure 3.2. So, the degree of each vertex of As is exactly 3. By
Proposition 2.3, we get a claw-decomposition of Gg. Finally, the graph G3 = K3 x K3 can be de-
composed into 6 copies of claws as follows: ({2,4};{1,5},{1,6},{3,5}), ({2,5};{1,6},{1,4},{3,6}),
(2,6} {1, 4}, {1,5},{3,4)), ({34} {2,5}, {15}, {1,6}), (13,5} {2,6}, {1, 4}, {1,6}), ({3,6}: {2. 4} {1,

4},{1,5}). This completes the proof of the lemma. O
Lemma 3.2. KG72 is claw-decomposable.

Proof. Let ny = 3,n2 = 4. Then, we have V; = {1,2,3}, Vo = {4,5,6,7}, and V(K G72) = AjUAUA3,
where A1 = P2(V1) = {{1,2},{1,3},{2,3}}, A2 = P2(V2) = {{4,5},{4,6},{4,7},{5,6},{5,7},{6,7}}
and As = {{i,7}[{i,7} € Vi x Va}. Therefore, |A;| = 3,|A42] = 6 and |A3| = 12. In Aj, there are
3 layers and each layer has 4 vertices. We observe that G = KG32, Go = KG42, Gz = K3 x Ky,
G4 = K36, G5 = (E(A1, A3)), Ge = (E(Az, A3)) and KGr 2 = 69?:1Gi- The graph G is a null graph.
In Gy U G4, consider the claws Sy : ({4,5};{6,7},{1,2},{1,3}), S2 : ({4,6};{5,7},{1,2},{1,3})

http://dx.doi.org/10.22108/T0C.2021.126283.1792
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A (s S (1 SR (1) N (S S () S

{14} {1,5} (1,6} (1,7} {1.8} {1.9}
FIGURE 3.3. The subgraph (E(Z;, Z;)) of KGg2

and S3 : ({4,7};{5,6},{1,2},{1,3}). In (G2 U Gy4) ~ E(S1 U Sy U S3), the degree of the vertex
{1,2} is 3, {1,3} is 3 and {2,3} is 6. Now, by fixing each vertex of A; as a center vertex we get
a claw-decomposition in (Gy U G4) \ E(S7 U Sy U S3). In Gg, the degree of each vertex of As is
exactly 3. By Proposition 2.3, we get a claw-decomposition of Gg. Finally, the graph Gs U G5
can be decomposed into 16 claws as follows: ({1,2};{3,4},{3,5},{3,6}), ({1,3};{2,5},{2,6},{2,7}),
({2,35:{1,4},{1,6},{1,7}), ({2,7}: {3,4},{3,5},{3,6}), ({3, 7} {1, 2}, {1,4},{1,5}), ({1, 7};{2, 4} .{
2,5},{3,6}), ({3,4}:{2,5},{1,6},{1,7}), ({3,5};: {1, 4}, {1,6},{1,7}), ({1, 4};:{2,5},{2,6},{2,7}), ({1,
5}:{2,4},{2,6},{2,7}), ({1,6};{2,4},{2,5},{2,7}), ({3, 7};: {2,5},{2,6},{1,6}), ({2,6}; {3, 4}, {3, 5},
{1L,7}), ({2,45:{3,51, {3, 73, {1.3}), ({1,5}:{2,3},{3,4},{3,6}), ({3,6};{1,4},{2,4},{2,5}). This

completes the proof of the lemma. O
Lemma 3.3. Ifn € {8,9,10,11}, then KGy,2 is claw-decomposable.

Proof. We split the proof into the following three cases.

Case 1: n = 9. Let n; = 3 and ny = 6. Then, the graph G; is a null graph. The graph Gj is
claw-decomposable, by Lemma 3.1. In Gj, there are 3 layers and each layer has 6 vertices. Note
that, each subgraph (E(Z;,Z;)),1 < i < j < 3 of Gz form a crown graph Cs 5, see Figure 3.3. By
Theorem 2.1, the graph G3 is claw-decomposable. The graph G4 = K3 15 is claw-decomposable, by
Theorem 2.2. In G5, the degree of each vertex of A is exactly 6. By Proposition 2.3, we get a
claw-decomposition of G5. In Gg, the degree of each vertex of A is exactly 12. By Proposition 2.3,
we get a claw-decomposition of Gg. This completes the proof of Case 1.

Case 2: n = 11. Let ny = 7 and ny = 4. The graph G is claw-decomposable, by Lemma 3.2.
In G2 U Gy, consider the claws S : ({8,9};{10,11}, {1,2},{1,3}), S2 : ({8,10};{9,11},{1,2},{1,3})
and Ss : ({8,11};{9,10},{1,2},{1,3}). In (G2 U G4) \ E(S1 U S2 U S3), the degree of each vertex
of A; is exactly 6 except two vertices {1,2} and {1,3}. The degree of these two vertices is exactly
3. Now, by fixing each vertex of A; as a center vertex we get a claw-decomposition in (Ga U Gy)
E(S1US2US3). In Gs, the vertex set Az has 7 layers and each layer has 4 vertices. Note that, each
subgraph (E(Z;, Z;)),1 < i < j < 7 form a crown graph C43. By Theorem 2.1, the graph G3 is

claw-decomposable. In G5, the degree of each vertex of Ag is exactly 15. By Proposition 2.3, we get
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A, A,

{1,2} ®{5,6}
{1,3} ® {5 7}
{1,4} ® (5.8

{2,3} {6,7}

{2,4} {6,8}

{3,4} {7,8}

8
FIGURE 3.4. The subgraph (G; UGy UG4) \ E(J S;i) of KGg2
i=1

a claw-decomposition of G5. In Gg, the degree of each vertex of Aj is exactly 3. By Proposition 2.3,
we get a claw-decomposition of GGg. This completes the proof of Case 2.

Case 3: n € {8,10}. Let ny=4 and ny=4 or 6. The graph G3 has 4 layers and each layer has nq
(either 4 or 6) vertices. Each subgraph (E(Z;, Z;)), 1 <i < j < 4 form a crown graph Cy3 (if np=4)
or Cg5 (if no=6). By Theorem 2.1, the graph (3 is claw-decomposable. Now, we show that, G1 U
G2 U Gy is claw-decomposable. If nj=ny=4, then consider the claws Sp : ({1,2}; {3,4}, {5,6},{5,7}),
Sa o+ ({1,31:{2,4},{5,6},{5,7}), 53 : ({1,4}:{2,3},{5,6},{5,7}), Su : ({2,3};{5,6},{5,7},{5,8}),

5 * ({57 6}3 {27 4}7 {3? 4}7 {77 8})7 6 - ({5’ 7}5 {27 4}’ {37 4}7 {6a 8})7 7t ({57 8}3 {17 2}7 {6a 7}7 {17 3})7
o ({5,8};{1,4},{2,4},{3,4}) in G1 UGa U Gy4. In (G1 U Ga U Gy) E(U S;), the degree of
each vertex of A; is exactly 3, see Figure 3.4. By Proposition 2.3, we get a claw—decomp081t10n in

(GL UG2 UGy) N E( U Si). If ny=4, no=6. The graph G2 is claw-decomposable, by Lemma 3.1.

In G1 U Gy, consider the claws S7 : ({1,2};{3,4},{5,6},{5,7}), S2 : ({1,3};{2,4},{5,6},{5,7}) and

Ss ¢ ({1,4};{2,3},{5,6},{5,7}). In (G1 U G4) \ E(S1 U S2 U S3), the degree of each vertex of A
is exactly 6 except two vertices {5,6} and {5,7}. The degree of these two vertices is exactly 3. By
Proposition 2.3, we get a claw-decomposition in (G1 U G4) ~ E(S1 U S2 U S3). In Gj, there are 4
layers and each layer has ng(4 or 6) vertices. Note that, the degree of each vertex of As is exactly
3. By Proposition 2.3, we get a claw-decomposition of G5. Finally, it is enough to prove that, Gg
is claw-decomposable. If ny = 4, then the vertex set A3 has 4 layers and each layer has 4 vertices.

The degree of each vertex of Aj is exactly 3. By Proposition 2.3, we get a claw-decomposition of Gg.

http://dx.doi.org/10.22108/T0C.2021.126283.1792
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(5.6} {57} {67}

T,

Z,

{15} {16} {17} {18}

F1GURE 3.5. Claw-decomposition of (E(T1, Z1)) in KGio2

If ny=6, then the vertex set As has 4 layers and each layer has 6 vertices and |Az|=15. The vertex
set As can be partitioned into 5 sets, say 71 = {{5,6},{5,7},{6,7}}, To = {{8,9},{8,10},{9,10}},
T3 = {{5,8},{5,9},{5,10}}, T, = {{6,8},{6,9},{6,10}} and T5 = {{7,8},{7,9},{7,10}}, so that
Ay = L5J T;. Then Ge=®_, @?:1 (E(T;, Z;)). We prove that each subgraph (E(T;, Z;)), where
1 <14 215 and 1 < j < 4 is claw-decomposable. Consider a subgraph (E(Tj,Z;)), we choose a
vertex {j,y'} € Z; as a center vertex of a star, say S, when ¢ # x and y # y, for all {z,y} € T.
In (E(T;, Z;)) N S, the degree of each vertex of T; is exactly three. By Proposition 2.3, we get a
claw-decomposition. A claw-decomposition of (E (T4, Z1)) is given in Figure 3.5. Hence (E(T;, Z;)),
1<i<band1l<j<4is claw-decomposable. This completes the proof. O

Theorem 3.4. For all n > 6, the graph KG,, 2 is claw-decomposable.

Proof. By using our construction, we write KG), 2 = 69?:1(;,- and we prove that each G;, 1 <i <6
is claw-decomposable. Let ¢t > 1 be a positive integer. We divide the proof into the following two
cases.

Case 1: n =0, 1,3,4(mod 6). Let

66 , if n=0(mod 6)
1+6t, ifn=1(mod 6)
3+6t, if n=3(mod 6)
(4+6t, if n=4(mod 6)

and let ng=6. Then n; = n — nyo. We apply mathematical induction on ¢, to prove that KG,, 2 is
claw-decomposable, when n > 6. If t = 1, then n € {6,7,9,10}. By Lemma 3.1, 3.2 and 3.3, we
have the result. Assume that, the result is true for all ¢ < k. Now, we prove that KG), 2 is claw-
decomposable, when ¢ = k. The graph G is claw-decomposable, by the induction hypothesis and G»
is claw-decomposable, by Lemma 3.1. In G3, the vertex set A3 has n; layers and each layer has 6

vertices. Note that, each subgraph (E(Z;, Z;)), 1 <i < j < ny form a crown graph Cg 5. By Theorem
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{ny+1,n; +2} {n;+1,n, +3} {n1+2,n, + 3}

T

VA
{l,ny + 1} {1,ny + 2} {1,ny + 3} {1,ny +4} {1,n; + 5} {1,ny + 6}

FIGURE 3.6. Claw-decomposition of (E(T1, Z1)) in KGj, 2

2.1, the graph Gj is claw-decomposable. The graph G4 is claw-decomposable, by Theorem 2.2. In
G5, the vertex set A3 has ny layers and each layer has 6 vertices. We observe that, each vertex of
Aj is adjacent to (n; — 2) layers. So, the degree of each vertex of A; is 6(n; — 2). Now, by fixing
each vertex of A; as a center vertex (ofcourse, 2(n; — 2) times) we get a claw-decomposition of Gs.
In Gg, the vertex set A has ny layers and each layer has 6 vertices and |A2|=15. The vertex set A
can be partitioned into 5 sets, say 71 = {{n1 + 1,n1 + 2},{n1 + 1,n1 + 3},{n1 + 2,01 + 3}}, Tr =
{{ni1+4,n1+5},{n1+4,n1+6}, {n1+5,n1+6}}, Ts = {{n1+1,n1+4}, {n1+1,n1+5}, {n1+1,n1+6}},
Ty = {{n1 + 2,01 +4},{n1 + 2,01 + 55}, {n14+2,n1 4+ 6}} and T5 = {{n1 + 3,n1 +4},{n1 +3,n1 +

5},{n1 + 3,n1 + 6}}, so that Ay = |J T;. Then Gg=d;_, ®5Ly (E(Ti, Z;)). We prove that each
i=1
subgraph (E(T;, Z;)), where 1 < i <5 and 1 < j < n; is claw-decomposable. Consider a subgraph

(E(T3, Z;)), we choose a vertex {j,y'} € Z; as a center vertex of a star, say S, when y' # x and
y # vy, for all {z,y} € T;. In (E(T;, Z;)) ~ S, the degree of each vertex of T; is exactly three. By
Proposition 2.3, we get a claw-decomposition. A claw-decomposition of (E(711, Z1)) is given in Figure
3.6. Hence (E(T;,Z;)), 1 <i <5 and 1 < j < ng is claw-decomposable. Thus, the graph KG,, 2
is claw-decomposable, for any n > 6 and n = 0,1,3,4(mod 6). This completes the proof of Case 1.
Case 2: n =2,5(mod 6). Let

246t, if n=2(mod 6)
54 6t, if n=5(mod 6)

n =

and let ng=4. Then n; = n —ny. If t = 1, then n € {8,11}. By Lemma 3.3, the graph KGg2
and KGii2 are claw-decomposable. Now, if ¢ > 2, then the graph G is claw-decomposable, by
Case 1. In Gy U Gy, consider the claws Sy : ({n1 + 1,n; + 2};{n1 + 3,n1 + 4},{1,2},{1,3}), Sa :
({n14+1,n1+3};{n1+2,n1+4},{1,2},{1,3}) and S5 : ({n1+1,n1+4}; {n1+2,n1+3},{1,2},{1,3}).
In (G2 UGy) N E(S1US2US3), the degree of each vertex of A; is exactly 6 except two vertices {1,2}
and {1,3}. The degree of these 2 vertices are exactly 3. Now, by fixing each vertex of A; as a center
vertex we get a claw-decomposition in (G2 U G4) \ E(S1 U Sy U S3). In G3, the vertex set Az has n
layers and each layer has 4 vertices. Each subgraph (F(Z;,Z;)), 1 <i < j < nq form a crown graph
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C4,3. Hence by Theorem 2.1, the graph G3 is claw-decomposable. In G5, the degree of each vertex of
Az is w —(n1— 1)2% and note that n; —1 = 0(mod 3). By Proposition 2.3, we get a
claw-decomposition of G5. In Gg, the vertex set A3 has ni layers and each layer has 4 vertices. Note
that, the degree of each vertex of Aj is exactly 3. By Proposition 2.3, we get a claw-decomposition of

Gg. This completes the proof. O
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