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PERIPHERAL HOSOYA POLYNOMIAL OF COMPOSITE GRAPHS

ANTENEH ALEMU ALI AND KISHORI P. NARAYANKAR®

ABSTRACT. Peripheral Hosoya polynomial of a graph G is defined as,

H(G,\) =Y dp(G,k)\",

k>1
where dp(G, k) is the number of pairs of peripheral vertices at distance k in G.
Peripheral Hosoya polynomial of composite graphs viz., G1 X G2 the Cartesian product, G1 + G2 the

join, G1[G2] the composition, G1 0 G2 the corona and G1{G2} the cluster of arbitrary connected graphs

G1 and G2 are computed and their peripheral Wiener indices are stated as immediate consequences.

1. Introduction

Graphs considered in this paper are simple and connected. Let G be a graph with n vertices and
m edges. The number of edges incident to a vertex w in graph G is called the degree, degg(u) of
the vertex u. The notation will be simplified to deg(u) if the graph is clear from the context. The
distance, dg(u,v) or d(u,v) between vertices u and v is the length of a shortest path between u and
v. The furthest distance attained by a vertex u in G is known as the eccentricity eg(u) or e(u) of the
vertex u. A vertex v is an eccentric vertex of a vertex w if d(u,v) = e(u) and the set containing all
eccentric vertices of u is known as an eccentric set Eg(u) or E(u) of u. The diameter diamg of G

is the maximum eccentricity attained by vertices of G. The periphery P(G) is the set of vertices of
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maximum eccentricity. More formally,
P(G) ={u e V(G)|e(u) = diamg}.

Vertices in P(G) are known as peripheral vertices. For basic definitions and notations we refer [?,?].
Hosoya polynomial is the most studied polynomial which is related to many distance-based graph
invariants mainly with the well known distance-based graph invariant, the Wiener index [?,7,7]. It is
introduced by Hosoya in his seminal paper [?] in 1988 as,
H(G,\) =) _d(G, k),
k>1
where d(G, k) is the number of pairs of vertices at distance k. On the same paper, Hosoya states
that H'(G,1) = > ¢, ,ycv(e) du, v), where H' is the first derivative of H, this sum is known as the
Wiener index of the graph G. Motivated by this, terminal Hosoya polynomial is studied in [?], which
is defined as,
H(G,\) =) _dr(G, k),
k>1
where dr(G, k) is the number of pairs of pendant vertices at distance k in G.
Terminal Wiener index [?] of a graph G is defined as,
TW(G) = > duv),
{uw}CVr(G)
where Vp is set of pendant vertices of G. One can observe that TH'(G,1) = TW(G), where TH' is
first derivative of TH. In analogous to terminal Hosoya polynomial Kishori P. Narayankar and D.
Shubhalakshimi [?,?] defined peripheral Hosoya polynomial of a graph G as,
(1.1) PH(G,\) =Y dp(G,k)AF,
k>1
where dp(G, k) is the number of pairs of peripheral vertices at distance k in G. This polynomial has
a direct relationship with a graph theoretical parameter peripheral Wiener index PW(G) of G, [?]
which is defined as,
PW(G) = > duv),
{uw}CP(G)
where P(G) is the periphery of G. Again in analogous to H' and TH', PH'(G,1) = PW(G), where
PH' is the first derivative of PH. The study on peripheral Wiener index may be seen in [?,7,7,?] and
the references cited there in. Most recent results related to peripheral Hosoya polynomial of graphs
are depicted in [?] and peripheral path index polynomial in [?].
In this paper, we consider graph compositions listed in definition ??. The definitions of graph

compositions listed from (i) -(¢i7) below are taken from [?].

Definition 1.1. Let G; and Gy be two graphs of order ny and na, respectively. Define graph compo-

sitions of G1 and G2 as follows:
http://dx.doi.org/10.22108/T0C.2021.127151.1813
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i) The Cartesian product G; x Ga:
V(Gl X Gg) = V(Gl) X V(GQ)
for vertices a = (u1,v1),b = (u2,v2) € V(G1 x Ga),

ab € E(G1 x Ga) iff ([ul = uy and ViU € E(Gg)] or [vl = vy and ujug € E(Gl)D
it) The join G1 + Go:

V(G1+ G2) =V(G1) UV(Gy)
E(G1 + Gg) = E(Gl) U E(Gg) U {uv|u € V(Gl) and v € V(Gg)}

i11) The composition G1[Ga]:
V(G1[Ga]) = V(G1) x V(G2)
for vertices a = (uy,v1),b = (uz,v2) € V(G1 x G2),
ab € E(G1[G9)) iff ([ul = uy and v1vy € E(GQ)] or [UlUQ S E(Gl)])

iv) The corona product [?] G1 o Ga:
The graph obtained by taking one copy of G1, called the center graph, n1 copies of Ga, called the

outer graph, and making the i vertex of G1 adjacent to every vertex of the it" copy of G, where

1 S 7 S ni.
v) The cluster [?, 2] G1{G2} is obtained by taking one copy of G1 and ny copies of Gy of a rooted
graph Go, and by identifying the root of the it copy of Go with the it" vertez of G1,i=1,2,...,n1.

Yeh and Gutman [?] computed the Wiener index of these composite graphs. Motivated by this,

Dragan Stevanovié¢ [?], computed their Hosoya polynomial.
In the following section, the peripheral Hosoya polynomial of composite graphs defined in definition

7?7 are computed and their peripheral Wiener indices are stated as immediate consequences.

2. Results

Lemma 2.1. [?, 2] Let G1 and Gy be graphs with vertex sets V(G1) = {u1,ua, ..., un, } and V(Ga) =
{v1,v2,...,0n,}, respectively. Then,

i) for a = (us,v5),b = (ur,vs) € V(G1 x Ga),
(2'1) dGl X Gl (a’v b) = dGl (ui7u7”) + dGQ (vj’ US)
it) for a,b € V(G1{G2})

dg,(a,b), a,be Ggi)

(2.2) dGl{GQ}(a, b) = ) () - .
dg,(a,v) +dg, (a,b) + dg,(v,b), a€ Gy andbe G3’,i#j

where v is the root of G2 and Géi) is a subgraph of G1{G2} corresponding to the it copy of Gs.
http://dx.doi.org/10.22108/T0C.2021.127151.1813
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Also note that:

(2.3) dorsc(a.b) = 1, ab€ E(G1)UE(Gs) or (a € V(G1) and b € V(G2))

2, otherwise

i) for a = (u4,v5),b = (ur,vs) € V(G1[G2)),

0, u; = up and vj = v

1, u; = u, and vjvs € E(Ga)
(2.4) da, (@) (a,b) =

2, u; = u, and vjvs ¢ E(Ga)

dG1 (Ui7u7~), u’i 7é u’l"

ii) for u,v € V(G1 o Ga),

k1 (i)
1, ab € E(G1) U ( U BE(GY )) UXx
i=1
(%) (4)
(2.5) deyoc, (a,b) = 2, u,v € V(Gy’) and uwv ¢ E(Gy’)
dGl (U, U)7 u,v € V(Gl)
L day (wisuj) +2, u € V(Gg)) and v € V(Géj)),i £

where Gg) is the subgraph of Gy o Gy corresponding to the i*" copy of Gy in Gy o Gy and
X = {{a,b} CV(G10Gs) :[a=wu; and b€ V(GD)] or [a € V(GD) and b= u;],1 <i <ny}

Lemma 2.2. For the complete graph K,, of order n, PH(K,,\) = (g))\
From now on, we shortly write PH(G) instead of PH(G, \).

Theorem 2.3. Let Gy and G2 be graphs with k1 and ko peripheral vertices, respectively. Then,
PH(Gl X GQ) = QPH(Gl)PH(GQ) + kQPH(Gl) + klpﬂ(Gg).

Proof. Let P(G1) = {u1,ug, ...,uk, } and P(Ga) = {v1, v, ..., vk, } be peripheries of graphs G; and Go,

respectively. Then, by equation 77,

diama, xa, = diamg, + diamg, and P(G1 x Ga) = P(G1) x P(G3).

PH(G1 x G2) = Z MdG1 %Gy (@:h)
{a,b}CP(Gl ><G2)

:% Z Z 4G x Gy (a:b)

a€P(G1xG2) be P(G1XG2)
b#a

PH(GleQ):% > [ Y aeeaen ).
aGP(GlXGg) beP(G1XG2)

http://dx.doi.org/10.22108/T0C.2021.127151.1813
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By equation 77,

PH(G1 x Go) = 2 3 [ 3w Abs 1] where, a; = da, (us, u,) and
1<i,j<k1 1<r,s<ka
bjs = dg, (v, vs)
ki ko k1 ke , ki ko
=930 3) D) SLLOVIEED B) B
i=1 j=1r=1 s=1 i=1 j=1
k1 k1 ko ko
H(Gy x Gg) = ZZ <)‘aw ZZ)‘bJS) - *klk‘z
i=1r=1 7j=1s=1
ko ko
But, PH(Gy) = Y Mealuive) = ZZ NGy (v0s) _ ,k
1<j<s<ks j 1s5=1
ko ko
— 2PH(G2 —I—]{z ZZ)\dG2 'UJaUs)
j=1s=1
Thus,
k1 k1
(Gl X G2 ZZ ()\a" QPH(GQ) + k‘Q)) — *]Clk‘g
=1 r=1
=S QPH(GY) + k) (2PH(G2) + k) — Shaks

H(Gl X GQ) ZQPH(Gl)PH<G2) + k)gPH(Gl) + klpH(GQ)

Corollary 2.4. Let G1 and Gy be graphs with k1 and ko peripheral vertices, respectively. Then,

W(G1 x Go) = k3PW(G1) + kI PW(Gy).
Theorem 2.5. Let Gy and Go be (n1,m1) and (n2, msa) graphs, respectively.
i) If G1 =2 K, and G2 = K,,, then,
n1 + no

< ! )x.
it) If G1 2 K, or Gy 2 Ky, then,

+ I +1

H(G1+G2):[m1+m2— <’II1 7’L2)+<1 9 2>+7’L17’L2)})\

2

+
+ [(nl 9 n2> — (mng +mq + mg)} /\2,

H(G1 + GQ)

where 11 and la are cardinalities of sets S1 = {u € V(G1)|degg, (v) < ni — 1} and

Sa = {v € V(G2)|dega,(v) < na — 1}, respectively.
http://dx.doi.org/10.22108/T0C. 2021 .127161.1813
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Proof. Let 13 = |S1| and Iy = |Ss|, then 0 < [; < nj and 0 < [y < ng. The periphery of G; + G2

depends on I and [s.

Case 1: If [y =1, =0 (or G1 = K,, and G2 = Kn2) then G| + G2 = Ky 4p,-

By lemma 77,

ny+n
PH(Gy + Gy) = PH(Kp, 4n,) = < ! ) 2) A.

Case 2: If [; #0 or Is # 0 (or [G1 2 K, or Go Km]) then P(G1 + G2) = S1 U Ss.
Short notation: Pg,+q, = P(G1 + G2) and dg,+¢,(u,v) = dg, (u,v) + dg, (u,v).

PH(G1 + G2) = Z Ndcy+ap (uv)

{U,U}CPG1+G2

_ Z NG+ (W) 4 Z )\dG1+G2(u:v)+ Z 4Gy 4G (w,v)
{u,v}CS1 {u,v}CS2 (u,v)E€S1%XS2

=[m1 - (nl 2_ l1> —li(nr —l)]A+ ((n;> —~ m1>)\2
+ [ma — <n2 2_ l2> —la(n2 — )| A + ((7;2> - mg) A2 4+ 11loA
=[mi -~ (m » ll) R (<m> — )X

2 2 2 2

—1 lo(lp +1 Ia(ls — 1
+[m2—<n22 2>—l2n2—|—2(22 ))—1-2(22 )—I-l1l2]/\

i (3) (5 i () -

l [
PH(G1+G2):|:m1+m2— <n1+n2> —|—<1—; 2> +n1n2):|)\

— (ning +my + mz)] A2

Corollary 2.6. Let G1 and Gy be (n1, my) and (n2,me) graphs, respectively.

i) If diamg, = diamg, = 1 then,

PW(Gy + Ga) = <”1 ; ”2> A

http://dx.doi.org/10.22108/T0C.2021.127151.1813
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it) If G1 22 Ky, or Go 2 K, then,

I +1
PW(G1+ Ga) = (nl J2rn2> + ( ! ; 2> — (m1 +ma + ning)

Theorem 2.7. Let G and Go be (n1,m1) and (ng,msa) graphs, respectively, and ki the number of
peripheral vertices of G, la the cardinality of the set So = {v € V(G2)|dega, (v) < na — 1}.

i) If diamg, = diamg, = 1 then,

it) If diamg, =1 and diamg, > 1 then,

PH(G1[Ga]) = my [(m2 - <"22> + (122>)A + (@2) - mz)ﬂ + 12 <”21>A

itt) If diamg, = 2 and diamg, > 1 then,
n l n,—k
PH(Gl[GQ]) :n%PH(Gl) + |:’rl1m2 — (nl — kl)(< 2> — < 2) — k1l2n2) + l%( ! 1)})\

2 2 2
+nq [(7;2> — mg] A2

i) If diamg, > 2 or [dia,mg1 = 2 and diamg, > 1] then,
PH(G1[Cs)) = k1 [mQA + ((”22> - mQ)AQ} +n2PH(GY)
Proof. Let the vertex sets of graphs G1 and G2 are labeled as,
V(G1) = {u1,ugy ..., Uky, Uky 415 - - - s Uny § and V(Ga) = {v1,v2, ..., Uky, Ukyt1s -« s Uny |

respectively, where {u1,ug, ..., ur, } = P(G1) and {v1,va,...,v5,} = P(G2).
By equation ??, the periphery of G1[G2] depends on the diameter of Gy, dg, .

Case 1: If diamg, = diamg, =1 then G1[G2| = Ky n,.

PH(Gl [GQD :PH(K?HTLQ) = H(Kn1n2)

= <n12n2>, by lemma ?77?.

Case 2: If diamg, =1 and diamg, > 1 then,

P(Gl[GQ]) = V(Gl) X SQ and dGl[Gg] =2

http://dx.doi.org/10.22108/T0C.2021.127151.1813


http://dx.doi.org/10.22108/TOC.2021.127151.1813

70 Trans. Comb. 11 no. 2 (2022) 63-76 A. Alemu Ali and K. P. Narayankar

HGiG) = 3 Ao
(@D Poy o

:% Z Z )\dcnczﬂa’b)_% Z M1 (G)(a:0)

a€Pg, @, bePa (ayg) a€Pg, Gy

S e

i=1 j=1r=1s=1

where a;; = (u;,v;) and bps = (uy, vs)

H(G1[G2]) iz [ Z G116 (aig,b TS) Z 961 (Go)(@ij:brs)

==l ex () bre€X.)
46 631 (@i brs) \doy 161 (ais, rs)] L
bmg;? bmg);fﬁ ?
where, XZ.(jl) {(ur,us) € Pg,ja,)|ur = u; and vjvs € E(Ga)},
XZ.(]?) ={(up,us) € PGl[G2]|u'r‘ = u; and vjvs ¢ E(Go)},
Xi(;’) ={(ur,us) € Pg,[gs)lur = u; and v; = v} and
XD ={(ur, us) € Payjaylur # il

ni
H(Gh[Ga)) Zz[degc;2 vj) = (n2 — )IA+ [n2 — 1 — dege, (v)]A2 + 1
=1 j=1

+ = Zl ZIZ)\dcl (uiur) _ *nllz

21]17“131
ri

1
5 z:: [ 2m2 — (n2 — lQ)(TLQ — 1) l2(n2 — lg))A
l2 ny ni
+ (ZQ(TLQ — 1) —2mg + (712 — lg)(nz — 1)))\2 + lz] + 22 ZZ)\ — *nllg
i=1 r=1
r#i

H(G1[Go]) =1 [(m2 - @2) + (;2)» + (("5) - mg)v} + 12 (”21>A

Case 3: If diamg, =2 and Gy 2 K, then,

P(G1[Ga]) = C1 U Cy and dg, (@, = dG, = 2, where, C1 = P(G1) x V(G2) and
Cy = {(us,v5) € V(G1) x V(G2)|u; ¢ P(G1) and degg,(vj) < ng — 1}

http://dx.doi.org/10.22108/T0C.2021.127151.1813
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PH(G1[Gs)) = > PRENCEAIC)
{a,b}CP(Gl [GQ])

= Z )\dGﬂGz](a’b) + Z )\dG1[Gzl(a’b) + Z )\dGl[G2](a’b)
{a,b}CCl {a,b}CCQ {a,b}CCl X Coy

S Ao @) [mg)\ + ((”;) - m2> AQ} +niPH(G,)

{a,b}CCl
S i) :% S Aore(ad _% 3 Adarfcz(@)
{a,b}CCQ aeCs beCy acCyq
:% Z Z )\dGl[G2](aij7brs) _% Z 1,
a;;€C2 brs€C2 acCso

where, a;; = (u;,v;) and bys = (ur, vs)

Z A\da (G (a:) :% Z { Z 2dG11Ga) (aig:brs) | Z a1 [Go) (@i brs)

{a,b}CCQ Qg ECQ brsexi(jl) brsEXi(jQ)
- L 1
+ Z )\dG1[G2](aU7b7‘5) + Z )\dGl[GQ](aU’b7'S):| — 5(711 — k‘l)lg,
bre€X\) breeX.}

where, Xi(jl) = {(ur, us) € Colu, = u; and vjv, € E(Ga)},
Xz.(jQ) ={(ur,us) € Calu, = u; and vjvs ¢ E(Ga)},

Xi(;’) ={(ur,us) € C3lu, = u; and v; = vs} and
)

X ={(uy, us) € Calur # us}.

ij
Z A\da 6] (D) :% Z [ Z A+ Z AN 4+1+ Z )\dGl[GQ](aij,bm)]

{ab}cCs @i €C2 p, ex P bre€ X bree X
- %(m — k1)l2
1 ni lo
=5 Z Z [[deggz(vj) — (n2 — L)X+ [no — 1 — dega,|\? + 1]
i=k1+1 j=1
B = S vdo (anbe) L
+5 Z Z A\4G1\@igOrs _i(nl_kl)b
i=k1+1 r=k;+1
r#£i
1 &
=3 20 |2m = (n2 = o) (n2 — 1) = la(nz — L2) A+ [la(ns — 1) — 2my
i=k1+1

B < 1
+(7’L2—12)(n2—1)])\2—|—12:| —|—§2 Z Z /\—5(711—]{31)[2

i=k1+1r=k1+1
r#i

http://dx.doi.org/10.22108/T0C.2021.127151.1813
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S eent® [y (7;2>+<> )

{a,b}CC2
n
+ < 22> m2

Z 2\dG Gy (a:b) Z Z Gy [ay)(a:d) \da [Gg) (wisvg),(ur,us))

{a,b}CC1xCs aeCh beCy (ui,05)€CT (ur,us)€Co
k1 mno niy lo k1 ni
:Z Z Z Z MGl (wirur) — 1o Z Z 4G [Gg] (uisur)
i=1 j=1r=Fk;+1 s=1 i=1 r=ky+1
n
=lyno Z Z A, u, ¢ P(G1) and diamg, = 2
i=1 r=ki+1

Z )\dG1[G2](a’b) :lgngkl(TM - k1)>\
{(z,b}CCl xCo

H(G1[G2]) =k1 [mzA + ((n;> - m2>>\ } +n2PH(Gy) + [(nl _ ,ﬁ)<m2 B <r;2>
+ <l2z>) +13 <n1 ; k1>]>\ + (1 — k) [(T;z) o]
+ (n1 — k1)kilangA

H(G1[Gs)) =n2PH(G1) + [nlmg ~ (n1 — kl)((”22> - (;2) - k1l2n2>
+ 12 ("1 5 kl)}mt i [@2) - mz] A2

Case 4: If diamg, > 2 or [diamgl = 2 and diamg, > 1] then,

By equation ??, P(G1[G2]) = P(G1) x V(G2) and diamg,[q,) = diamg, .

1 a
H(G1[Ge2]) =5 > > Aaea(ed)

a€Pa[ay) b€Pa, [ay)
b#a

:% Z [ Z e (6o (wirv),(ur,vs)) 1}

(uivj)€PG (@) (urus)EPG (Gy]

1 . s
H(Gl [G2]) :5 Z |: Z AdGl[GQ]((ulvvj)v(uﬁvs)) + Z )\dGl[GQ]((ul’v])’(“hvs))

(us,v;)€PG, (G Xi(jl) x®
1
d i,Uj),\Ur,Us d 1,Uj5 ) \Ur,Us
+ Z a6 (i), (uryvs)) Z e [Gg) (wisvg),(uryv ))] -5 Z 1
x® x@ (ui,05)€PG, (@)

http://dx.doi.org/10.22108/T0C.2021.127151.1813
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where XZ.(jl) = {(ur, us) € Pg,[ay)|ur = u; and vjvs € E(Ga)}
Xl(f) ={(ur,us) € Pg,(g,)|ur = u; and vjvs ¢ E(G2)}
3
XZ(j) ={(ur,us) € Pa,jaslur = v and v; = Us}
4
XfL(j) :{(U‘T? Us) € PGl[GQHuT 7£ UZ}
_1 2 day (ui,ur) 1
PH(G1[Ga]) = > [Z)\-i-z}\ +14 ) Al ]—§k1n2
(ui,vj)ePGI[Gz] X’L(jl) XZ(]Q) Xz(js)
1 k1 no k1 ne2 ( )
_ . 1 . 2 d, Uj Uy
—522 [degGQ(vj))\—i— (ng 1 degGQ(v3)>)\ +1+ZZA G1 }
i=1 j=1 77’;% s=1
1
— §k1n2
1 ) 1ot & e (L
:51421 |:27TL2)\ + (TLQ(TLQ — 1) — 2m2>)\ + 1:| + §n2 ; ; A\¢G\titr) §k1n2
r#i

PH(G1[G3)) =k1 [mzA + (<”22) — mQ) Aﬂ +n3PH(GY)

Theorem 2.8. Let G1 be a non-trivial graph with ki peripheral vertices and Go be graph of order ng

and size mo. Then,

PH(G1 0 Ga) =n2PH(G1)N? + ki [mQA + ((”;) - mz)ﬂ

Proof. Let P(G1) = {u1,ua,...,uk }. Since G is non-trivial graph,

k1
P(G10Gsy) = U V(Gg)) and diamg,oq, = diamg, + 2.
i=1
http://dx.doi.org/10.22108/T0C.2021.127151.1813
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PH(Gy 0 Gs) :% S % )\dcloc2(a,b):% T Y e

a€PG, 0G4 bEPG oG, a€PG, 0G4y bEPG, oGy
b#a

Z )\dGloG2 (a,a)

a€Pg oG,

1 & & d (ab) 1
=32 2 2. 2 AtV ghim

=l aev(@y) =ev(Gd)

k k
Y T [L X weemehs 3 ],

=laev(ay)) 71 bev(cy)) beV(GY))
k1 ki1 k1
S 3D DR IIRCEEEETS oD DD IR L
= 13#1 acV(GY)) beV(GS) =laeve)vev(ay))
1
_§k1n2
k1 k1 k1
=)D DD MECTELES 3l I oIS U
=it aev (e bevies) =1 aben(cl)
1 1
+3 Meeeld] 4oy 3T Nowelt) Sk
abg B(GS)) =1 gevc)
k1 k1
23 e ) 3 [+ (1) - )]
=1 j=1
J#i

H(Gy 0 Ga) =n2PH(G1)A? + ki [mzA + (< ; ) - mQ) AQ}
O

Corollary 2.9. Let Gy be a non-trivial graph with ki peripheral vertices and Gy be graph of order na

and size mo. Then,
PW(Gl o Gg) :n% (PW(Gl) + k%) — kl(ng + mg)

Theorem 2.10. Let Gy be a graph with ki number of peripheral vertices and Go be a rooted graph

with root v. Then,
H(G1{G2}) =k1PHy(v,G2) + | E(v)|*PH(G1)A*)
where PHy(v, G2) = Z{a,b}CE(v) \day (asb)
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Proof. Let P(G1) = {u1,u2,...,uk } and v be the root of the rooted graph Ga. For a,b € V(G1{G2}),

de, (a,b), a,beGY

dGl{GQ}(a’7 b) = () G) . )
dg,(a,v) +dg,(a,b) +dg,(v,b), a€ Gy’ and be G5',i#j

where Gg) is a subgraph of G1{Gs} corresponding to the i copy of Gs.
Then,

1
P(G1{Gs}) = U E®(v) and diamg, (a,} = diamg, + 2e(v),

where E()(v) is a subset of V(G1{G2}) corresponding to E(v) in the i*" copy of Gs.

H(G1{G3}) = Z \dc {Gy3(a:b)

{a,b}CPa, (ayy

- Z MGy {Gpy(ab) | Z MGy {Gy}(a:b)
{ab}exX, {ab}eXs

where X1 ={{a,b} C Pg (g.1a,b € EWD(1),1<i <k} and

Xz ={{a,b} C Pg,c,y|(a,b) € ED(v) x EV(v),1 < 4,5 < ky,i # 5}
—

H(G1{G2}) Z Z a1 {aay(ab) 4 Z Z Z 4Gy {Gy}(asb)

i=1 {a,b}CE® (v) =1 j;l (a,b)EE® (v)x EW) (v)
j#i

= i Z )\dGQ(a,b) + i i Z )\dG1 (ui,ui)+2e(v)

i=1 {a,b}CEW (v) =1zl @B @)xB0) )
J

_ZPHO v,G2) + 21:21: |E(v) ‘2)\d01 (wiyuz)+2e(v)

=1 j=1
JF#i

where PHy(v,Gs) = Z A\day (a.d)
{a,b}CE(v)

H(Gl{GQ}) :k:lPHo(v, Gg) + |E(’U)‘2PH(G1))\26(U).
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