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ABSTRACT. Let G be a group. For an element a € G, denote by C?(a) the second centralizer of a
in G, which is the set of all elements b € G such that bx = xb for every € G that commutes with a.
Let M be any maximal abelian subgroup of G. Then C?(a) C M for every a € M. The abelian rank
(a-rank) of M is the minimum cardinality of a set A C M such that |J C?(a) generates M. Denote
by S, the symmetric group of permutations on the set X = {1,...,n}. The aim of this paper is to

acA

determine the maximal abelian subgroups of S,, of a-rank 1 and describe a class of maximal abelian

subgroups of S,, of a-rank at most 2.

1. INTRODUCTION

Much effort has been devoted to the study of maximal subgroups of the symmetric group S, (see,
for example, [4, 7, 8]). In this paper, we will be interested in maximal abelian subgroups of S,,, that is,
abelian subgroups of .S, that are not properly included in any abelian subgroup of S,,. Of the latter
subgroups relatively little is known: the abelian subgroups of S,, of maximum order were classified
in [1, 2]; lower and upper bounds for the number of maximal abelian subgroups of \S,, were found in
[3]; and it was proved in [9] that maximal elementary abelian subgroups of S,, are maximal abelian

subgroups of S, if and only if they have at most one fixed point.
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In this paper, we describe a method of constructing some maximal abelian subgroups of S,. Our
approach, which uses the notion of the abelian rank of a maximal abelian subgroup (see Definition 1.1),
may perhaps be helpful in finding some maximal abelian subgroups of other groups as well.

Let G be a group. For a € G, the sets C(a) = {# € G : ax = za} and C?*(a) = {b € G :
bx = xb for every x € C(a)} are called, respectively, the (first) centralizer and second centralizer of a
in G. Tt is easy to see that C?(a) C C(a), C(a) is a subgroup of G, and C?(a) is an abelian subgroup
of G. Note that C?(a) is equal to Z(C(a)), the center of C(a).

Let K be a non-empty subset of a group G. We denote by C'(K) the centralizer of K in G, that is,
C(K) = \4ex C(a). Then

(1.1) K is a maximal abelian subgroup of G < K = C(K).

Let M be a maximal abelian subgroup of G. Then C?(a) C M for every a € M [6]. Indeed, let
a € M. Since M is abelian, M C C(a). Thus, by (1.1), M = C(M) 2 C(C(a)) = C?(a). This fact

motivates the following definition.

Definition 1.1. Let M be a maximal abelian subgroup of a non-abelian group G. We define the
abelian rank of M (a-rank for short) as the minimum cardinality of a set A C M such that [ J,. 4 C*(a)

generates M.

Our approach will depend on the following basic facts about the centralizers. For non-empty subsets

Ay, As, ..., Ay, of a group G,
A1Ag - Ay ={x1xa- - s X1 € A, 0 € Ao,y € Ay}

Proposition 1.2. Let A be a non-empty subset of a group G such that the elements of A pairwise
commute, and let M = ({J,c 4 C*(a)). Then:

(1) M is an abelian subgroup of C(A);

(2) M is a mazimal abelian subgroup of G < M = C(A);

(3) if A= {ai,az,...,an} is finite, then M = C?(a1)C?(az)---C?*(am).

Proof. Let aj,az € A, 1 € C?*(a1), and 29 € C?(az). For every a € A, we have aja = aay, so
21 € C*(ay) implies 1a = az, that is, z1 € C(a). It follows that J,c 4 C*(a) is a subset of (¢ 4 C(a).
Further, since ajas = aza; and z1 € C?(ay), we have x1as = asz1. Thus, since z2 € C?(az), we have
z129 = xox1. Hence the elements of |J,. 4, C*(a) pairwise commute, and (1) follows.

To prove (2), we claim that C(M) = C(A). We have C(M) C C(A) since A C M. If z € C(A)
and b € C?(a), where a € A, then z and b commute, so z € C(|J,c4 C*(a)). Since M is generated by
Ugea C*(a), we have C(,c4 C?*(a)) = C(M), which implies C(A) C C(M).

To prove (3), suppose A = {a1,a9,...,an}, and let z; € C?(a;) for i € {1,2,...,m}. By (1),
z;w; = zjx; for all 4, 5. Hence any product of elements of C%(a1) U --- U C?(a,,) can be written as a
product of elements of C?(ay), followed by a product of elements of C2(as), ..., followed by a product

of elements of C?(a,,). The result follows since each C?(a;) is a subgroup of G. O
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By Proposition 1.2, if M is any maximal abelian subgroup of G of a-rank m, then M = C?(ay) - - - C?(a,)
for some commuting elements aq, . .., a,, of G. This fact suggests the following method of finding max-

imal abelian subgroups of G of a-rank 1 and 2.

(a) Describe the elements of C(a) and C2(a) for an arbitrary a € G.

(b) Characterize the elements a € G such that C?(a) = C(a). Such elements a will determine all
maximal abelian subgroups of G of a-rank 1, namely the second centralizers C2(a).

(c) Select any a € G such that C?(a) # C(a) and any b € C(a) \ C?(a) such that C?(a)C?(b) =
C(a) N C(b). Any such pair (a,b) will determine a maximal abelian subgroup of G of a-rank
at most 2, namely C?(a)C?(b).

(d) For every pair (a,b) as in (c), go through the elements x € C?(a)C?(b) checking if C(z) =
C?(z). The groups C?(a)C?(b) for which no such z exists are the maximal abelian groups of
a-rank 2.

Regarding (c), we select b ¢ C2(a) since otherwise C(a) C C(b), and so C?(a)C?(b) = C(a) N C(b)
is equivalent to C?(a) = C(a), which contradicts the choice of a. Thus to obtain a maximal abelian
subgroup of G of a-rank 2, we must select b ¢ C?(a). However, even with such a b, we cannot claim
that C%(a)C?(b) that is equal to C'(a) N C(b) has a-rank exactly 2. The reason is that there may exist
x € C?*(a)C?(b) such that C?(x) = C(z). Hence, to obtain the maximal abelian subgroups of a-rank
exactly 2, (d) must be performed.

The purpose of this paper is to use the approach described above to construct all maximal abelian
subgroups of S,, of a-rank 1, and a class of maximal abelian subgroups of S,, of a-rank at most 2. In
Section 2, we present a known descriptions of the first and second centralizers of the elements of S,,, and
fix a notation that will be used throughout the paper. In Section 3, we describe all maximal abelian
subgroups of S,, of a-rank 1 (Theorem 3.1). Our description follows easily from Proposition 1.2 and
the work done in [6]. In Section 4, we construct a class of maximal abelian subgroups of S,, of a-rank at
most 2 (Theorem 4.11). The construction is in terms of selecting a € S, such that C?(a) # C(a), and
B € C(a)\ C?(a) such that j3 satisfies three conditions (A), (B), and (C) (stated before Theorem 4.11)
that are sufficient for C?(a)C?(B) to be a maximal abelian subgroup of S,,. We apply Theorems 3.1
and 4.11 to constructing all maximal abelian subgroups of Sg up to conjugation (Example 4.13). We
also prove that two of the sufficient condition, (A) and (B), are also necessary for C?(a)C?(3) to be
a maximal abelian subgroup of S,, (Propositions 4.15, 4.16, and 4.17). The proof of Theorem 4.11,

which is quite technical, is presented in Section 5.

2. First and second centralizers of S,

The first and second centralizers in S,, were described in [10] and [6], respectively. These descriptions

are in terms of the decomposition of o € S,, into cycles.

Definition 2.1. Let 2 < k <n, and xg,x1,...,2Tt_1 be pairwise distinct elements of X = {1,...,n}.
As usual, (zgzx1,... xp—1) will denote § € S,, such that z;0 = ;41 for all i« € {0,1,...,k — 2},
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xp—10 = xo, and 20 = x for all other x € X. Any such element is called a cycle of length k (or a
k-cycle). For z € X, (x) will denote the set {z}. Any such subset will be called a 1-cycle.

For the remainder of the paper we will fix the following notation.

Notation 2.2. For a € S, and 2 < k < n, we denote by AX the set of k-cycles in the cycle
decomposition of . In addition, we denote by Al the set {(z) : + € X and xa = z}, and include

these 1-cycles (viewed each as the identity on X) in the cycle decomposition of a. We will denote by
A, the union J7_, Ak.

Finally, given a € S, we split the set X into the following pairwise disjoint subsets:
X{={re X :za=uza},
X%:{xGX::U(S#xforsomeéeAg}, where 2 < k < n.

In other words, X¢ is the set of fixed points of o and, for each k > 2, X% consists of all elements of X

that lie on some k-cycle in a.

The following two lemmas describe the first and second centralizers in .S,,.

Lemma 2.3. ([10, p. 295]) Let o, 8 € Sp. Then p € C(a) if and only if for all k > 1 and 6 =
(x[) xy... xk—l) S Ag, ﬁ_lé/B = (xoﬁl‘lﬁ s xk_lﬁ) € Ag

Lemma 2.3 is an elementary and well-known result in group theory. In fact, more is known. If
a € Sy, has r-cycles, with m; cycles of length k; (1 <i <), then C(«) = (Zg, 1Sm,) X -+ X (L, 1Sm,.)»
where Zg, is the cyclic group with k; elements and Zyg, 1S, is the wreath product of Zg, and S, [10,
p. 296].

For a set A, id4 will denote the identity map on A.

Lemma 2.4. ([6, Theorem 3.5]) Let o, § € Sy, and let X§ and X3, where k > 2, be the sets defined
in Notation 2.2. Then B € C%(a) if and only if:

(1) for each integer k with 2 < k < n, there exists an integer wy such that 0 < wy < k and
Blxe = | xo;

(2) if |X§| # 2, then B|xy = idxg;

(3) if X§¢ = {x1,x2} with x1 # x2a, then ﬂ]X? = idxe or 6])(? = (x1 x2).

Lemma 2.5. ([6, Theorem 5.2]) Let o € S,,. Then C?(a) = C(a) if and only if |AL| < 2 and |AE| <1
for all k > 2.

3. Maximal abelian subgroups of S,, of a-rank 1

Using Proposition 1.2 and Lemmas 2.4 and 2.5, we can construct all maximal abelian subgroups of
S,, of a-rank 1.

DOI: http://dx.doi.org/10.22108/ijgt.2020.122036.1603


http://dx.doi.org/10.22108/ijgt.2020.122036.1603

Int. J. Group Theory, 10 no. 3 (2021) 103-124 J. Konieczny 107

Theorem 3.1. Select a € S,, such that o has at most two fized points and at most one k-cycle for
every k € {2,3,...,n}. Then C?*(a) is a mazimal abelian subgroup of Sy, of abelian rank 1. Moreover,

every maximal abelian subgroup of S, of abelian rank 1 can be constructed this way.

Proof. Suppose a € S, such that |AL| < 2 and |AF| < 1 for all & > 2. Then C?(a) = C(a) by
Lemma 2.5, and so C2%(a) is a maximal abelian subgroup of S, of a-rank 1 by Proposition 1.2 and
Definition 1.1.

Suppose M is a maximal abelian subgroup of S,, of a-rank 1. Then, by Definition 1.1, there is
a € M such that M = (C?(a)) = C?(a). Thus, by Proposition 1.2, C?(a) = C(a), and so « has the
desired properties by Lemma 2.5. O

Example 3.2. Consider a; = (12)(345) and ag = (12)(3456) in Sg. By Theorem 3.1, C?(a1) and
C?(az) are maximal abelian subgroups of Sg of a-rank 1. Moreover, by Lemma 2.4,

C*(o1) ={(12)"(345)™ : 0 < k < 1,0 <m < 2} = {(1),(345),(354),(12),(12)(345), (12)(354)},
C*(a2) = {(12)"(3456)™: 0< k<1,0<m < 3}
{(1),(3456),(35)(46),(3654),(12),(12)(3456),(12)(35)(46),(12)(3654)}.

Note that C?(aq) is cyclic, but C?(ag) is not.

We can easily find the structure of any maximal abelian subgroup of S, if a-rank 1. Let a € S,
be as in Theorem 3.1. Let p be the number of fixed points of o and {ki, ..., k,.} be the set of lengths
of cycles in a, where each k; > 2. Then p < 2 and « has exactly one cycle of length k;. Thus, by

Lemma 2.4,
C%(Q) 2 Ly X Ly X - X T,

where, since p can be 0, we define Zg to be the trivial group. For example, if oy = (12)(345) and
ag = (345) are permutations in S5, then C(a;1) = C(ag) = Za X Zs.

4. Maximal abelian subgroups of 5,, of a-rank at most 2

In this section, we construct a class of maximal abelian subgroups of S,, of a-rank at most 2 (see
Theorem 4.11). Any such subgroup must be of the form C?(a)C?(3) for some (carefully selected) o, 3 €
S, (see Definition 1.1 and Proposition 1.2). We formulate sufficient conditions for C?(a)C?(3) to be a
maximal abelian subgroup of S,, (see (A), (B), and (C) before Theorem 4.11), state Theorem 4.11 in
terms of these conditions, and prove that (A) and (B) are also necessary. The proof of Theorem 4.11,
which is quite technical, is presented in Section 5. To understand (A)—(C), we need some definitions

and results.

Definition 4.1. Let a € S,. By Lemma 2.3, C(a) acts on A, (and AF) by conjugation. For
B € C(a), denote by S, the permutation of A, induced by 5. That is, if 6 = (zgx1... xx_1) € Ay,

then 05, = ,37156 = (1'05.1'15. .. xk—lﬁ)-
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For any set A, we denote by Sym(A) the symmetric group of permutations of A. With this no-
tation, (3, from Definition 4.1 is an element of Sym(A,). Note that if 6 is a cycle in S,, then
0 =(0001... 6m—1), where the &; are k-cycles in « for some fixed k > 1.

Definition 4.2. Let o, 8 € S,, with af = Ba. Suppose 0 = (09 d2,... dym—1) is a cycle in B,. The
content of 8 is defined as the following subset of X:

(4.1) cont(d) = {x € X : x lies on some ;}.

Example 4.3. Let X = {1,...,8} and consider o = (12)(34)(56)(7)(8) € Sg. Let = (1324)(78).
Then 8 € C(a) and B, = 6160203, where 01 = ((12)(34)), 62 = ((56)), and 05 = ((7) (8)), with
cont(61) = {1,2,3,4}, cont(f2) = {5,6}, and cont(f3) = {7, 8}.

The following lemma is obvious by Definition 4.1.
Lemma 4.4. Let o, 3,7 € S,, with B, € C(«). If By =~f, then BaYa = YaPa-
For an integer k > 1, we denote by Zj the cyclic group of integers modulo k.

Lemma 4.5. Let k > 1 be an integer, a € {0,1,...,k — 1}, d = ged(a, k), and e = %. Then, there is
a unique s € {0,1,...,e — 1} such that sa = d (mod k).

Proof. In Zy, we have (a) = (d) and |(d)| = e. The result follows. O

Definition 4.6. Let o, § € S,, with a8 = Sa. Suppose 6 = (0901 ... dpm—1) is a cycle in S, consisting
of k-cycles in o with 09 = (zox1 ... zx—1). We denote by a(f), d(0), 1(0), and ¢(0) the following
integers:

(1) a(0) is the unique integer a € {0,1,...,k — 1} such that zo8™ = xg;
0) = ged(a, k), where a = a(6);

c(0) = ms, where a = a(#), d = d(0), e = £, and s € {0,1,...,e — 1} is such that sa = d

(mod k) (see Lemma 4.5).

Remark 4.7. By Lemma 2.3, the integers a(#), d(f), [(#), and ¢(#) from Definition 4.6 do not depend

on the cyclical order of dg, d1, ..., d;n—1 in the cycle 8 or the cyclical order of points within each cycle 6;.
The following lemma clarifies the meaning of the integers d(6), [(¢), and ¢(#) from Definition 4.6.
Lemma 4.8. Let o, € S, with af = fa. Suppose § = (6001 ... dm—1) s a cycle in Bo with

6 = (zbal ... 2t ). Let a=a(0), d=d(0), e = g, I =1(0) =me, and c = ¢(0). Then:

(1) B contains d disjoint I-cycles, oo, 01,...,0q—1, with 0j = (yg y{ ylj_l) and yg = x? 0<j<

d);
(2) ag contains the cycle (o901 ... 0q_1) and yJad = y?;
(3) cont(#) = cont((cpo1,... 04-1))-
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Proof. Let j € {0,1,...,d — 1}. Since z)8™ = 2% and af™ = f™a, we have x?ﬁm = $‘9+a by

Lemma 2.3. Since the cyclic subgroup (a) of Zj, has e elements: 0,a,...,(e — 1)a, the transformation
B™ contains the e-cycle (x? x? oy x? +(€_1)a), where the subscripts are calculated modulo k. Thus

5 itself contains

0.0 0gm-1,0 0 0 gm-1 0 0 0 m—1
(z;258... x5 TitaTival - TjpoB s T (e—1)a Tt (e—1)aB -+ Tire—1)aB )
which is our desired l-cycle o; = (yg) y{ ylj_l) with yg = x?. It remains to show that the o; are

pairwise disjoint. Let ji,j2 € {0,1,...,d — 1} with ji < j2. Suppose that z7, lies on o, that is,

33?2 = :E?ﬁm for some v € {0,1,...,e — 1}. Then js — j1 = va (mod k). Since d divides both k and
a in Z, we obtain j2 — j1 = va = 0 (mod d), and so j2 — j1 = 0 since jo — j; € {0,1,...,d —1}. We

have proved (1).

. i it1 _
If j <d—1, then yja = 1‘904 = x?H = y{ﬁ , 80 0jag = 0j41. Further, yg la = ngla = x?l =29,
where s € {0,1,...,e—1} (see Lemma 4.5). Thus, since 22, lies on the cycle o¢, we have 04105 = 0.
Hence (0901 ... 04-1) is a cycle in ag. Consider the cycle
(4.2) oo = (zadB... 208 12 20p . 20pmt L. x?e_l)a x?e_l)aﬂ .. .x?e_l)aﬂmfl).
We have yla? = zdad = 29 = 29,, where s is as in Lemma 4.5. The number of elements in the

cycle (4.2) to the left of 20, is ms. Thus the index of yJa? in o = (y]¢? oy ) is ms = ¢ (see
Definition 4.6). We have proved (2).

Finally, (3) is true since cont((og o1,... 04—1)) C cont(f) and | cont((og o1, ... 04-1))| = dl = mk =
| cont(0)]. O

Our description of @ and 3 in Theorem 4.11 such that C?(a)C?(3) is a maximal abelian subgroup
of S, is in terms of relations between the cycles in f,. The latter may contain one or more of four
special cycles that are not involved in these relations. These cycles have to do with (3) of Lemma 2.4.
Recall that for o € Sy, X{ is the set of fixed points of a.

Definition 4.9. Let o, 8 € S, such that af = Ba. Any cycle 6 in f3, such that cont(d) C X¢ and
X§ = {z1,z2}, or cont(f) C Xf and Xf = {y1,y2}, where x; # x2 and y; # yo, will be called a special

cycle in fB,.

Lemma 4.10. Let o, 5 € S,, such that aff = pa. Suppose X = {x1,x2} or Xf = {y1,y2}, where
x1 # xo and y1 # yo. Then:
(1) exactly one of the following holds:
(a) |X9| =2, |XP| =2, and either X¢ = X7 or X3 X7 =),
(b) |X%| =2 and |XP| #1,2, or |XP| =2 and | X$| #1,2;
(2) the special cycles in B, are:
(i) ((z1)) and ((x2)) (if (X5 = X} = {x1,22}),
(i) ((21) (22)) and ((y192)) (if X7 = {w1, 22}, X7 = {y1,92}, and XFN X] =0),
iii) (1) (22)) or ((z1)) and ((z2)) (if X§ = {1, 72} and |X[| #1,2),
(y192)) or (1)) and ((42)) (if X7 = {y1y2} and |X3| # 1,2).

—~
—
—
—

~— — ~— ~—

(iv
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Proof. Suppose X¢ = {1,232}, where x; # xo. Since § € C(a), 15 = z2 and z2f = x1, or 18 = 71
and zoff = xo. In the latter case, {z1,22} C Xlﬁ, and either (a) holds (if Xf = {x1,x2}) or (b) holds
(if Xlﬁ # {x1,22}). Suppose z18 = 9 and x93 = x1 and |X16\ > 1, and let y; be a fixed point of S.
The point y; must lie on some cycle (y; ---) in a. Since 5 € C(«), every point on this cycle is fixed
by . Thus (y1...) = (y1y2 ...) has length > 2 since otherwise o would have the third fixed point.
Hence, either Xf = {y1,y2} and X§ N XI’B =0, or |Xf > 3. It follows by the foregoing argument (and
the symmetrical one for ) that then (a) or (b) holds. We have proved (1). Statement (2) follows
immediately from (1) and the fact that af = pa. O

Let o € S, with C%(a) # C(a), and B € C(a) \ C?*(a). We can now state the sufficient conditions
for C%(a)C?(B) to be a maximal abelian subgroup of S,,.

(A) If 6, and 6 are distinct non-special cycles in S, of length m; and mag, respectively, both
consisting of k-cycles in «, a1 = a(61), and as = a(f2), then:
(i) ged(ag,az) is a unit in Zg;
(ii) if 1(61) = 1(02), then k > 3, m; = mg = 1, and ay, ag, and a; — ag are units in Z.
(B) If 0; and 6 are distinct non-special cycles in 3, such that [(6;) = 1(62) (= 1), c1 = ¢(61), and
ca = ¢(02), then ged(cq, ¢2) is a unit in Z;.
(C) There do not exist pairwise distinct non-special cycles 61, 02, and 63 in (3, such that 6; and 6
consist of k-cycles in «, and [(03) = 1(63).
If k=11in (A), then a; = aa = 0. We agree that gcd(0,0) = 0. Note that 0 is a unit in Z; = {0}.
The same remark applies to the case when [ =1 in (B).

Here is the main theorem of the paper.

Theorem 4.11. Select a € S, with C*(a) # C(a). Then select f € C(a)\ C?*(a) that satisfies
conditions (A), (B), and (C). Then C*(a)C?*(B) is a mazimal abelian subgroup of S, of a-rank at

most 2.

The labels (A), (B), and (C) will be unique in this paper. The reader should remember that the
conditions labeled by these symbols appear before Theorem 4.11.
In the remainder of this section, we give some examples and prove that (A) and (B) are necessary

for C?(a)C?%(B) to be a maximal abelian subgroup of S,,. We will prove Theorem 4.11 in Section 5.

Example 4.12. Consider o = (1234)(5678) and 3 = (1537)(2648) in Sg. Then 8 € C(a)\ C?(a)
and B, = ((1234) (5678)) is a 2-cycle. Thus j satisfies (A)—(C), and so C?(a)C?(f) is a maximal
abelian subgroup of Sg. By Lemma 2.4,

C*(a)C2(B) = {(1), (1234)(5678), (13)(24)(57)(68), (1432)(5876), (1537)(2648),
(1735)(2846), (16)(27)(38)(45), (18)(25)(36)(47)}

This subgroup has a-rank 2, order 8, and is isomorphic to Z4 X Zs.
Recall that subgroups H; and Hj of a group G are conjugate if Hy = a~'Hya for some a € G.
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Example 4.13. In this example, we will apply Theorems 3.1 and 4.11 to constructing all maximal
abelian subgroups of Sg up to conjugation. By Theorem 3.1, S has (up to conjugation) four maximal
abelian subgroups of a-rank 1:

C%((123456)) = ((123456)),

((12345)) = ((12345)),

*((123)(45)) = ((123)(45)),

=C*((1234)(5 )):CQ((1234)).

c?
c

The subgroups M, M, and Ms are cyclic, while M, is not cyclic. The latter is conjugate to C2(ao)
from Example 3.2, and isomorphic to Z4 X Zs.

To construct maximal abelian subgroups of Sg of a-rank 2, we select commuting «, 5 € Sg such
for all z,y € {a, B} with = # y, C?(x) # C(x) and y ¢ C?(z). Moreover, we can ignore such «, 3 if
they already appear in a maximal abelian subgroup of Sg already constructed. Further, note that for
every a € Sg that contains a k-cycle with k > 4, we have C(a) = C?(a), that is, a maximal abelian
subgroup of Sg of a-rank 1.

It turns out that Sg has (up to conjugation) three maximal abelian subgroups of a-rank 2, and no

maximal abelian subgroup of a-rank > 3.

Suppose o« = (123)(456) and f = (123)(465). Then

Ba = 0102 = ((123))((456)).

The 1-cycles 01 and 65 in 3, consist of 3-cycles in a. We have (see Definition 4.6, and also Lemma 4.8):
a(01) =1, 1(01) = 3, c(61) =1, a(b2) = 2, I(f2) = 3, and ¢(f2) = 2. Thus 3 satisfies (A)—(C), and so
M; = C?(a)C?(B) is a maximal abelian group of Sg. By Lemma 2.4,

Ms = C?((123)(456))C*((123)(465)) = {(1), (123)(456), (132)(465), (123)(465), (132)(456),
(132),(465),(456), (123)}.

The subgroup My has a-rank 2, and is isomorphic to Zs x Zs. It is an abelian subgroup of Sg of

maximum order (see [2, Thm. 1]).

Suppose o = (12)(34)(56) and 8 = (13)(24)(5)(6). Then

Ba = 0102 = ((12) (34))((56)).

Since the cycle 65 is special, 3 satisfies (A)—(C), and so Mg = C?(a)C?(B) is a maximal abelian group
of Sg. By Lemma 2.4,

= C*((12)(34)(56))C7((13)(24)) = {(1), (12)(34)(56), (13)(24), (56), (13)(24)(56),
(14)(23)(56), (12)(34), (14)(23)}.

The subgroup Mg has a-rank 2, and is isomorphic to Zo X Zo X Zo.

Suppose o = (12)(34)(5)(6) and 5= (12)(56)(3)(4). Then

Ba = 010203 = ((12))((34))((5) (6))-
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Since the cycles 62 and 63 are special, 3 satisfies (A)—(C), and so M7 = C?(a)C?(B) is a maximal
abelian group of Sg. By Lemma 2.4,

My = C*((12)(34))C*((12)(56)) = {(1), (12)(34), (56), (12)(34)(56), (12)(56), (34), (34)(56), (12)}.

The subgroup M~ has a-rank 2, and is isomorphic to Zo X Zo X Zo.

For the remaining choices of o and (3, we find that (up to conjugation) they lie in one of the
subgroups already constructed. For example, « = (123)(456), 5 = (14)(25)(36) lie in the conjugate
((153426)) of My; = (123), 8 =(45) lie in M3; and o = (12), 8 = (34) lie in M7.

Since the maximum order of an abelian subgroup of Sg is 9 [2, Thm. 1], S¢ does not have a maximal
abelian subgroup of a-rank > 4. Suppose M = C?(a)C?(3)C?(y) is a maximal abelian subgroup of
Se of a-rank 3. Since |M| <9, it follows that «, 3, v have order 2. Moreover, since M has a-rank 3,
for all z,y € {a, 8,7}, with x # y, C%(z) # C(z) and y ¢ C?(x). Analyzing (up to conjugation), the
possibilities for such «, 5, and v, we find that they all lie in Mg or in M. It follows that Sg does not
have a maximal abelian subgroup of a-rank 3.

Therefore, we have constructed all maximal abelian subgroups of Sg. There are seven such subgroups
up to conjugation: M;—M7. Four of these have a-rank 1: M;—M, (of which only My is not cyclic),
and three have a-rank 2: Ms—M7. Up to isomorphism, Sg has five maximal abelian subgroups: Zg,
Ly, Ly X Lo, Xz X L3, and Zo X Zo X Zs. The first three have a-rank 1, and the last two a-rank 2.

We will now prove that conditions (A) and (B) are necessary for C?(a)C?(8) to be a maximal

abelian subgroup of S,,. The following lemma will be crucial.

Lemma 4.14. Let o, 3 € S,, with a8 = Ba, v € C*(a)C?(B), and x,y € X such that neither x nor
y is an element of cont(#), where 6 is a special cycle in Bo. Then:

(1) 27 = 2(a96°) and yy = y(ahBY) for some g,5,h,t > O;

(2) if x and y lie on cycles in a of the same length, then g and h from (1) can be selected so that

g=nh;
(3) if x and y lie on cycles in B of the same length, then s and t from (1) can be selected so that
s =1.

Proof. We have v = 172, where 71 € C?(a) and vo € C?(). By the hypothesis about z, it is not
the case that X§ = {z, z} for some z # x. Thus, by Lemma 2.4, z7y; = za? for some g > 0. Suppose
xad € Xlﬁ . Then, since z and xa¥ lie on the same cycle of «, we have x € X f by Lemma 2.4. Thus,
by the hypothesis about x again, it is not the case that X B = {zad,z} for some z # xa¥. Hence
(xa9)y2 = (va9)B* for some s > 0. By the same argument yy = (za’)3' for some h,t > 0. This
proves (1). Statement (2) follows by Lemma 2.4. Finally, suppose = and y lie on cycles in 8 of the
same length. Then, since a8 = Ba, a9 and ya’ also lie on cycles in § of the same length, and so (3)

follows by Lemma 2.4. OJ
The following proposition shows that condition (A)(i) is necessary.
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Proposition 4.15. Let o, 5 € S, with a8 = Ba. Suppose 01 = (091 ... Omy—1) and b2 = (T0T1 « .. Timg—1)
are distinct non-special cycles in B, both consisting of k-cycles in a, a1 = a(01) and ay = a(02). If
C%(a)C?(B) = C(a) N C(B), then ged(ar, az) is a unit in Zy.

Proof. Suppose C?(a)C?(B) = C(a) N C(B). Let v = 7971+ Timy—1 € Sp. Then v € C(a) N C(B),
and so v € C?(a)C%(B). Let 6y = (wow1 ... x5_1) and 70 = (You1 --- Ye—1). By Lemma 4.14,
2oy = z0(a93%) and yoy = yo(a9B?) for some g, s,t > 0. Since (xgad)B° = 2oy = zo and zpa? both lie
on &y, s must be a multiple of my, say s = um; for some u > 0. Similarly, since (yoa9)B' = yoy = 11
and ypa? both lie on 79, t = vmg for some v > 0. Since a1 = a(f1) and as = a(fy), we have
xof™ = x4, and yoB"? = ya, (see Definition 4.6). Thus, zg = (z9a?)""™ = x4""™ = Zg4ue, and
y1 = (10a9)B""? = Y’ = Ygivay, and so g +ua; = 0 (mod k) and g + vas = 1 (mod k). Hence
(—u)a; +vag =1 (mod k), which implies that gcd(a1, az) is a unit in Zj. O

The following proposition shows that condition (A)(ii) is necessary.

Proposition 4.16. Let o, 5 € S,, with aff = Pa. Suppose 6y = (6001 ... Om,—1) and b2 = (ToT1 - .. Timy—1)
are distinct non-special cycles in Bo both consisting of k-cycles in a, a1 = a(b1), az = a(f3), and
1(61) = 1(62). If C*(a)C?(B) = C(a) NC(B), then k >3, m1 = ma, and a1, as, and a1 — ay are units

m Zk.

Proof. Suppose C?(a)C%(B) = C(a) N C(B). Let I =1(61) = (). Let v = 1071 - - * Tmy—1 € Sn- Then
v € Cla)NC(B), and so v € C?*(a)C?(B). Let 6o = (zo21 ... x1_1) and 70 = (Yo¥1 --- Yx_1). By
Lemma 4.8, 2o and yo both lie on k-cycles in o and I-cycles in 3. Thus, by Lemma 4.14, x¢gy = xo(a?3?)
and yoy = yo(a9B?) for some g,t > 0. As in the proof of Proposition 4.15, we obtain some u,v > 0
such that t = umy, t = vma, g+ ua; =0 (mod k), and g +vaz =1 (mod k).

_ k k
Let €1 = ged(aq,k) ged(azg,k)
that e;a; =0 (mod k) and esaz = 0 (mod k). Since umq = vmg =t and eymy = eamgy = [, we obtain

and ey = Note that eym; = [ and eama = [ (see Definition 4.6), and

vVe1Mo = e1UMa = e1um| = ueimi = ueayMs, and so ve; = uey. Now, we have

g+vay =1 (mod k),

€19 + ejvagz = ey

( )
e1g + equaz = e;  (mod k),
etg+uld=er ( )
( )

€19 = €1
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On the other hand,

g+ua; =0 (mod k),
e1g+eua; =0 (mod k),
e1g+u0=0 (mod k),
e1g =0 (mod k).

Thus e; = e;g = 0 (mod k). Similarly, ea = 0 (mod k). Thus e; = ez = k, and so ged(a, k) =
ged(ag, k) = 1, that is, a; and ay are units in Zg. Now, we have e; = ex = k, ve; = ueg, and
eimy = eagmo. Hence uw = v and m; = mg. From u = v, we obtain g + ua; = 0 (mod k), and
g +wuaz =1 (mod k), which implies u(as — a1) =1 (mod k). Thus a1 — a2 is a unit in Z.

Let m = my = mo. We will show that m = 1. Suppose to the contrary that m > 2. Recall that
roy = xo(adB?) and yoy = yo(a9BY). Since (zoad)Bt = 2oy = x¢ and zgad both lie on the cycle &y,
t must be a multiple of m. On the other hand, (yoa9)St = yoy = yoB lies on 71 and ypa? lies on 7.
Since m > 2, we have 19 # 71, which implies that ¢ cannot be a multiple of m. This is a contradiction.
Hence m1 = mo = 1.

It remains to show that k > 3. First, kK # 2 since otherwise a1, az, and a; — as would not be all
units. Suppose to the contrary that £ = 1. Then 6; = ((x0)) and 02 = ((y0)). Define n = (zo yo) € Sp.-
Then 1 € C(a) N C(B), and so n € C?*(a)C?(B). By Lemma 4.14, 291 = xo(a ) for some h,s > 0.

This is a contradiction since xgn = yo and xg (ahﬂs) = xg. Hence k& > 3. O

Finally, the following proposition shows that condition (B) is necessary.

Proposition 4.17. Let o, € S, with aff = Ba. Suppose 01 and 0y are distinct non-special cycles
in By consisting of ki- and ke-cycles in «, respectively, such that 1(01) = 1(02) (=1), ¢1 = c(61), and
c2 = c(62). If C%(a)C?(B) = C(a) N C(B), then ged(cy, ca) is a unit in 7.

Proof. Suppose C?(a)C?(B) = C(a) N C(B). By Lemma 4.8, as has distinct non-special cycles ¢ =
(0001 ... 04,-1) and ¢2 = (pop1 --- Pdy—1), both consisting of l-cycles in 5. Let o9 = (yo,..- Yi-1)
and pg = (20,... z;_1). Again by Lemma 4.8, yoa™ = y., and zpa® = z.,. Thus ged(cy, c2) is a unit

in Z; by Proposition 4.15 applied to « and  with their roles reversed. 0

We point out that condition (C) is not necessary for C%(a)C?() to be a maximal abelian subgroup
of Sp. Indeed, consider « = (12)(3)(4)(5) and 8 = (1)(2)(34)(5) in Ss. Then [, = 616205 =
((12))((3) (4))((5)). The cycles 02 and 65 consist of 1-cycles in «, with I(62) = 2 and 1(63) = 1. The
cycle 61 consists of 2-cycles in a, with I(f;) = 1. Thus 3 does not satisfy (C). However, C?(a)C?(8) =
{(1),(12),(34),(12)(34)} is a maximal abelian subgroup of S5 since C?(a)C?(3) = C(a) N C(B).
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5. Proof of the main theorem

In this section, we will prove Theorem 4.11. Recall that, by Proposition 1.2, if G is a group and
a,b € G with ab = ba, then

(5.1) C?(a)C?(b) is a maximal abelian subgroup of G < C?(a)C?(b) = C(a) N C(b).

To prove that conditions (A)—(C) are sufficient for C?(a)C?(8) to be a maximal abelian subgroup of
Sp, we will use Lemma 2.4 and (5.1). The first step is to show that if v € C(a) N C(B) and 0 is a
non-special cycle in 3,, then there are integers g,¢ > 0 such that vy = x(a9f?) for all x € cont(6).
This first step is proved in the next three lemmas. We note that the first time we will need condition
(C) is in Lemma 5.10.

Lemma 5.1. Let o, € S, such that aff = Ba and [ satisfies (A). Suppose v € C(a) NC(B). Then,
for any non-special cycle 0 in Bu, 07 17,0 = 6.

Proof. Suppose 8 = (dp 01 ... 0m—1) 18 a non-special m-cycle in 3, consisting of k-cycles in a. We
have 84Ya = Vafa by Lemma 4.4. Thus, by Lemma 2.3 applied to 8, and vo, 01 = 07 'v,0 =
(807 61%a, - - - Om—17a) is also an m-cycle consisting of k-cycles in a. Note that cont(d) = {zy~! :
x € cont(fy)}. Since y~! € C(a) N C(B), it follows by Definition 4.9 and Lemma 4.10 that 6; is
not a special cycle in 5. Suppose to the contrary that 6, # 6. Let do = (zox1 ... xp—1). Then
00%a = (Yoy1 --- Yk—1), where y; = ;. Let a = a(f) and a; = a(fy). Then, xo(5™Y) = oy = Yq
and zo(v8™) = yoB8™ = Ya,. Since v and ™ commute, we obtain a = a; (mod k). Thus, [(0) =
mgcd&k) = mgcd(];hk) = 1(61) (see Definition 4.6). Hence, by (A)(ii), k > 3 and a — a; is a unit in Z.

This is a contradiction since a —a; = a —a =0 (mod k). Hence 6; = 0. O

Lemma 5.2. Let o, € Sy, such that af = fa and B satisfies (A). Suppose v, A € C(a) NC(B). Let
0 = (0001 ... 0m—1) be a non-special cycle in B, and let x € cont(d). If xy = x\, then yy = yA for
every y € cont().

Proof. For 0 < i < m, let §; = (zfx} ... 2% ;). We may assume that + = z§. By Lemma 5.1,

00Ye = 0y for some w. Since x87 = 9:8)\, we also have dpAq = dyy. Since Yo, Ao € C(Ba), it follows

that d;74 = §;Aa = i1 for every i.

e T
, TeA = 2, and xﬁ)ﬂ—x;f. Since 3,7 € C(«a), we

+w

Si

Let s;, t;, and p; be such that acf)'y =z
have

‘ _ il itlt ‘ _ itwg _ itwtl

by Lemma 2.3. Since Sy = 0, it follows that p;+ ;11 = S;+pitw (mod k), and S0 $;4+1—8; = Pitw—Pi
(mod k). Similarly, t;11 — t; = pitw — pi (mod k), and so sj+1 — $; = tiy1 — t; (mod k).

Next, we have zjy = 2% and 2\ = z{>. Thus ¥, = z}’, and so so = to (mod k). The latter,
combined with s;11 — s; = t;11 — t; (mod k) for all 4, gives s; = t; (mod k) for all i. Thus, for all ¢
and 7, x;'-’y = xéj:é’z = acéffz = $3)\ O
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Lemma 5.3. Let o, 5 € S, such that o = fa and B satisfies (A). Suppose v € C(a) N C(B). Let
0 = (3001 ... dm—1) be a non-special cycle in B,. Then there are integers g,t > 0 such that for every
z € cont(d), zv = z(a9f!).
Proof. Let 69 = (zox1 ... xx—1). Then, by Lemma 5.1, xoy lies on d; = (yoy1 ... yk—1) for some
t€{0,1,...,m—1}. Let y; = zoy and y; = zo". Then
vy = 4 = Y0 I = (2o T = wo(afB),

where g = k — j +i. Thus, by Lemma 5.2, 2y = z(a93") for every z that lies on any J;. O

Let o, 3,7,0 and g,t be as in Lemma 5.3. Let k be the length of each cycle in 0, | = [(#), and
x € cont(#). Then z lies on a k-cycle in « and on an l-cycle in 3 (by Lemma 4.8), and zvy = z(a943!).
To prove that v € C%(a)C?(B), we need to show that the same g can be selected for all non-special

cycles 01 in B, that consist of of k-cycles in «, and that the same t can be selected for all non-special
cycles 6y in S, such that [(62) = [ (see Lemma 2.4).

Lemma 5.4. Let k > 1, a1, and ag be integers such that a1 — as is a unit in Zy. Then, for all integers
b1 and by, the system of congruences

x4+ ay=>b; (mod k)

x4+ agy =by (mod k)

with variables x and y, has a solution.

Proof. Let by and by be integers. For a unit ¢ in Zj, let ¢! be the inverse of ¢ in Zj. Consider
z = (a1 — a2) '(a1ba — agby) and y = (a1 — az) (b1 — bz). Then

x4+ a1y = (a1 — ag)_l(albg —aghy) + ai(ay — a2>_l(b1 —bg) =b; (mod k),

T+ azy = (a1 — az) arby — agby) + az(ar — az) "H(by — b2) = by (mod k).
Thus a solution exists. g
Lemma 5.5. Let o, € S, such that aff = Pa and B satisfies (A). Suppose v € C(a) NC(B). Let 61

and 6y be distinct non-special cycles in o, consisting of k-cycles in o with 1(61) = 1(02). Then there
are integers g,t > 0 such that for every x € cont(6;) U cont(fs), vy = z(a93).

Proof. Let a1 = a(f1) and az = a(f2). By (A)(i), 61 and 0y are 1-cycles and a; — ag is a unit in Zj.
Let 6; = (61) and 0 = (d2) with 01 = (xox1 ... zx—1) and 62 = (Yoy1 --- Yk—1). We have x5 = x4,
and Yo = Yq,. By Lemma 5.1, zoy = 3, and yoy = yp, for some by and be. By Lemma 5.4, there are
g,t €{0,1,...,k — 1} such that g + a;t = b; and g + ast = ba. Then

xO(agﬁt) = (:E[)ﬁt)ag = xtmag = Ttay+g = Lg+ait — Lby = LOY-

Similarly yo(a?8') = Ygtrast = Ub, = Yoy. Hence, by Lemma 5.2, 2y = z(a93") for every z €
cont(61) U cont(62). O
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Lemma 5.6. Let k > 1 be an integer. Suppose ai,az,...,ay, p > 1, are integers such that ged(as, a;)

is a unit in Zy, if i # j. Then, for all integers by, ba, ..., by, the system of congruences

x4+ ajzy =b; (mod k)
x + agxre = by (mod k)

x+apr, =0, (mod k),
with variables x,x1,x2,...,2p, has a solution.

Proof. Let ¢ € {1,2,...,p}. If a; # 0, write a; as a; = s;1;, where s; is the largest factor of a; such
that ged(s;, k) = 1; if a; = 0, set s;, = 1 and r; = k. Let 4,5 € {1,2,...,p} with ¢ # j. Then
ged(ri,rj) = 1 (since ged(as, ;) is a unit in Zy). Let by, ba,...,b, be any integers. By the Chinese

Remainder Theorem, the system of congruences

x=>b; (mod 1)

x =by (mod r3)

x=b, (modr,),

has a solution, say = = g. Let i € {1,2,...,p}. If a; # 0, set h; = Sibi@% and note that h; is an
integer (since r; divides b; — g in Z); if a; = 0, set h; = 1. Suppose a; # 0. Then

bi — sig

S
8ig + aihi = 8ig + a;— = 5ib;.

a;
Since ged(s;, k) = 1, s; has the inverse sl-_l in Zy, and so s;g + a;h; = s;b; implies g + ai(si_lhi) =b;
(mod k). Note that g + a;(s; 'h;) = b; (mod k) is also true if a; = 0. Hence x = g, x1 = s 'hy, x2 =

—1 I | . . .
Sy ho,..., xp =35, hy is a desired solution. O

Lemma 5.7. Let o, 8 € S, such that aff = Ba and B satisfies (A). Suppose v € C(a) N C(B). Let
01,09, ...,0, be pairwise distinct non-special cycles in B, each consisting of k-cycles in a. Then there
is an integer g > 0 such that for every j € {1,...,p}, there is an integer t; > 0 such that for every
x € cont(b;), xy = x(adph).

Proof. Let j € {1,...,p}. Let §; = (5(()j) 59), . 57(7? 1), with 59 = (xé’j lej . m?{il) By Lemma 5.1,

0 e ‘ . )
xg’]'y € cont(f;). Let xg’]y = xg;?”, azg’]/Bwf = :L‘;L;JJ, aj = a(;) (so xg’JﬁmJ' = 9:2;7), and b; = sj — ¢
(mod k) with b; € {0,1,...,k — 1}. By A(i), for all distinct ji,j2 € {1,...,p}, ged(a;,,aj,) is a unit
in Zy. Thus, by Lemma 5.6, there is g € {0,1,...,k — 1} such that for every j € {1,...,p}, there is

vj € {0,1,...,k— 1} such that g+ a;v; = b; (mod k). Let j € {1,...,p} and set t; = w; +v;m; > 0.
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Then
757 (@15%) = (ag? BT ) = (! ) (B ) = wih (B a)
Wy 7.7 w’:j . w'vj _ ’LU‘,j _ 07.7
= Ty bty = xbjj+qj =x g, = T = X"
Hence, by Lemma 5.2, zy = z(a98%) for every x € cont(6;). O

Lemma 5.8. Let , 5 € S, such that aff = Ba and B satisfies (A) and (B). Suppose v € C(a)NC(B).
Let | > 1 and let 01,02, ...,0, be pairwise distinct non-special cycles in B such that for every j €
{1,...,p}, 6; consists of kj-cycles in o and [(§;) = 1. Then there is an integer t > 0 such that for
every j € {1,...,p}, there is an integer hj > 0 such that for every x € cont(6;), vy = z(ahipt).

Proof. Let j € {1,...,p}. Let 6; = (58” (5?) e 67(7271), with 62-0) = (xé’j xllj . x;c]]_l) By Lemma 4.8,
ag contains a cycle p; = (U(()j) a%j)... O'L(i?il) with cont(u;) = cont(6;), O'z(j) = (yO’J yi’] y?’jl)
yg’] = ZL‘O , and y, 0d gl = yc , where ¢; = ¢(6;). Since cont(u;) = cont(6;), yo Ty = :130 o € cont(u;)
by Lemma 5.1. Let y, 0d = ysf’], yo’j Wi = quJ’J and b; = s; —¢; (mod 1) with b; € {0,1,...,1—1}.
By (B), for all distinct ji,j2 € {1,...,p}, ged(cj,,¢j,) is a unit in Z;. Thus, by Lemma 5.6, there
is t € {0,1,...,1 — 1} such that for every j € {1,...,p}, there is v; € {0,1,...,1 — 1} such that
t+cju; =b; (mod ). Let j € {1,...,p} and set h; = wj + v;d; > 0. Then

07 (a"8") = (4o awﬁ“jdf)/ft:(y”’ja“fdw(aw]ﬂt):yﬁ;f;jmwfﬂt)

_ i wj. wij — %
= Yvjej+a+t = Yoj+q; = Ysj—aj+e; = vs,” ="

Recall that yg’j = xg’j € cont(6;). Hence, by Lemma 5.2, 2y = z(a/ 8?) for every z € cont(6;). O
Let «, 8 € S, such that a8 = Sa and f satisfies (A)—(C). Suppose v € C(a) N C(3). Lemmas 5.1
5.8 will enable us to prove that v = 172 for some v; € C?(a) and 42 € C?(). To define suitable v

and 2, we will need the following preliminary definitions and accompanying lemmas.

Definition 5.9. Let o, 5 € S, such that a8 = fa. For every integer k > 1, let Di be the set of all
non-special cycles 6 in (B, such that 6 consists of k-cycles in o and there exists a non-special cycle
0’ # 0 in B, such that 6 consists of k-cycles in o and [(6') = [(6).

Lemma 5.10. Let a, 3 € S,, such that aff = Ba and B satisfies (A)—(C), and let v € C(a) N C(B).
Suppose Dy, # 0. Then k > 3 and |Dg| = 2. Moreover, if Dy, = {¢lk), (ﬁ(k)} then each QSEk) is a 1-cycle
in Bu, and there are integers uy, vy > 0 such that vy = x(a"k %) for every x € cont(qﬁgk))Ucontwgk)).

Proof. We have k > 3 by (A)(ii), and |Dg| = 2 by (C). Suppose Dy, = {qﬁgk), gk)} Then each qﬁl(.k) is
a l-cycle in 8, by (A)(ii), and the desired ug, vy > 0 exist by Lemma 5.5. O

Definition 5.11. Let «, 8 € S, such that a8 = Sa. For every integer k > 1, let Aj be the set of
all non-special cycles € in 3, such that 6 consists of k-cycles in a, 6 ¢ Dy, and exactly one of the

following conditions is satisfied:
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(a) there exists a non-special cycle 6’ # 6 in 3, such that 6’ consists of k-cycles in «; or
(b) 6 is the only non-special cycle in 3, of length k, and there does not exist a non-special cycle
0’ # 6 in 3, such that 1(6') = 1(0).

We will write Ay, as A, = {9§k), 0§k), . ,9%,1}. Note that if (b) holds, then mj = 1.

The following result follows immediately from Lemma 5.7.

Lemma 5.12. Let o, f € S,, such that af = pa and B satisfies (A) and (B), and let v € C(a)NC(B).
Suppose k > 1 is such that A, = {Hgk),é’ék), .. .,97(7]2} # (). Then there are non-negative integers g
and 8tk .. tE  such that 2y = x(ozgkﬁtf) forallie {1,2,...,my} and z € COIlt(QZ(k)).

mp

Definition 5.13. Let «,8 € S, such that a8 = Ba. For every integer [ > 1, let B; be the set
of all non-special cycles p in B, such that {(u) = 1 and p ¢ ;> (Dr U Ag). We will write B; as

l l l
B = {Mg)aﬂg)> s Hu?(lz)}
The following result follows immediately from Lemma 5.8.

Lemma 5.14. Let o, 5 € S,, such that af = pa and B satisfies (A) and (B), and let v € C(a)NC(B).
Suppose | > 1 is such that By = {,ugl),,ug), ey u,(fl)} # (). Then there are non-negative integers s; and

Ry R, ... bl such that xy = x(ozhéﬂsl) forall j € {1,2,...,m} and x € Cont(ugl)).

) ny

Finally, we denote by & the set of special cycles in f, (see Definition 4.9 and Lemma 4.10).

Lemma 5.15. Let o, B € S, such that a8 = Ba and B satisfies (A)—(C). Then:

(1) the sets U~y Prs Uk>1 Ak, Ujsq Bi, and € are pairwise disjoint, and every 6 in B, is in one
of these set;; B B

(2) for all k,l > 1, if Ax # (0, then Dy, = 0 and B; does not contain any elements consisting of
k-cycles in a;

(3) for all k,1 > 1, if D, # 0, then By does not contain any elements consisting of k-cycles in «;

(4) for all k > 1, J;» Bi contains at most one element consisting of k-cycles in a;

(5) for alll > 1, if@l and 6y are distinct non-special cycles in o with | = 1(01) = 1(62), then
either 61,02 € By or 61,09 € D;.

Proof. The sets are pairwise disjoint by their definitions. Let 6 be a non-special cycle in 3, consisting
of k-cycles in o with [ = [(6). If there is a non-special cycle 6/ # 6 in S, such that 6" consists of
k-cycles in o and [(0') = I, then 6 € Dy. Otherwise, either § € A, or § € B;. We have proved (1).

Let k,1 > 1. If Ay # 0, then Dy = 0 by (C), and B; does not contain any element consisting of
k-cycles in a by Definitions 5.11 and 5.13. If Dy, # (), then B; does not contain any element consisting
of k-cycles in o by (C). We have proved (2) and (3).

Suppose to the contrary that there is £ > 1 such that Ul21 B; contains distinct 6 and 6’ consisting of
k-cycles in a. By (3), D =0, so 6,60" ¢ Dy. Thus, by the definition of Ay, 6 € A, which contradicts
(2). We have proved (4).
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Let [ > 1 and let 8; and 63 be distinct non-special cycles in 3, consisting of cycles in « of length k

and ko, respectively, with [ = [(01) = [(02). If 61,02 € Dy, then the conclusion of (5) is true. Suppose
0; ¢ Dy for some i € {1,2}. We may assume that 6; ¢ D;. Suppose to the contrary that 6, € D;. By
Definition 5.9, there exists 03 € D; with 03 # 65. But then the existence of 65, 03, and 61 contradicts

(C). Hence 62 ¢ D;.

We now have 601,02 ¢ D;. Suppose to the contrary that 61 € Ag,. By (2), Di, = 0, so k1 # ko (since
otherwise #; and 02 would be in Dy, ). Since [(62) = 1(61), 01 does not satisfy (b) of Definition 5.11.
Thus, there is 63 € A, such that 65 # 6. But then the existence of 63, 61, and 02 contradicts (C).
O

Hence 6, € B;. Similarly, 62 € B;. We have proved (5).

We can now define 7; and -2 (see the paragraph before Definition

5.9).

Definition 5.16. Let «, 8 € S,, such that af = pa and [ satisfies (A)—(C) of Theorem 4.11, and let

v € C(a)NC(B). To define v, and 2, in addition to the integers uy, vg, gx, t , 81, hl from Lemmas 5

5.12, and 5.14, we will use two additional integers p and gq.

Recall from Definitions 5.11 and 5.13 that we write Ay = {ng), ng), .

}and B = {H1 » 2

@)

10,

P

!
9 :U’gll)

By Lemma 5.15(4), ;> By contains at most one element consisting of 2—cycles in a. We will denote

(1(2))

this element (if it exists) by u; i(2) - By Lemma 5.15(1)(5), Up>1 Ak contains at most one element ¢

with [(f) = 2. We will denote this element (if it exists) by 91(?2()2 25

We now define integers p, ¢ > 0 by:

g2 if Ay #0,
p= hz.(é)) if U;>1 Bi contains an element consisting of 2-cycles in «,
0 otherwise;
59 if By # 0,
q= tl(é()z)) if Uj>1 Ak contains an element 6 with 1(6) = 2,
\ 0 otherwise.

The integers p and q are well defined by Lemma 5.15. Define 1,y : X — X by:
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x Y% ifx € cont(qﬁgk)) U cont(gb2 ) for some k > 3,

2Bt if x € cont(@z(k)) for some k > 1 and i € {1,2,...,my},

x5 ifxe cont(ugl)) for some [ > 1 and j € {1,27 NS
zy2 = x(a™Py) if x € cont((y1y2)) €

x 1 if x € cont(((z1) (= ))) €é,

x if z € cont(((x1))) € £ and X§ = {x1, 22},

xy if x € cont(((y1))) € € and | Xg| # 2.

By Lemmas 5.15 and 5.10, 1 and 72 are well defined functions from X to X.

Lemma 5.17. Let o, 8 € Sy, such that aff = fa and § satisfies (A)—(C), let v € C(a) NC(S). Let m
and o be the functions from Definition 5.16. Then v = v1v2 and 1,72 € Sp.

Proof. Let x € X. Suppose = € cont(Hz(k)) for some k > 1 and i € {1,2,...,mg}. Then za% €
cont(ﬁg )), and so z(7172) = (z71)y2 = (xadk)yy = (acoﬂk)ﬁti'c = x(agkﬁtf). On the other hand,
by Lemma 5.12, zvy = x(agkﬁtf). Thus zv = x(v172). By similar arguments, zy = z(y17y2) for
x € Cont(qbgk)) Ucont(qﬁék)) (k > 3), and for x € cont(u ()) (l>1andje€ {1,2,...,m}). Ifx €
cont((y1 y2)) € &, then zy = x(1y2) by the definitions of v; and 2. Suppose x € cont((( 1) (z2))) € €.
Then X¢ = {z1,22} (by Lemma 4.10), and so z(y57%) € cont(((z1) (x2))) since 8,7 € C(«). Thus
z(11y2) = z(yB7189) = xy. Similarly, v = z(y172) if © € cont(((z1))) € € and X} = {z1,x2}.
Finally, if 2 € cont(((y1))) € € and |X¢| # 2, then z(y172) = 22 = 7. Hence v = y172.

Since v is a bijection from X to X and 7 = 7179, 71 is injective and ~5 is surjective. Thus v; and

7o are bijections since X is finite. That is, v1,v2 € Sy,. O
The next two lemmas show that v; € C%(a) (see Lemma 2.4).

Lemma 5.18. Let a, 3 € S, such that aff = Ba and 5 satisfies (A)—(C), let v € C(a) N C(B). Let
v1 be the function from Definition 5.16. Then for every integer k > 2, there is an integer wy > 0 such

that xy1 = xa®* for every x € X%.

Proof. Let k > 2. We my assume that X% # ). Consider four possible cases.
Case 1. A # 0.

By Lemma 5.15(2), Dy, = 0 and UZZI B, does not contain any element that consists of k-cycles in
a. Thus X¢ = U2 lcont(e( )) or k =2 and X% = U cont (6, o~ ) U{y1,y2}, where ((y1y2)) € €. In
either case, by the definition of p, xy1 = a9 for every x € X7.

Case 2. D), # 0.

By Lemma 5.15(2)(3), Ax = 0 and U5, B does not contain any element that consists of k-cycles
in @. By Lemma 5.10, k > 3. Thus X¢ = cont(q§1 ) U cont(gﬁgk)), and so zy; = o for every x € X7.

Case 3. A, UD; = and (J;>1 Bi contains an element that consists of k-cycles in a.
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g-l). Thus
X = cont(,u;»l)), or k=2and X} = cont(,ug»l)) U{y1,y2}, where ((y1y2)) € €. Note that if &k = 2, then

,ug.l) = ugl((;))) . Thus, in either case, by the definition of p, xvy; = o™ for every x € X%.

By Lemma 5.15(4), ;> B; contains a unique element that consists of k-cycles in a, say p

Case 4. A, UD;, = () and U121 B; does not contain any element that consists of k-cycles in a.

Then X¢ = {y1,y2}, where ((y1y2)) € €, and so zy; = za? = za? for every x € X¥. O

Lemma 5.19. Let o, 8 € S,, such that aff = o and [ satisfies (A)—(C), let v € C(a)NC(B). Let v
be the function from Definition 5.16. Then:

(1) if | X9| # 2 and z € X3, then vy = x;
(2) if X§ = {x1, 2} with x1 # x2, then either x;y1 = x; for i = 1,2, or x1y1 = T2 and x2y1 = x1.

Proof. Suppose |X¢| # 2 and x € X¢. By the definition of v, 271 = zal, where t € {ug, gr, hé»,p}, or
xy1 = x. Thus (1) is true since « fixes x. To prove (2), suppose X = {z1,x2} with x; # x2. Then,
by Lemma 4.10, 3, has a special 2-cycle ((z1) (x2)) or two special 1-cycles ((z1)) and ((x2)). Since
v € C(w), in either case, v maps {x1,z2} onto {x1,z2}. The same statement is true for 5. Hence, v

maps {z1,x2} onto {1, x2} by Definition 5.16. O
The next two lemmas show that v, € C%(3) (see Lemma 2.4).

Lemma 5.20. Let a, 3 € S, such that aff = fa and 5 satisfies (A)—(C), let v € C(a) N C(B). Let
Yo be the function from Definition 5.16. Then for every integer I > 2, there is an integer w; > 0 such
that xyy = xB"Yt for every x € Xf.

Proof. Let I > 2. We my assume that XZB # (). By Lemma 4.8, for every z € X, z € XZ’B if and only if

x € cont(d), where 6 is a cycle in 8, with [(f#) = [. Consider four possible cases.
Case 1. B; # ().

Let z € Xlﬁ. Then = € cont(#) for some 6 in 3, consisting of k-cycles in « such that I(f) = [. By
0
J

special, then, since 8 moves x, 8 = ((x1) (z2)) € €. Tt follows that XIB =U;L cont(,ug-l)), or | =2 and

XZB = U;”Zl cont(ug-l)) U{z1,z2}, where ((x1) (z2)) € €. In either case, by the definition of ¢, xys = £

for every x € Xlﬁ.
Case 2. B; = ) and [, Ay contains a cycle 6 with [(¢) = [.

Lemma 5.15(2)(3), A and Dy are empty. Thus, if € is not special, then § = p:’ for some j. If 6 is

By Lemma 5.15(1)(5), 0 is a unique element in {J;; A such that I(0) = [, say 0 = 91@), and
Ugs1 D does not contain any cycle 6" with 1(¢") = [. Thus Xlﬁ = cont(@gk)), or [ = 2 and XIB =

7

cont(GEk)) U {x1,z2}, where ((z1) (z2)) € €. Note that if | = 2, then ng) = 9;?2()2)). Thus, in either
case, by the definition of g, o = 5t§ for every = € Xlﬁ.

Case 3. B, = ) and ;> Dy, contains a cycle 0 with 1(0) = [.

DOI: http://dx.doi.org/10.22108/ijgt.2020.122036.1603


http://dx.doi.org/10.22108/ijgt.2020.122036.1603

Int. J. Group Theory, 10 no. 3 (2021) 103-124 J. Konieczny = 123

Let k be such that 8 € Dy. By Definition 5.9 and Lemma 5.10, k > 3, Dy = {(ﬁgk),gtgk)}, and
l(¢§k)) = l(qﬁgk)) = [. By Lemma 5.15(1)(5), k = [ and (J;>, Ak does not contain any cycle ¢’ with
[(¢") = 1. Tt follows that Xlﬁ = cont(qﬁgl)) U cont(qﬁg)), and so zye = xfY for every z € Xf.

Case 4. By = ) and ;> Dr. U Uj>; Ak does not contain a cycle 6 with [(0) = 1.
Then Xlﬂ = {x1, 22}, where ((71) (72)) € £, and so zyo = x4 = ° for all = € Xlﬂ. O

Lemma 5.21. Let o, 5 € S,, such that aff = pa and B satisfies (A)—(C) of Theorem 4.11, and let
v e C(a)NC(B). Let vy be the transformation from Definition 5.16. Then:

(1) if ‘Xlﬁ| #2and x € Xlﬁ, then xvyy = x;
(2) Zf XIIB == {yl;y?} U)Zth y]_ % y2, th@n eithe?" %'72 = y’L fOT”L' = ]_’2, or ylzyz — y2 and erYQ — y]_

Proof. Suppose |X16\ #2and x € Xlﬁ. By the definition of 42, 272 = 3, where s € {vy, t¥, 51, ¢}, or
xy2 = x. Thus (1) is true since S fixes z. To prove (2), suppose Xl’B = {y1,y2} with y; # y2. Then,
by Lemma 4.10, 8, has a special 1-cycle ((y1y2)) or two special 1-cycles ((y1)) and ((y2)). In the
latter case, y1v2 = y1 and y2y2 = y2 by Definition 5.16. Suppose [, has a special 1-cycle ((y1 y2)).
Since v € C(B) and y1,y2 are the only fixed points of 5, v maps {y1,y2} onto {y1,y2}. Since (y1y2)
is a 2-cycle in «, y1o¢ = y2 and yox = y1. Hence a Py maps {y1,y2} onto {y1,y2}, and so does y2 by
Definition 5.16. OJ

We can now complete the proof of our main theorem.

Proof of Theorem 4.11. We will show that C?(a)C?(8) = C(a) N C(B). By Proposition 1.2,
C%(a)C?(B) C C(a) N C(B). To prove the reversed inclusion, let v € C(a) N C(B). By Lemma 5.17,
Y = 7172, where 1 and 79 are the functions from Definition 5.16. By Lemmas 5.18, 5.19, and
Lemma 2.4, v; € C%(a). By Lemmas 5.20, 5.21, and Lemma 2.4, v € C?(3). Thus v € C?(a)C?(B),
and so C(a) N C(B) C C%(a)C?(B). Hence, by (5.1), C?(a)C?(/3) is a maximal abelian subgroup of
Sp. O

We conclude the paper with the following problem.

Problem. Let a, 3 € S, such that C?(a) # C(a) and 3 € C(a)\C?(a). Find sufficient and necessary

conditions for C?(a)C?(B) to be a maximal abelian subgroup of S,,.
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