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MAXIMAL ABELIAN SUBGROUPS

OF THE FINITE SYMMETRIC GROUP
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Abstract. Let G be a group. For an element a ∈ G, denote by C2(a) the second centralizer of a

in G, which is the set of all elements b ∈ G such that bx = xb for every x ∈ G that commutes with a.

Let M be any maximal abelian subgroup of G. Then C2(a) ⊆ M for every a ∈ M . The abelian rank

(a-rank) of M is the minimum cardinality of a set A ⊆ M such that
∪

a∈A C2(a) generates M . Denote

by Sn the symmetric group of permutations on the set X = {1, . . . , n}. The aim of this paper is to

determine the maximal abelian subgroups of Sn of a-rank 1 and describe a class of maximal abelian

subgroups of Sn of a-rank at most 2.

1. Introduction

Much effort has been devoted to the study of maximal subgroups of the symmetric group Sn (see,

for example, [4, 7, 8]). In this paper, we will be interested in maximal abelian subgroups of Sn, that is,

abelian subgroups of Sn that are not properly included in any abelian subgroup of Sn. Of the latter

subgroups relatively little is known: the abelian subgroups of Sn of maximum order were classified

in [1, 2]; lower and upper bounds for the number of maximal abelian subgroups of Sn were found in

[3]; and it was proved in [9] that maximal elementary abelian subgroups of Sn are maximal abelian

subgroups of Sn if and only if they have at most one fixed point.
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In this paper, we describe a method of constructing some maximal abelian subgroups of Sn. Our

approach, which uses the notion of the abelian rank of a maximal abelian subgroup (see Definition 1.1),

may perhaps be helpful in finding some maximal abelian subgroups of other groups as well.

Let G be a group. For a ∈ G, the sets C(a) = {x ∈ G : ax = xa} and C2(a) = {b ∈ G :

bx = xb for every x ∈ C(a)} are called, respectively, the (first) centralizer and second centralizer of a

in G. It is easy to see that C2(a) ⊆ C(a), C(a) is a subgroup of G, and C2(a) is an abelian subgroup

of G. Note that C2(a) is equal to Z(C(a)), the center of C(a).

Let K be a non-empty subset of a group G. We denote by C(K) the centralizer of K in G, that is,

C(K) =
∩

a∈K C(a). Then

(1.1) K is a maximal abelian subgroup of G ⇔ K = C(K).

Let M be a maximal abelian subgroup of G. Then C2(a) ⊆ M for every a ∈ M [6]. Indeed, let

a ∈ M . Since M is abelian, M ⊆ C(a). Thus, by (1.1), M = C(M) ⊇ C(C(a)) = C2(a). This fact

motivates the following definition.

Definition 1.1. Let M be a maximal abelian subgroup of a non-abelian group G. We define the

abelian rank of M (a-rank for short) as the minimum cardinality of a set A ⊆ M such that
∪

a∈AC2(a)

generates M .

Our approach will depend on the following basic facts about the centralizers. For non-empty subsets

A1, A2, . . . , Am of a group G,

A1A2 · · ·Am = {x1x2 · · ·xm : x1 ∈ A1, x2 ∈ A2, . . . , xm ∈ Am}.

Proposition 1.2. Let A be a non-empty subset of a group G such that the elements of A pairwise

commute, and let M = ⟨
∪

a∈AC2(a)⟩. Then:

(1) M is an abelian subgroup of C(A);

(2) M is a maximal abelian subgroup of G ⇔ M = C(A);

(3) if A = {a1, a2, . . . , am} is finite, then M = C2(a1)C
2(a2) · · ·C2(am).

Proof. Let a1, a2 ∈ A, x1 ∈ C2(a1), and x2 ∈ C2(a2). For every a ∈ A, we have a1a = aa1, so

x1 ∈ C2(a1) implies x1a = ax1, that is, x1 ∈ C(a). It follows that
∪

a∈AC2(a) is a subset of
∩

a∈AC(a).

Further, since a1a2 = a2a1 and x1 ∈ C2(a1), we have x1a2 = a2x1. Thus, since x2 ∈ C2(a2), we have

x1x2 = x2x1. Hence the elements of
∪

a∈AC2(a) pairwise commute, and (1) follows.

To prove (2), we claim that C(M) = C(A). We have C(M) ⊆ C(A) since A ⊆ M . If x ∈ C(A)

and b ∈ C2(a), where a ∈ A, then x and b commute, so x ∈ C(
∪

a∈AC2(a)). Since M is generated by∪
a∈AC2(a), we have C(

∪
a∈AC2(a)) = C(M), which implies C(A) ⊆ C(M).

To prove (3), suppose A = {a1, a2, . . . , am}, and let xi ∈ C2(ai) for i ∈ {1, 2, . . . ,m}. By (1),

xixj = xjxi for all i, j. Hence any product of elements of C2(a1) ∪ · · · ∪ C2(am) can be written as a

product of elements of C2(a1), followed by a product of elements of C2(a2), . . ., followed by a product

of elements of C2(am). The result follows since each C2(ai) is a subgroup of G. □
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By Proposition 1.2, ifM is any maximal abelian subgroup ofG of a-rankm, thenM = C2(a1) · · ·C2(am)

for some commuting elements a1, . . . , am of G. This fact suggests the following method of finding max-

imal abelian subgroups of G of a-rank 1 and 2.

(a) Describe the elements of C(a) and C2(a) for an arbitrary a ∈ G.

(b) Characterize the elements a ∈ G such that C2(a) = C(a). Such elements a will determine all

maximal abelian subgroups of G of a-rank 1, namely the second centralizers C2(a).

(c) Select any a ∈ G such that C2(a) ̸= C(a) and any b ∈ C(a) \ C2(a) such that C2(a)C2(b) =

C(a) ∩ C(b). Any such pair (a, b) will determine a maximal abelian subgroup of G of a-rank

at most 2, namely C2(a)C2(b).

(d) For every pair (a, b) as in (c), go through the elements x ∈ C2(a)C2(b) checking if C(x) =

C2(x). The groups C2(a)C2(b) for which no such x exists are the maximal abelian groups of

a-rank 2.

Regarding (c), we select b /∈ C2(a) since otherwise C(a) ⊆ C(b), and so C2(a)C2(b) = C(a) ∩ C(b)

is equivalent to C2(a) = C(a), which contradicts the choice of a. Thus to obtain a maximal abelian

subgroup of G of a-rank 2, we must select b /∈ C2(a). However, even with such a b, we cannot claim

that C2(a)C2(b) that is equal to C(a)∩C(b) has a-rank exactly 2. The reason is that there may exist

x ∈ C2(a)C2(b) such that C2(x) = C(x). Hence, to obtain the maximal abelian subgroups of a-rank

exactly 2, (d) must be performed.

The purpose of this paper is to use the approach described above to construct all maximal abelian

subgroups of Sn of a-rank 1, and a class of maximal abelian subgroups of Sn of a-rank at most 2. In

Section 2, we present a known descriptions of the first and second centralizers of the elements of Sn, and

fix a notation that will be used throughout the paper. In Section 3, we describe all maximal abelian

subgroups of Sn of a-rank 1 (Theorem 3.1). Our description follows easily from Proposition 1.2 and

the work done in [6]. In Section 4, we construct a class of maximal abelian subgroups of Sn of a-rank at

most 2 (Theorem 4.11). The construction is in terms of selecting α ∈ Sn such that C2(α) ̸= C(α), and

β ∈ C(α)\C2(α) such that β satisfies three conditions (A), (B), and (C) (stated before Theorem 4.11)

that are sufficient for C2(α)C2(β) to be a maximal abelian subgroup of Sn. We apply Theorems 3.1

and 4.11 to constructing all maximal abelian subgroups of S6 up to conjugation (Example 4.13). We

also prove that two of the sufficient condition, (A) and (B), are also necessary for C2(α)C2(β) to be

a maximal abelian subgroup of Sn (Propositions 4.15, 4.16, and 4.17). The proof of Theorem 4.11,

which is quite technical, is presented in Section 5.

2. First and second centralizers of Sn

The first and second centralizers in Sn were described in [10] and [6], respectively. These descriptions

are in terms of the decomposition of α ∈ Sn into cycles.

Definition 2.1. Let 2 ≤ k ≤ n, and x0, x1, . . . , xk−1 be pairwise distinct elements of X = {1, . . . , n}.
As usual, (x0 x1, . . . xk−1) will denote δ ∈ Sn such that xiδ = xi+1 for all i ∈ {0, 1, . . . , k − 2},
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xk−1δ = x0, and xδ = x for all other x ∈ X. Any such element is called a cycle of length k (or a

k-cycle). For x ∈ X, (x) will denote the set {x}. Any such subset will be called a 1-cycle.

For the remainder of the paper we will fix the following notation.

Notation 2.2. For α ∈ Sn and 2 ≤ k ≤ n, we denote by ∆k
α the set of k-cycles in the cycle

decomposition of α. In addition, we denote by ∆1
α the set {(x) : x ∈ X and xα = x}, and include

these 1-cycles (viewed each as the identity on X) in the cycle decomposition of α. We will denote by

∆α the union
∪n

k=1∆
k
α.

Finally, given α ∈ Sn, we split the set X into the following pairwise disjoint subsets:

Xα
1 = {x ∈ X : xα = x},

Xα
k = {x ∈ X : xδ ̸= x for some δ ∈ ∆k

α}, where 2 ≤ k ≤ n.

In other words, Xα
1 is the set of fixed points of α and, for each k ≥ 2, Xα

k consists of all elements of X

that lie on some k-cycle in α.

The following two lemmas describe the first and second centralizers in Sn.

Lemma 2.3. ([10, p. 295]) Let α, β ∈ Sn. Then β ∈ C(α) if and only if for all k ≥ 1 and δ =

(x0 x1 . . . xk−1) ∈ ∆k
α, β

−1δβ = (x0β x1β · · · xk−1β) ∈ ∆k
α.

Lemma 2.3 is an elementary and well-known result in group theory. In fact, more is known. If

α ∈ Sn has r-cycles, with mi cycles of length ki (1 ≤ i ≤ r), then C(α) ∼= (Zk1 ≀Sm1)×· · ·×(Zkr ≀Smr),

where Zki is the cyclic group with ki elements and Zki ≀Smi is the wreath product of Zki and Smi [10,

p. 296].

For a set A, idA will denote the identity map on A.

Lemma 2.4. ([6, Theorem 3.5]) Let α, β ∈ Sn, and let Xα
1 and Xα

k, where k ≥ 2, be the sets defined

in Notation 2.2. Then β ∈ C2(α) if and only if:

(1) for each integer k with 2 ≤ k ≤ n, there exists an integer wk such that 0 ≤ wk < k and

β|Xα
k
= αwk |Xα

k
;

(2) if |Xα
1 | ̸= 2, then β|Xα

1
= idXα

1
;

(3) if Xα
1 = {x1, x2} with x1 ̸= x2, then β|Xα

1
= idXα

1
or β|Xα

1
= (x1 x2).

Lemma 2.5. ([6, Theorem 5.2]) Let α ∈ Sn. Then C2(α) = C(α) if and only if |∆1
α| ≤ 2 and |∆k

α| ≤ 1

for all k ≥ 2.

3. Maximal abelian subgroups of Sn of a-rank 1

Using Proposition 1.2 and Lemmas 2.4 and 2.5, we can construct all maximal abelian subgroups of

Sn of a-rank 1.
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Theorem 3.1. Select α ∈ Sn such that α has at most two fixed points and at most one k-cycle for

every k ∈ {2, 3, . . . , n}. Then C2(α) is a maximal abelian subgroup of Sn of abelian rank 1. Moreover,

every maximal abelian subgroup of Sn of abelian rank 1 can be constructed this way.

Proof. Suppose α ∈ Sn such that |∆1
α| ≤ 2 and |∆k

α| ≤ 1 for all k ≥ 2. Then C2(α) = C(α) by

Lemma 2.5, and so C2(α) is a maximal abelian subgroup of Sn of a-rank 1 by Proposition 1.2 and

Definition 1.1.

Suppose M is a maximal abelian subgroup of Sn of a-rank 1. Then, by Definition 1.1, there is

α ∈ M such that M = ⟨C2(α)⟩ = C2(α). Thus, by Proposition 1.2, C2(α) = C(α), and so α has the

desired properties by Lemma 2.5. □

Example 3.2. Consider α1 = (1 2)(3 4 5) and α2 = (1 2)(3 4 5 6) in S6. By Theorem 3.1, C2(α1) and

C2(α2) are maximal abelian subgroups of S6 of a-rank 1. Moreover, by Lemma 2.4,

C2(α1) = {(1 2)k(3 4 5)m : 0 ≤ k ≤ 1, 0 ≤ m ≤ 2} = {(1), (3 4 5), (3 5 4), (1 2), (1 2)(3 4 5), (1 2)(3 5 4)},

C2(α2) = {(1 2)k(3 4 5 6)m : 0 ≤ k ≤ 1, 0 ≤ m ≤ 3}

= {(1), (3 4 5 6), (3 5)(4 6), (3 6 5 4), (1 2), (1 2)(3 4 5 6), (1 2)(3 5)(4 6), (1 2)(3 6 5 4)}.

Note that C2(α1) is cyclic, but C
2(α2) is not.

We can easily find the structure of any maximal abelian subgroup of Sn if a-rank 1. Let α ∈ Sn

be as in Theorem 3.1. Let p be the number of fixed points of α and {k1, . . . , kr} be the set of lengths

of cycles in α, where each ki ≥ 2. Then p ≤ 2 and α has exactly one cycle of length ki. Thus, by

Lemma 2.4,

C2(α) ∼= Zp × Zk1 × · · · × Zkr ,

where, since p can be 0, we define Z0 to be the trivial group. For example, if α1 = (1 2)(3 4 5) and

α2 = (3 4 5) are permutations in S5, then C(α1) ∼= C(α2) ∼= Z2 × Z3.

4. Maximal abelian subgroups of Sn of a-rank at most 2

In this section, we construct a class of maximal abelian subgroups of Sn of a-rank at most 2 (see

Theorem 4.11). Any such subgroup must be of the form C2(α)C2(β) for some (carefully selected) α, β ∈
Sn (see Definition 1.1 and Proposition 1.2). We formulate sufficient conditions for C2(α)C2(β) to be a

maximal abelian subgroup of Sn (see (A), (B), and (C) before Theorem 4.11), state Theorem 4.11 in

terms of these conditions, and prove that (A) and (B) are also necessary. The proof of Theorem 4.11,

which is quite technical, is presented in Section 5. To understand (A)–(C), we need some definitions

and results.

Definition 4.1. Let α ∈ Sn. By Lemma 2.3, C(α) acts on ∆α (and ∆k
α) by conjugation. For

β ∈ C(α), denote by βα the permutation of ∆α induced by β. That is, if δ = (x0 x1 . . . xk−1) ∈ ∆α,

then δβα = β−1δβ = (x0β x1β . . . xk−1β).
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For any set A, we denote by Sym(A) the symmetric group of permutations of A. With this no-

tation, βα from Definition 4.1 is an element of Sym(∆α). Note that if θ is a cycle in βα, then

θ = (δ0 δ1 . . . δm−1), where the δi are k-cycles in α for some fixed k ≥ 1.

Definition 4.2. Let α, β ∈ Sn with αβ = βα. Suppose θ = (δ0 δ2, . . . δm−1) is a cycle in βα. The

content of θ is defined as the following subset of X:

(4.1) cont(θ) = {x ∈ X : x lies on some δi}.

Example 4.3. Let X = {1, . . . , 8} and consider α = (1 2)(3 4)(5 6)(7)(8) ∈ S8. Let β = (1 3 2 4)(7 8).

Then β ∈ C(α) and βα = θ1θ2θ3, where θ1 = ((1 2) (3 4)), θ2 = ((5 6)), and θ3 = ((7) (8)), with

cont(θ1) = {1, 2, 3, 4}, cont(θ2) = {5, 6}, and cont(θ3) = {7, 8}.

The following lemma is obvious by Definition 4.1.

Lemma 4.4. Let α, β, γ ∈ Sn with β, γ ∈ C(α). If βγ = γβ, then βαγα = γαβα.

For an integer k ≥ 1, we denote by Zk the cyclic group of integers modulo k.

Lemma 4.5. Let k ≥ 1 be an integer, a ∈ {0, 1, . . . , k − 1}, d = gcd(a, k), and e = k
d . Then, there is

a unique s ∈ {0, 1, . . . , e− 1} such that sa = d (mod k).

Proof. In Zk, we have ⟨a⟩ = ⟨d⟩ and |⟨d⟩| = e. The result follows. □

Definition 4.6. Let α, β ∈ Sn with αβ = βα. Suppose θ = (δ0 δ1 . . . δm−1) is a cycle in βα consisting

of k-cycles in α with δ0 = (x0 x1 . . . xk−1). We denote by a(θ), d(θ), l(θ), and c(θ) the following

integers:

(1) a(θ) is the unique integer a ∈ {0, 1, . . . , k − 1} such that x0β
m = xa;

(2) d(θ) = gcd(a, k), where a = a(θ);

(3) l(θ) = mk
d , where d = d(θ);

(4) c(θ) = ms, where a = a(θ), d = d(θ), e = k
d , and s ∈ {0, 1, . . . , e − 1} is such that sa = d

(mod k) (see Lemma 4.5).

Remark 4.7. By Lemma 2.3, the integers a(θ), d(θ), l(θ), and c(θ) from Definition 4.6 do not depend

on the cyclical order of δ0, δ1, . . . , δm−1 in the cycle θ or the cyclical order of points within each cycle δi.

The following lemma clarifies the meaning of the integers d(θ), l(θ), and c(θ) from Definition 4.6.

Lemma 4.8. Let α, β ∈ Sn with αβ = βα. Suppose θ = (δ0 δ1 . . . δm−1) is a cycle in βα with

δi = (xi0 x
i
1 . . . xik−1). Let a = a(θ), d = d(θ), e = k

d , l = l(θ) = me, and c = c(θ). Then:

(1) β contains d disjoint l-cycles, σ0, σ1, . . . , σd−1, with σj = (yj0 y
j
1 . . . yjl−1) and yj0 = x0j (0 ≤ j <

d);

(2) αβ contains the cycle (σ0 σ1 . . . σd−1) and y00α
d = y0c ;

(3) cont(θ) = cont((σ0 σ1, . . . σd−1)).
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Proof. Let j ∈ {0, 1, . . . , d − 1}. Since x00β
m = x0a and αβm = βmα, we have x0jβ

m = x0j+a by

Lemma 2.3. Since the cyclic subgroup ⟨a⟩ of Zk has e elements: 0, a, . . . , (e− 1)a, the transformation

βm contains the e-cycle (x0j x
0
j+a, . . . x

0
j+(e−1)a), where the subscripts are calculated modulo k. Thus

β itself contains

(x0
j x

0
jβ . . . x0

jβ
m−1 x0

j+a x
0
j+aβ . . . x0

j+aβ
m−1 . . . x0

j+(e−1)a x
0
j+(e−1)aβ . . . x0

j+(e−1)aβ
m−1),

which is our desired l-cycle σj = (yj0 y
j
1 . . . yjl−1) with yj0 = x0j . It remains to show that the σj are

pairwise disjoint. Let j1, j2 ∈ {0, 1, . . . , d − 1} with j1 ≤ j2. Suppose that x0j2 lies on σj1 , that is,

x0j2 = x0j1+va for some v ∈ {0, 1, . . . , e − 1}. Then j2 − j1 = va (mod k). Since d divides both k and

a in Z, we obtain j2 − j1 = va = 0 (mod d), and so j2 − j1 = 0 since j2 − j1 ∈ {0, 1, . . . , d − 1}. We

have proved (1).

If j < d− 1, then yj0α = x0jα = x0j+1 = yj+1
0 , so σjαβ = σj+1. Further, y

d−1
0 α = x0d−1α = x0d = x0sa,

where s ∈ {0, 1, . . . , e−1} (see Lemma 4.5). Thus, since x0sa lies on the cycle σ0, we have σd−1αβ = σ0.

Hence (σ0 σ1 . . . σd−1) is a cycle in αβ. Consider the cycle

(4.2) σ0 = (x0
0 x

0
0β . . . x0

0β
m−1 x0

a x
0
aβ . . . x0

aβ
m−1 . . . x0

(e−1)a x
0
(e−1)aβ . . . x0

(e−1)aβ
m−1).

We have y00α
d = x00α

d = x0d = x0sa, where s is as in Lemma 4.5. The number of elements in the

cycle (4.2) to the left of x0sa is ms. Thus the index of y00α
d in σ0 = (y00 y

0
1 . . . , y0l−1) is ms = c (see

Definition 4.6). We have proved (2).

Finally, (3) is true since cont((σ0 σ1, . . . σd−1)) ⊆ cont(θ) and | cont((σ0 σ1, . . . σd−1))| = dl = mk =

| cont(θ)|. □

Our description of α and β in Theorem 4.11 such that C2(α)C2(β) is a maximal abelian subgroup

of Sn is in terms of relations between the cycles in βα. The latter may contain one or more of four

special cycles that are not involved in these relations. These cycles have to do with (3) of Lemma 2.4.

Recall that for α ∈ Sn, X
α
1 is the set of fixed points of α.

Definition 4.9. Let α, β ∈ Sn such that αβ = βα. Any cycle θ in βα such that cont(θ) ⊆ Xα
1 and

Xα
1 = {x1, x2}, or cont(θ) ⊆ Xβ

1 and Xβ
1 = {y1, y2}, where x1 ̸= x2 and y1 ̸= y2, will be called a special

cycle in βα.

Lemma 4.10. Let α, β ∈ Sn such that αβ = βα. Suppose Xα
1 = {x1, x2} or Xβ

1 = {y1, y2}, where
x1 ̸= x2 and y1 ̸= y2. Then:

(1) exactly one of the following holds:

(a) |Xα
1 | = 2, |Xβ

1 | = 2, and either Xα
1 = Xβ

1 or Xα
1 ∩Xβ

1 = ∅,
(b) |Xα

1 | = 2 and |Xβ
1 | ̸= 1, 2, or |Xβ

1 | = 2 and |Xα
1 | ≠ 1, 2;

(2) the special cycles in βα are:

(i) ((x1)) and ((x2)) (if (X
α
1 = Xβ

1 = {x1, x2}),
(ii) ((x1) (x2)) and ((y1 y2)) (if X

α
1 = {x1, x2}, Xβ

1 = {y1, y2}, and Xα
1 ∩Xβ

1 = ∅),
(iii) ((x1) (x2)) or ((x1)) and ((x2)) (if X

α
1 = {x1, x2} and |Xβ

1 | ̸= 1, 2),

(iv) ((y1 y2)) or ((y1)) and ((y2)) (if X
β
1 = {y1 y2} and |Xα

1 | ≠ 1, 2).
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Proof. Suppose Xα
1 = {x1, x2}, where x1 ̸= x2. Since β ∈ C(α), x1β = x2 and x2β = x1, or x1β = x1

and x2β = x2. In the latter case, {x1, x2} ⊆ Xβ
1 , and either (a) holds (if Xβ

1 = {x1, x2}) or (b) holds
(if Xβ

1 ̸= {x1, x2}). Suppose x1β = x2 and x2β = x1 and |Xβ
1 | ≥ 1, and let y1 be a fixed point of β.

The point y1 must lie on some cycle (y1 · · · ) in α. Since β ∈ C(α), every point on this cycle is fixed

by β. Thus (y1 . . .) = (y1 y2 . . .) has length ≥ 2 since otherwise α would have the third fixed point.

Hence, either Xβ
1 = {y1, y2} and Xα

1 ∩Xβ
1 = ∅, or |Xβ

1 ≥ 3. It follows by the foregoing argument (and

the symmetrical one for β) that then (a) or (b) holds. We have proved (1). Statement (2) follows

immediately from (1) and the fact that αβ = βα. □

Let α ∈ Sn with C2(α) ̸= C(α), and β ∈ C(α) \ C2(α). We can now state the sufficient conditions

for C2(α)C2(β) to be a maximal abelian subgroup of Sn.

(A) If θ1 and θ2 are distinct non-special cycles in βα of length m1 and m2, respectively, both

consisting of k-cycles in α, a1 = a(θ1), and a2 = a(θ2), then:

(i) gcd(a1, a2) is a unit in Zk;

(ii) if l(θ1) = l(θ2), then k ≥ 3, m1 = m2 = 1, and a1, a2, and a1 − a2 are units in Zk.

(B) If θ1 and θ2 are distinct non-special cycles in βα such that l(θ1) = l(θ2) (= l), c1 = c(θ1), and

c2 = c(θ2), then gcd(c1, c2) is a unit in Zl.

(C) There do not exist pairwise distinct non-special cycles θ1, θ2, and θ3 in βα such that θ1 and θ2

consist of k-cycles in α, and l(θ2) = l(θ3).

If k = 1 in (A), then a1 = a2 = 0. We agree that gcd(0, 0) = 0. Note that 0 is a unit in Z1 = {0}.
The same remark applies to the case when l = 1 in (B).

Here is the main theorem of the paper.

Theorem 4.11. Select α ∈ Sn with C2(α) ̸= C(α). Then select β ∈ C(α) \ C2(α) that satisfies

conditions (A), (B), and (C). Then C2(α)C2(β) is a maximal abelian subgroup of Sn of a-rank at

most 2.

The labels (A), (B), and (C) will be unique in this paper. The reader should remember that the

conditions labeled by these symbols appear before Theorem 4.11.

In the remainder of this section, we give some examples and prove that (A) and (B) are necessary

for C2(α)C2(β) to be a maximal abelian subgroup of Sn. We will prove Theorem 4.11 in Section 5.

Example 4.12. Consider α = (1 2 3 4)(5 6 7 8) and β = (1 5 3 7)(2 6 4 8) in S8. Then β ∈ C(α) \C2(α)

and βα = ((1 2 3 4) (5 6 7 8)) is a 2-cycle. Thus β satisfies (A)–(C), and so C2(α)C2(β) is a maximal

abelian subgroup of S8. By Lemma 2.4,

C2(α)C2(β) = {(1), (1 2 3 4)(5 6 7 8), (1 3)(2 4)(5 7)(6 8), (1 4 3 2)(5 8 7 6), (1 5 3 7)(2 6 4 8),

(1 7 3 5)(2 8 4 6), (1 6)(2 7)(3 8)(4 5), (1 8)(2 5)(3 6)(4 7)}.

This subgroup has a-rank 2, order 8, and is isomorphic to Z4 × Z2.

Recall that subgroups H1 and H2 of a group G are conjugate if H2 = a−1H1a for some a ∈ G.
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Example 4.13. In this example, we will apply Theorems 3.1 and 4.11 to constructing all maximal

abelian subgroups of S6 up to conjugation. By Theorem 3.1, S6 has (up to conjugation) four maximal

abelian subgroups of a-rank 1:

M1 = C2((1 2 3 4 5 6)) = ⟨(1 2 3 4 5 6)⟩,

M2 = C2((1 2 3 4 5)) = ⟨(1 2 3 4 5)⟩,

M3 = C2((1 2 3)(4 5)) = ⟨(1 2 3)(4 5)⟩,

M4 = C2((1 2 3 4)(5 6)) = C2((1 2 3 4)).

The subgroups M1, M2, and M3 are cyclic, while M4 is not cyclic. The latter is conjugate to C2(α2)

from Example 3.2, and isomorphic to Z4 × Z2.

To construct maximal abelian subgroups of S6 of a-rank 2, we select commuting α, β ∈ S6 such

for all x, y ∈ {α, β} with x ̸= y, C2(x) ̸= C(x) and y /∈ C2(x). Moreover, we can ignore such α, β if

they already appear in a maximal abelian subgroup of S6 already constructed. Further, note that for

every α ∈ S6 that contains a k-cycle with k ≥ 4, we have C(α) = C2(α), that is, a maximal abelian

subgroup of S6 of a-rank 1.

It turns out that S6 has (up to conjugation) three maximal abelian subgroups of a-rank 2, and no

maximal abelian subgroup of a-rank ≥ 3.

Suppose α = (1 2 3)(4 5 6) and β = (1 2 3)(4 6 5). Then

βα = θ1θ2 = ((1 2 3))((4 5 6)).

The 1-cycles θ1 and θ2 in βα consist of 3-cycles in α. We have (see Definition 4.6, and also Lemma 4.8):

a(θ1) = 1, l(θ1) = 3, c(θ1) = 1, a(θ2) = 2, l(θ2) = 3, and c(θ2) = 2. Thus β satisfies (A)–(C), and so

M5 = C2(α)C2(β) is a maximal abelian group of S6. By Lemma 2.4,

M5 = C2((1 2 3)(4 5 6))C2((1 2 3)(4 6 5)) = {(1), (1 2 3)(4 5 6), (1 3 2)(4 6 5), (1 2 3)(4 6 5), (1 3 2)(4 5 6),

(1 3 2), (4 6 5), (4 5 6), (1 2 3)}.

The subgroup M5 has a-rank 2, and is isomorphic to Z3 × Z3. It is an abelian subgroup of S6 of

maximum order (see [2, Thm. 1]).

Suppose α = (1 2)(3 4)(5 6) and β = (1 3)(2 4)(5)(6). Then

βα = θ1θ2 = ((1 2) (3 4))((5 6)).

Since the cycle θ2 is special, β satisfies (A)–(C), and so M6 = C2(α)C2(β) is a maximal abelian group

of S6. By Lemma 2.4,

M6 = C2((1 2)(3 4)(5 6))C2((1 3)(2 4)) = {(1), (1 2)(3 4)(5 6), (1 3)(2 4), (5 6), (1 3)(2 4)(5 6),

(1 4)(2 3)(5 6), (1 2)(3 4), (1 4)(2 3)}.

The subgroup M6 has a-rank 2, and is isomorphic to Z2 × Z2 × Z2.

Suppose α = (1 2)(3 4)(5)(6) and β = (1 2)(5 6)(3)(4). Then

βα = θ1θ2θ3 = ((1 2))((3 4))((5) (6)).
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Since the cycles θ2 and θ3 are special, β satisfies (A)–(C), and so M7 = C2(α)C2(β) is a maximal

abelian group of S6. By Lemma 2.4,

M7 = C2((1 2)(3 4))C2((1 2)(5 6)) = {(1), (1 2)(3 4), (5 6), (1 2)(3 4)(5 6), (1 2)(5 6), (3 4), (3 4)(5 6), (1 2)}.

The subgroup M7 has a-rank 2, and is isomorphic to Z2 × Z2 × Z2.

For the remaining choices of α and β, we find that (up to conjugation) they lie in one of the

subgroups already constructed. For example, α = (1 2 3)(4 5 6), β = (1 4)(2 5)(3 6) lie in the conjugate

⟨(1 5 3 4 2 6)⟩ of M1; α = (1 2 3), β = (4 5) lie in M3; and α = (1 2), β = (3 4) lie in M7.

Since the maximum order of an abelian subgroup of S6 is 9 [2, Thm. 1], S6 does not have a maximal

abelian subgroup of a-rank ≥ 4. Suppose M = C2(α)C2(β)C2(γ) is a maximal abelian subgroup of

S6 of a-rank 3. Since |M | ≤ 9, it follows that α, β, γ have order 2. Moreover, since M has a-rank 3,

for all x, y ∈ {α, β, γ}, with x ̸= y, C2(x) ̸= C(x) and y /∈ C2(x). Analyzing (up to conjugation), the

possibilities for such α, β, and γ, we find that they all lie in M6 or in M7. It follows that S6 does not

have a maximal abelian subgroup of a-rank 3.

Therefore, we have constructed all maximal abelian subgroups of S6. There are seven such subgroups

up to conjugation: M1–M7. Four of these have a-rank 1: M1–M4 (of which only M4 is not cyclic),

and three have a-rank 2: M5–M7. Up to isomorphism, S6 has five maximal abelian subgroups: Z6,

Z5, Z4 × Z2, Z3 × Z3, and Z2 × Z2 × Z2. The first three have a-rank 1, and the last two a-rank 2.

We will now prove that conditions (A) and (B) are necessary for C2(α)C2(β) to be a maximal

abelian subgroup of Sn. The following lemma will be crucial.

Lemma 4.14. Let α, β ∈ Sn with αβ = βα, γ ∈ C2(α)C2(β), and x, y ∈ X such that neither x nor

y is an element of cont(θ), where θ is a special cycle in βα. Then:

(1) xγ = x(αgβs) and yγ = y(αhβt) for some g, s, h, t ≥ 0;

(2) if x and y lie on cycles in α of the same length, then g and h from (1) can be selected so that

g = h;

(3) if x and y lie on cycles in β of the same length, then s and t from (1) can be selected so that

s = t.

Proof. We have γ = γ1γ2, where γ1 ∈ C2(α) and γ2 ∈ C2(β). By the hypothesis about x, it is not

the case that Xα
1 = {x, z} for some z ̸= x. Thus, by Lemma 2.4, xγ1 = xαg for some g ≥ 0. Suppose

xαg ∈ Xβ
1 . Then, since x and xαg lie on the same cycle of α, we have x ∈ Xβ

1 by Lemma 2.4. Thus,

by the hypothesis about x again, it is not the case that Xβ
1 = {xαg, z} for some z ̸= xαg. Hence

(xαg)γ2 = (xαg)βs for some s ≥ 0. By the same argument yγ = (xαh)βt for some h, t ≥ 0. This

proves (1). Statement (2) follows by Lemma 2.4. Finally, suppose x and y lie on cycles in β of the

same length. Then, since αβ = βα, xαg and yαh also lie on cycles in β of the same length, and so (3)

follows by Lemma 2.4. □

The following proposition shows that condition (A)(i) is necessary.
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Proposition 4.15. Let α, β ∈ Sn with αβ = βα. Suppose θ1 = (δ0 δ1 . . . δm1−1) and θ2 = (τ0 τ1 . . . τm2−1)

are distinct non-special cycles in βα both consisting of k-cycles in α, a1 = a(θ1) and a2 = a(θ2). If

C2(α)C2(β) = C(α) ∩ C(β), then gcd(a1, a2) is a unit in Zk.

Proof. Suppose C2(α)C2(β) = C(α) ∩ C(β). Let γ = τ0τ1 · · · τm2−1 ∈ Sn. Then γ ∈ C(α) ∩ C(β),

and so γ ∈ C2(α)C2(β). Let δ0 = (x0 x1 . . . xk−1) and τ0 = (y0 y1 . . . yk−1). By Lemma 4.14,

x0γ = x0(α
gβs) and y0γ = y0(α

gβt) for some g, s, t ≥ 0. Since (x0α
g)βs = x0γ = x0 and x0α

g both lie

on δ0, s must be a multiple of m1, say s = um1 for some u ≥ 0. Similarly, since (y0α
g)βt = y0γ = y1

and y0α
g both lie on τ0, t = vm2 for some v ≥ 0. Since a1 = a(θ1) and a2 = a(θ2), we have

x0β
m1 = xa1 and y0β

m2 = ya2 (see Definition 4.6). Thus, x0 = (x0α
g)βum1 = xgβ

um1 = xg+ua1 and

y1 = (y0α
g)βvm2 = ygβ

vm2 = yg+va2 , and so g + ua1 = 0 (mod k) and g + va2 = 1 (mod k). Hence

(−u)a1 + va2 = 1 (mod k), which implies that gcd(a1, a2) is a unit in Zk. □

The following proposition shows that condition (A)(ii) is necessary.

Proposition 4.16. Let α, β ∈ Sn with αβ = βα. Suppose θ1 = (δ0 δ1 . . . δm1−1) and θ2 = (τ0 τ1 . . . τm2−1)

are distinct non-special cycles in βα both consisting of k-cycles in α, a1 = a(θ1), a2 = a(θ2), and

l(θ1) = l(θ2). If C2(α)C2(β) = C(α) ∩C(β), then k ≥ 3, m1 = m2, and a1, a2, and a1 − a2 are units

in Zk.

Proof. Suppose C2(α)C2(β) = C(α) ∩ C(β). Let l = l(θ1) = l(θ2). Let γ = τ0τ1 · · · τm2−1 ∈ Sn. Then

γ ∈ C(α) ∩ C(β), and so γ ∈ C2(α)C2(β). Let δ0 = (x0 x1 . . . xk−1) and τ0 = (y0 y1 . . . yk−1). By

Lemma 4.8, x0 and y0 both lie on k-cycles in α and l-cycles in β. Thus, by Lemma 4.14, x0γ = x0(α
gβt)

and y0γ = y0(α
gβt) for some g, t ≥ 0. As in the proof of Proposition 4.15, we obtain some u, v ≥ 0

such that t = um1, t = vm2, g + ua1 = 0 (mod k), and g + va2 = 1 (mod k).

Let e1 = k
gcd(a1,k)

and e2 = k
gcd(a2,k)

. Note that e1m1 = l and e2m2 = l (see Definition 4.6), and

that e1a1 = 0 (mod k) and e2a2 = 0 (mod k). Since um1 = vm2 = t and e1m1 = e2m2 = l, we obtain

ve1m2 = e1vm2 = e1um1 = ue1m1 = ue2m2, and so ve1 = ue2. Now, we have

g + va2 = 1 (mod k),

e1g + e1va2 = e1 (mod k),

e1g + e2ua2 = e1 (mod k),

e1g + u0 = e1 (mod k),

e1g = e1 (mod k).
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On the other hand,

g + ua1 = 0 (mod k),

e1g + e1ua1 = 0 (mod k),

e1g + u0 = 0 (mod k),

e1g = 0 (mod k).

Thus e1 = e1g = 0 (mod k). Similarly, e2 = 0 (mod k). Thus e1 = e2 = k, and so gcd(a1, k) =

gcd(a2, k) = 1, that is, a1 and a2 are units in Zk. Now, we have e1 = e2 = k, ve1 = ue2, and

e1m1 = e2m2. Hence u = v and m1 = m2. From u = v, we obtain g + ua1 = 0 (mod k), and

g + ua2 = 1 (mod k), which implies u(a2 − a1) = 1 (mod k). Thus a1 − a2 is a unit in Zk.

Let m = m1 = m2. We will show that m = 1. Suppose to the contrary that m ≥ 2. Recall that

x0γ = x0(α
gβt) and y0γ = y0(α

gβt). Since (x0α
g)βt = x0γ = x0 and x0α

g both lie on the cycle δ0,

t must be a multiple of m. On the other hand, (y0α
g)βt = y0γ = y0β lies on τ1 and y0α

g lies on τ0.

Since m ≥ 2, we have τ0 ̸= τ1, which implies that t cannot be a multiple of m. This is a contradiction.

Hence m1 = m2 = 1.

It remains to show that k ≥ 3. First, k ̸= 2 since otherwise a1, a2, and a1 − a2 would not be all

units. Suppose to the contrary that k = 1. Then θ1 = ((x0)) and θ2 = ((y0)). Define η = (x0 y0) ∈ Sn.

Then η ∈ C(α) ∩ C(β), and so η ∈ C2(α)C2(β). By Lemma 4.14, x0η = x0(α
hβs) for some h, s ≥ 0.

This is a contradiction since x0η = y0 and x0(α
hβs) = x0. Hence k ≥ 3. □

Finally, the following proposition shows that condition (B) is necessary.

Proposition 4.17. Let α, β ∈ Sn with αβ = βα. Suppose θ1 and θ2 are distinct non-special cycles

in βα consisting of k1- and k2-cycles in α, respectively, such that l(θ1) = l(θ2) (= l), c1 = c(θ1), and

c2 = c(θ2). If C2(α)C2(β) = C(α) ∩ C(β), then gcd(c1, c2) is a unit in Zl.

Proof. Suppose C2(α)C2(β) = C(α) ∩ C(β). By Lemma 4.8, αβ has distinct non-special cycles ϕ1 =

(σ0 σ1 . . . σd1−1) and ϕ2 = (ρ0 ρ1 . . . ρd2−1), both consisting of l-cycles in β. Let σ0 = (y0, . . . yl−1)

and ρ0 = (z0, . . . zl−1). Again by Lemma 4.8, y0α
d1 = yc1 and z0α

d2 = zc2 . Thus gcd(c1, c2) is a unit

in Zl by Proposition 4.15 applied to α and β with their roles reversed. □

We point out that condition (C) is not necessary for C2(α)C2(β) to be a maximal abelian subgroup

of Sn. Indeed, consider α = (1 2)(3)(4)(5) and β = (1)(2)(3 4)(5) in S5. Then βα = θ1θ2θ3 =

((1 2))((3) (4))((5)). The cycles θ2 and θ3 consist of 1-cycles in α, with l(θ2) = 2 and l(θ3) = 1. The

cycle θ1 consists of 2-cycles in α, with l(θ1) = 1. Thus β does not satisfy (C). However, C2(α)C2(β) =

{(1), (1 2), (3 4), (1 2)(3 4)} is a maximal abelian subgroup of S5 since C2(α)C2(β) = C(α) ∩ C(β).
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5. Proof of the main theorem

In this section, we will prove Theorem 4.11. Recall that, by Proposition 1.2, if G is a group and

a, b ∈ G with ab = ba, then

(5.1) C2(a)C2(b) is a maximal abelian subgroup of G ⇔ C2(a)C2(b) = C(a) ∩ C(b).

To prove that conditions (A)–(C) are sufficient for C2(α)C2(β) to be a maximal abelian subgroup of

Sn, we will use Lemma 2.4 and (5.1). The first step is to show that if γ ∈ C(α) ∩ C(β) and θ is a

non-special cycle in βα, then there are integers g, t ≥ 0 such that xγ = x(αgβt) for all x ∈ cont(θ).

This first step is proved in the next three lemmas. We note that the first time we will need condition

(C) is in Lemma 5.10.

Lemma 5.1. Let α, β ∈ Sn such that αβ = βα and β satisfies (A). Suppose γ ∈ C(α) ∩C(β). Then,

for any non-special cycle θ in βα, θ
−1γαθ = θ.

Proof. Suppose θ = (δ0 δ1 . . . δm−1) is a non-special m-cycle in βα consisting of k-cycles in α. We

have βαγα = γαβα by Lemma 4.4. Thus, by Lemma 2.3 applied to βα and γα, θ1 = θ−1γαθ =

(δ0γα δ1γα, . . . δm−1γα) is also an m-cycle consisting of k-cycles in α. Note that cont(θ) = {xγ−1 :

x ∈ cont(θ1)}. Since γ−1 ∈ C(α) ∩ C(β), it follows by Definition 4.9 and Lemma 4.10 that θ1 is

not a special cycle in βα. Suppose to the contrary that θ1 ̸= θ. Let δ0 = (x0 x1 . . . xk−1). Then

δ0γα = (y0 y1 . . . yk−1), where yi = xiγ. Let a = a(θ) and a1 = a(θ1). Then, x0(β
mγ) = xaγ = ya

and x0(γβ
m) = y0β

m = ya1 . Since γ and βm commute, we obtain a = a1 (mod k). Thus, l(θ) =

m k
gcd(a,k) = m k

gcd(a1,k)
= l(θ1) (see Definition 4.6). Hence, by (A)(ii), k ≥ 3 and a− a1 is a unit in Zk.

This is a contradiction since a− a1 = a− a = 0 (mod k). Hence θ1 = θ. □

Lemma 5.2. Let α, β ∈ Sn such that αβ = βα and β satisfies (A). Suppose γ, λ ∈ C(α) ∩ C(β). Let

θ = (δ0 δ1 . . . δm−1) be a non-special cycle in βα and let x ∈ cont(θ). If xγ = xλ, then yγ = yλ for

every y ∈ cont(θ).

Proof. For 0 ≤ i < m, let δi = (xi0 x
i
1 . . . xik−1). We may assume that x = x00. By Lemma 5.1,

δ0γα = δw for some w. Since x00γ = x00λ, we also have δ0λα = δw. Since γα, λα ∈ C(βα), it follows

that δiγα = δiλα = δi+w for every i.

Let si, ti, and pi be such that xi0γ = xi+w
si , xi0λ = xi+w

ti
, and xi0β = xi+1

pi . Since β, γ ∈ C(α), we

have

xi0(βγ) = xi+1
pi γ = xi+1+w

pi+si+1
and xi0(γβ) = xi+w

si β = xi+w+1
si+pi+w

by Lemma 2.3. Since βγ = γβ, it follows that pi+si+1 = si+pi+w (mod k), and so si+1−si = pi+w−pi

(mod k). Similarly, ti+1 − ti = pi+w − pi (mod k), and so si+1 − si = ti+1 − ti (mod k).

Next, we have x00γ = xws0 and x00λ = xwt0 . Thus xws0 = xwt0 , and so s0 = t0 (mod k). The latter,

combined with si+1 − si = ti+1 − ti (mod k) for all i, gives si = ti (mod k) for all i. Thus, for all i

and j, xijγ = xi+w
j+si

= xi+w
j+ti

= xijλ. □

DOI: http://dx.doi.org/10.22108/ijgt.2020.122036.1603

http://dx.doi.org/10.22108/ijgt.2020.122036.1603


116 Int. J. Group Theory, 10 no. 3 (2021) 103-124 J. Konieczny

Lemma 5.3. Let α, β ∈ Sn such that αβ = βα and β satisfies (A). Suppose γ ∈ C(α) ∩ C(β). Let

θ = (δ0 δ1 . . . δm−1) be a non-special cycle in βα. Then there are integers g, t ≥ 0 such that for every

x ∈ cont(θ), xγ = x(αgβt).

Proof. Let δ0 = (x0 x1 . . . xk−1). Then, by Lemma 5.1, x0γ lies on δt = (y0 y1 . . . yk−1) for some

t ∈ {0, 1, . . . ,m− 1}. Let yi = x0γ and yj = x0β
t. Then

x0γ = yi = yjα
k−j+i = (x0β

t)αk−j+i = x0(α
gβt),

where g = k − j + i. Thus, by Lemma 5.2, xγ = x(αgβt) for every x that lies on any δi. □

Let α, β, γ, θ and g, t be as in Lemma 5.3. Let k be the length of each cycle in θ, l = l(θ), and

x ∈ cont(θ). Then x lies on a k-cycle in α and on an l-cycle in β (by Lemma 4.8), and xγ = x(αgβt).

To prove that γ ∈ C2(α)C2(β), we need to show that the same g can be selected for all non-special

cycles θ1 in βα that consist of of k-cycles in α, and that the same t can be selected for all non-special

cycles θ2 in βα such that l(θ2) = l (see Lemma 2.4).

Lemma 5.4. Let k ≥ 1, a1, and a2 be integers such that a1−a2 is a unit in Zk. Then, for all integers

b1 and b2, the system of congruences

x+ a1y = b1 (mod k)

x+ a2y = b2 (mod k)

with variables x and y, has a solution.

Proof. Let b1 and b2 be integers. For a unit c in Zk, let c−1 be the inverse of c in Zk. Consider

x = (a1 − a2)
−1(a1b2 − a2b1) and y = (a1 − a2)

−1(b1 − b2). Then

x+ a1y = (a1 − a2)
−1(a1b2 − a2b1) + a1(a1 − a2)

−1(b1 − b2) = b1 (mod k),

x+ a2y = (a1 − a2)
−1(a1b2 − a2b1) + a2(a1 − a2)

−1(b1 − b2) = b2 (mod k).

Thus a solution exists. □

Lemma 5.5. Let α, β ∈ Sn such that αβ = βα and β satisfies (A). Suppose γ ∈ C(α)∩C(β). Let θ1

and θ2 be distinct non-special cycles in βα consisting of k-cycles in α with l(θ1) = l(θ2). Then there

are integers g, t ≥ 0 such that for every x ∈ cont(θ1) ∪ cont(θ2), xγ = x(αgβt).

Proof. Let a1 = a(θ1) and a2 = a(θ2). By (A)(i), θ1 and θ2 are 1-cycles and a1 − a2 is a unit in Zk.

Let θ1 = (δ1) and θ2 = (δ2) with δ1 = (x0 x1 . . . xk−1) and δ2 = (y0 y1 . . . yk−1). We have x0β = xa1

and y0β = ya2 . By Lemma 5.1, x0γ = xb1 and y0γ = yb2 for some b1 and b2. By Lemma 5.4, there are

g, t ∈ {0, 1, . . . , k − 1} such that g + a1t = b1 and g + a2t = b2. Then

x0(α
gβt) = (x0β

t)αg = xta1α
g = xta1+g = xg+a1t = xb1 = x0γ.

Similarly y0(α
gβt) = yg+a2t = yb2 = y0γ. Hence, by Lemma 5.2, xγ = x(αgβt) for every x ∈

cont(θ1) ∪ cont(θ2). □
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Lemma 5.6. Let k ≥ 1 be an integer. Suppose a1, a2, . . . , ap, p ≥ 1, are integers such that gcd(ai, aj)

is a unit in Zk if i ̸= j. Then, for all integers b1, b2, . . . , bp, the system of congruences

x+ a1x1 = b1 (mod k)

x+ a2x2 = b2 (mod k)

...

x+ apxp = bp (mod k),

with variables x, x1, x2, . . . , xp, has a solution.

Proof. Let i ∈ {1, 2, . . . , p}. If ai ̸= 0, write ai as ai = siri, where si is the largest factor of ai such

that gcd(si, k) = 1; if ai = 0, set si = 1 and ri = k. Let i, j ∈ {1, 2, . . . , p} with i ̸= j. Then

gcd(ri, rj) = 1 (since gcd(ai, aj) is a unit in Zk). Let b1, b2, . . . , bp be any integers. By the Chinese

Remainder Theorem, the system of congruences

x = b1 (mod r1)

x = b2 (mod r2)

...

x = bp (mod rp),

has a solution, say x = g. Let i ∈ {1, 2, . . . , p}. If ai ̸= 0, set hi =
sibi−sig

ai
and note that hi is an

integer (since ri divides bi − g in Z); if ai = 0, set hi = 1. Suppose ai ̸= 0. Then

sig + aihi = sig + ai
sibi − sig

ai
= sibi.

Since gcd(si, k) = 1, si has the inverse s−1
i in Zk, and so sig + aihi = sibi implies g + ai(s

−1
i hi) = bi

(mod k). Note that g + ai(s
−1
i hi) = bi (mod k) is also true if ai = 0. Hence x = g, x1 = s−1

1 h1, x2 =

s−1
2 h2, . . . , xp = s−1

p hp is a desired solution. □

Lemma 5.7. Let α, β ∈ Sn such that αβ = βα and β satisfies (A). Suppose γ ∈ C(α) ∩ C(β). Let

θ1, θ2, . . . , θp be pairwise distinct non-special cycles in βα, each consisting of k-cycles in α. Then there

is an integer g ≥ 0 such that for every j ∈ {1, . . . , p}, there is an integer tj ≥ 0 such that for every

x ∈ cont(θj), xγ = x(αgβtj ).

Proof. Let j ∈ {1, . . . , p}. Let θj = (δ
(j)
0 δ

(j)
1 , . . . δ

(j)
mj−1), with δ

(j)
i = (xi,j0 xi,j1 . . . xi,jk−1). By Lemma 5.1,

x0,j0 γ ∈ cont(θj). Let x0,j0 γ = x
wj ,j
sj , x0,j0 βwj = x

wj ,j
qj , aj = a(θj) (so x0,j0 βmj = x0,jaj ), and bj = sj − qj

(mod k) with bj ∈ {0, 1, . . . , k − 1}. By A(i), for all distinct j1, j2 ∈ {1, . . . , p}, gcd(aj1 , aj2) is a unit

in Zk. Thus, by Lemma 5.6, there is g ∈ {0, 1, . . . , k − 1} such that for every j ∈ {1, . . . , p}, there is

vj ∈ {0, 1, . . . , k− 1} such that g + ajvj = bj (mod k). Let j ∈ {1, . . . , p} and set tj = wj + vjmj ≥ 0.
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Then

x0,j0 (αgβtj ) = (x0,j0 βwj+vjmj )αg = (x0,j0 βvjmj )(βwjαg) = x0,jvjaj (β
wjαg)

= x
wj ,j
vjaj+qj+g = x

wj ,j
bj+qj

= x
wj ,j
sj−qj+qj

= x
wj ,j
sj = x0,j0 γ.

Hence, by Lemma 5.2, xγ = x(αgβtj ) for every x ∈ cont(θj). □

Lemma 5.8. Let α, β ∈ Sn such that αβ = βα and β satisfies (A) and (B). Suppose γ ∈ C(α)∩C(β).

Let l ≥ 1 and let θ1, θ2, . . . , θp be pairwise distinct non-special cycles in βα such that for every j ∈
{1, . . . , p}, θj consists of kj-cycles in α and l(θj) = l. Then there is an integer t ≥ 0 such that for

every j ∈ {1, . . . , p}, there is an integer hj ≥ 0 such that for every x ∈ cont(θj), xγ = x(αhjβt).

Proof. Let j ∈ {1, . . . , p}. Let θj = (δ
(j)
0 δ

(j)
1 . . . δ

(j)
mj−1), with δ

(j)
i = (xi,j0 xi,j1 . . . xi,jkj−1). By Lemma 4.8,

αβ contains a cycle µj = (σ
(j)
0 σ

(j)
1 . . . σ

(j)
dj−1) with cont(µj) = cont(θj), σ

(j)
i = (yi,j0 yi,j1 . . . yi,jl−1),

y0,j0 = x0,j0 , and y0,j0 αdj = y0,jcj , where cj = c(θj). Since cont(µj) = cont(θj), y
0,j
0 γ = x0,j0 γ ∈ cont(µj)

by Lemma 5.1. Let y0,j0 γ = y
wj ,j
sj , y0,j0 αwj = y

wj ,j
qj , and bj = sj − qj (mod l) with bj ∈ {0, 1, . . . , l− 1}.

By (B), for all distinct j1, j2 ∈ {1, . . . , p}, gcd(cj1 , cj2) is a unit in Zl. Thus, by Lemma 5.6, there

is t ∈ {0, 1, . . . , l − 1} such that for every j ∈ {1, . . . , p}, there is vj ∈ {0, 1, . . . , l − 1} such that

t+ cjvj = bj (mod l). Let j ∈ {1, . . . , p} and set hj = wj + vjdj ≥ 0. Then

y0,j0 (αhjβt) = (y0,j0 αwj+vjdj )βt = (y0,j0 αvjdj )(αwjβt) = y0,jvjcj (α
wjβt)

= y
wj ,j
vjcj+qj+t = y

wj ,j
bj+qj

= y
wj ,j
sj−qj+qj

= y
wj ,j
sj = y0,j0 γ.

Recall that y0,j0 = x0,j0 ∈ cont(θj). Hence, by Lemma 5.2, xγ = x(αhjβt) for every x ∈ cont(θj). □

Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C). Suppose γ ∈ C(α) ∩C(β). Lemmas 5.1–

5.8 will enable us to prove that γ = γ1γ2 for some γ1 ∈ C2(α) and γ2 ∈ C2(β). To define suitable γ1

and γ2, we will need the following preliminary definitions and accompanying lemmas.

Definition 5.9. Let α, β ∈ Sn such that αβ = βα. For every integer k ≥ 1, let Dk be the set of all

non-special cycles θ in βα such that θ consists of k-cycles in α and there exists a non-special cycle

θ′ ̸= θ in βα such that θ′ consists of k-cycles in α and l(θ′) = l(θ).

Lemma 5.10. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C), and let γ ∈ C(α) ∩ C(β).

Suppose Dk ̸= ∅. Then k ≥ 3 and |Dk| = 2. Moreover, if Dk = {ϕ(k)
1 , ϕ

(k)
2 }, then each ϕ

(k)
i is a 1-cycle

in βα, and there are integers uk, vk ≥ 0 such that xγ = x(αukβvk) for every x ∈ cont(ϕ
(k)
1 )∪cont(ϕ

(k)
2 ).

Proof. We have k ≥ 3 by (A)(ii), and |Dk| = 2 by (C). Suppose Dk = {ϕ(k)
1 , ϕ

(k)
2 }. Then each ϕ

(k)
i is

a 1-cycle in βα by (A)(ii), and the desired uk, vk ≥ 0 exist by Lemma 5.5. □

Definition 5.11. Let α, β ∈ Sn such that αβ = βα. For every integer k ≥ 1, let Ak be the set of

all non-special cycles θ in βα such that θ consists of k-cycles in α, θ /∈ Dk, and exactly one of the

following conditions is satisfied:
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(a) there exists a non-special cycle θ′ ̸= θ in βα such that θ′ consists of k-cycles in α; or

(b) θ is the only non-special cycle in βα of length k, and there does not exist a non-special cycle

θ′ ̸= θ in βα such that l(θ′) = l(θ).

We will write Ak as Ak = {θ(k)1 , θ
(k)
2 , . . . , θ

(k)
mk}. Note that if (b) holds, then mk = 1.

The following result follows immediately from Lemma 5.7.

Lemma 5.12. Let α, β ∈ Sn such that αβ = βα and β satisfies (A) and (B), and let γ ∈ C(α)∩C(β).

Suppose k ≥ 1 is such that Ak = {θ(k)1 , θ
(k)
2 , . . . , θ

(k)
mk} ̸= ∅. Then there are non-negative integers gk

and tk1, t
k
2, . . . , t

k
mk

such that xγ = x(αgkβtki ) for all i ∈ {1, 2, . . . ,mk} and x ∈ cont(θ
(k)
i ).

Definition 5.13. Let α, β ∈ Sn such that αβ = βα. For every integer l ≥ 1, let Bl be the set

of all non-special cycles µ in βα such that l(µ) = l and µ /∈
∪

k≥1(Dk ∪ Ak). We will write Bl as

Bl = {µ(l)
1 , µ

(l)
2 , . . . , µ

(l)
nl }.

The following result follows immediately from Lemma 5.8.

Lemma 5.14. Let α, β ∈ Sn such that αβ = βα and β satisfies (A) and (B), and let γ ∈ C(α)∩C(β).

Suppose l ≥ 1 is such that Bl = {µ(l)
1 , µ

(l)
2 , . . . , µ

(l)
nl } ̸= ∅. Then there are non-negative integers sl and

hl1, h
l
2, . . . , h

l
nl

such that xγ = x(αhl
jβsl) for all j ∈ {1, 2, . . . , nl} and x ∈ cont(µ

(l)
j ).

Finally, we denote by E the set of special cycles in βα (see Definition 4.9 and Lemma 4.10).

Lemma 5.15. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C). Then:

(1) the sets
∪

k≥1Dk,
∪

k≥1Ak,
∪

l≥1 Bl, and E are pairwise disjoint, and every θ in βα is in one

of these sets;

(2) for all k, l ≥ 1, if Ak ̸= ∅, then Dk = ∅ and Bl does not contain any elements consisting of

k-cycles in α;

(3) for all k, l ≥ 1, if Dk ̸= ∅, then Bl does not contain any elements consisting of k-cycles in α;

(4) for all k ≥ 1,
∪

l≥1 Bl contains at most one element consisting of k-cycles in α;

(5) for all l ≥ 1, if θ1 and θ2 are distinct non-special cycles in βα with l = l(θ1) = l(θ2), then

either θ1, θ2 ∈ Bl or θ1, θ2 ∈ Dl.

Proof. The sets are pairwise disjoint by their definitions. Let θ be a non-special cycle in βα consisting

of k-cycles in α with l = l(θ). If there is a non-special cycle θ′ ̸= θ in βα such that θ′ consists of

k-cycles in α and l(θ′) = l, then θ ∈ Dk. Otherwise, either θ ∈ Ak or θ ∈ Bl. We have proved (1).

Let k, l ≥ 1. If Ak ̸= ∅, then Dk = ∅ by (C), and Bl does not contain any element consisting of

k-cycles in α by Definitions 5.11 and 5.13. If Dk ̸= ∅, then Bl does not contain any element consisting

of k-cycles in α by (C). We have proved (2) and (3).

Suppose to the contrary that there is k ≥ 1 such that
∪

l≥1 Bl contains distinct θ and θ′ consisting of

k-cycles in α. By (3), Dk = ∅, so θ, θ′ /∈ Dk. Thus, by the definition of Ak, θ ∈ Ak, which contradicts

(2). We have proved (4).

DOI: http://dx.doi.org/10.22108/ijgt.2020.122036.1603

http://dx.doi.org/10.22108/ijgt.2020.122036.1603


120 Int. J. Group Theory, 10 no. 3 (2021) 103-124 J. Konieczny

Let l ≥ 1 and let θ1 and θ2 be distinct non-special cycles in βα consisting of cycles in α of length k1

and k2, respectively, with l = l(θ1) = l(θ2). If θ1, θ2 ∈ Dl, then the conclusion of (5) is true. Suppose

θi ̸∈ Dl for some i ∈ {1, 2}. We may assume that θ1 /∈ Dl. Suppose to the contrary that θ2 ∈ Dl. By

Definition 5.9, there exists θ3 ∈ Dl with θ3 ̸= θ2. But then the existence of θ2, θ3, and θ1 contradicts

(C). Hence θ2 /∈ Dl.

We now have θ1, θ2 /∈ Dl. Suppose to the contrary that θ1 ∈ Ak1 . By (2), Dk1 = ∅, so k1 ̸= k2 (since

otherwise θ1 and θ2 would be in Dk1). Since l(θ2) = l(θ1), θ1 does not satisfy (b) of Definition 5.11.

Thus, there is θ3 ∈ Ak1 such that θ3 ̸= θ1. But then the existence of θ3, θ1, and θ2 contradicts (C).

Hence θ1 ∈ Bl. Similarly, θ2 ∈ Bl. We have proved (5). □

We can now define γ1 and γ2 (see the paragraph before Definition 5.9).

Definition 5.16. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C) of Theorem 4.11, and let

γ ∈ C(α)∩C(β). To define γ1 and γ2, in addition to the integers uk, vk, gk, t
k
i , sl, h

l
j from Lemmas 5.10,

5.12, and 5.14, we will use two additional integers p and q.

Recall from Definitions 5.11 and 5.13 that we writeAk = {θ(k)1 , θ
(k)
2 , . . . , θ

(k)
mk} and Bl = {µ(l)

1 , µ
(l)
2 , . . . , µ

(l)
nl }.

By Lemma 5.15(4),
∪

l≥1 Bl contains at most one element consisting of 2-cycles in α. We will denote

this element (if it exists) by µ
(l(2))
j(2) . By Lemma 5.15(1)(5),

∪
k≥1Ak contains at most one element θ

with l(θ) = 2. We will denote this element (if it exists) by θ
(k(2))
i(2) .

We now define integers p, q ≥ 0 by:

p =


g2 if A2 ̸= ∅,
h
l(2)
j(2) if

∪
l≥1 Bl contains an element consisting of 2-cycles in α,

0 otherwise;

q =


s2 if B2 ̸= ∅,
t
(k(2))
i(2) if

∪
k≥1Ak contains an element θ with l(θ) = 2,

0 otherwise.

The integers p and q are well defined by Lemma 5.15. Define γ1, γ2 : X → X by:

xγ1 =



xαuk if x ∈ cont(ϕ
(k)
1 ) ∪ cont(ϕ

(k)
2 ) for some k ≥ 3,

xαgk if x ∈ cont(θ
(k)
i ) for some k ≥ 1 and i ∈ {1, 2, . . . ,mk},

xαhl
j if x ∈ cont(µ

(l)
j ) for some l ≥ 1 and j ∈ {1, 2, . . . , nl},

xαp if x ∈ cont((y1 y2)) ∈ E ,
x(γβ−q) if x ∈ cont(((x1) (x2))) ∈ E ,
xγ if x ∈ cont(((x1))) ∈ E and Xα

1 = {x1, x2},
x if x ∈ cont(((y1))) ∈ E and |Xα

1 | ≠ 2;
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xγ2 =



xβvk if x ∈ cont(ϕ
(k)
1 ) ∪ cont(ϕ

(k)
2 ) for some k ≥ 3,

xβtki if x ∈ cont(θ
(k)
i ) for some k ≥ 1 and i ∈ {1, 2, . . . ,mk},

xβsl if x ∈ cont(µ
(l)
j ) for some l ≥ 1 and j ∈ {1, 2, . . . , nl},

x(α−pγ) if x ∈ cont((y1 y2)) ∈ E ,
xβq if x ∈ cont(((x1) (x2))) ∈ E ,
x if x ∈ cont(((x1))) ∈ E and Xα

1 = {x1, x2},
xγ if x ∈ cont(((y1))) ∈ E and |Xα

1 | ̸= 2.

By Lemmas 5.15 and 5.10, γ1 and γ2 are well defined functions from X to X.

Lemma 5.17. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C), let γ ∈ C(α)∩C(β). Let γ1

and γ2 be the functions from Definition 5.16. Then γ = γ1γ2 and γ1, γ2 ∈ Sn.

Proof. Let x ∈ X. Suppose x ∈ cont(θ
(k)
i ) for some k ≥ 1 and i ∈ {1, 2, . . . ,mk}. Then xαgk ∈

cont(θ
(k)
i ), and so x(γ1γ2) = (xγ1)γ2 = (xαgk)γ2 = (xαgk)βtki = x(αgkβtki ). On the other hand,

by Lemma 5.12, xγ = x(αgkβtki ). Thus xγ = x(γ1γ2). By similar arguments, xγ = x(γ1γ2) for

x ∈ cont(ϕ
(k)
1 ) ∪ cont(ϕ

(k)
2 ) (k ≥ 3), and for x ∈ cont(µ

(l)
j ) (l ≥ 1 and j ∈ {1, 2, . . . , nl}). If x ∈

cont((y1 y2)) ∈ E , then xγ = x(γ1γ2) by the definitions of γ1 and γ2. Suppose x ∈ cont(((x1) (x2))) ∈ E .
Then Xα

1 = {x1, x2} (by Lemma 4.10), and so x(γβ−q) ∈ cont(((x1) (x2))) since β, γ ∈ C(α). Thus

x(γ1γ2) = x(γβ−qβq) = xγ. Similarly, xγ = x(γ1γ2) if x ∈ cont(((x1))) ∈ E and Xα
1 = {x1, x2}.

Finally, if x ∈ cont(((y1))) ∈ E and |Xα
1 | ̸= 2, then x(γ1γ2) = xγ2 = xγ. Hence γ = γ1γ2.

Since γ is a bijection from X to X and γ = γ1γ2, γ1 is injective and γ2 is surjective. Thus γ1 and

γ2 are bijections since X is finite. That is, γ1, γ2 ∈ Sn. □

The next two lemmas show that γ1 ∈ C2(α) (see Lemma 2.4).

Lemma 5.18. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C), let γ ∈ C(α) ∩ C(β). Let

γ1 be the function from Definition 5.16. Then for every integer k ≥ 2, there is an integer wk ≥ 0 such

that xγ1 = xαwk for every x ∈ Xα
k.

Proof. Let k ≥ 2. We my assume that Xα
k ̸= ∅. Consider four possible cases.

Case 1. Ak ̸= ∅.

By Lemma 5.15(2), Dk = ∅ and
∪

l≥1 Bl does not contain any element that consists of k-cycles in

α. Thus Xα
k =

∪mk
i=1 cont(θ

(k)
i ), or k = 2 and Xα

k =
∪mk

i=1 cont(θ
(k)
i ) ∪ {y1, y2}, where ((y1 y2)) ∈ E . In

either case, by the definition of p, xγ1 = αgk for every x ∈ Xα
k .

Case 2. Dk ̸= ∅.

By Lemma 5.15(2)(3), Ak = ∅ and
∪

l≥1 Bl does not contain any element that consists of k-cycles

in α. By Lemma 5.10, k ≥ 3. Thus Xα
k = cont(ϕ

(k)
1 ) ∪ cont(ϕ

(k)
2 ), and so xγ1 = αuk for every x ∈ Xα

k .

Case 3. Ak ∪ Dk = ∅ and
∪

l≥1 Bl contains an element that consists of k-cycles in α.
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By Lemma 5.15(4),
∪

l≥1 Bl contains a unique element that consists of k-cycles in α, say µ
(l)
j . Thus

Xα
k = cont(µ

(l)
j ), or k = 2 and Xα

k = cont(µ
(l)
j )∪{y1, y2}, where ((y1 y2)) ∈ E . Note that if k = 2, then

µ
(l)
j = µ

(l(2))
j(2) . Thus, in either case, by the definition of p, xγ1 = αhl

j for every x ∈ Xα
k .

Case 4. Ak ∪ Dk = ∅ and
∪

l≥1 Bl does not contain any element that consists of k-cycles in α.

Then Xα
k = {y1, y2}, where ((y1 y2)) ∈ E , and so xγ1 = xαp = xα0 for every x ∈ Xα

k . □

Lemma 5.19. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C), let γ ∈ C(α)∩C(β). Let γ1

be the function from Definition 5.16. Then:

(1) if |Xα
1 | ̸= 2 and x ∈ Xα

1 , then xγ1 = x;

(2) if Xα
1 = {x1, x2} with x1 ̸= x2, then either xiγ1 = xi for i = 1, 2, or x1γ1 = x2 and x2γ1 = x1.

Proof. Suppose |Xα
1 | ̸= 2 and x ∈ Xα

1 . By the definition of γ1, xγ1 = xαt, where t ∈ {uk, gk, hlj , p}, or
xγ1 = x. Thus (1) is true since α fixes x. To prove (2), suppose Xα

1 = {x1, x2} with x1 ̸= x2. Then,

by Lemma 4.10, βα has a special 2-cycle ((x1) (x2)) or two special 1-cycles ((x1)) and ((x2)). Since

γ ∈ C(α), in either case, γ maps {x1, x2} onto {x1, x2}. The same statement is true for β. Hence, γ1

maps {x1, x2} onto {x1, x2} by Definition 5.16. □

The next two lemmas show that γ2 ∈ C2(β) (see Lemma 2.4).

Lemma 5.20. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C), let γ ∈ C(α) ∩ C(β). Let

γ2 be the function from Definition 5.16. Then for every integer l ≥ 2, there is an integer wl ≥ 0 such

that xγ2 = xβwl for every x ∈ Xβ
l .

Proof. Let l ≥ 2. We my assume that Xβ
l ̸= ∅. By Lemma 4.8, for every x ∈ X, x ∈ Xβ

l if and only if

x ∈ cont(θ), where θ is a cycle in βα with l(θ) = l. Consider four possible cases.

Case 1. Bl ̸= ∅.

Let x ∈ Xβ
l . Then x ∈ cont(θ) for some θ in βα consisting of k-cycles in α such that l(θ) = l. By

Lemma 5.15(2)(3), Ak and Dk are empty. Thus, if θ is not special, then θ = µ
(l)
j for some j. If θ is

special, then, since β moves x, θ = ((x1) (x2)) ∈ E . It follows that Xβ
l =

∪nl
j=1 cont(µ

(l)
j ), or l = 2 and

Xβ
l =

∪nl
j=1 cont(µ

(l)
j )∪{x1, x2}, where ((x1) (x2)) ∈ E . In either case, by the definition of q, xγ2 = βsl

for every x ∈ Xβ
l .

Case 2. Bl = ∅ and
∪

k≥1Ak contains a cycle θ with l(θ) = l.

By Lemma 5.15(1)(5), θ is a unique element in
∪

k≥1Ak such that l(θ) = l, say θ = θ
(k)
i , and∪

k≥1Dk does not contain any cycle θ′ with l(θ′) = l. Thus Xβ
l = cont(θ

(k)
i ), or l = 2 and Xβ

l =

cont(θ
(k)
i ) ∪ {x1, x2}, where ((x1) (x2)) ∈ E . Note that if l = 2, then θ

(k)
i = θ

(k(2))
i(2) . Thus, in either

case, by the definition of q, xγ2 = βtki for every x ∈ Xβ
l .

Case 3. Bl = ∅ and
∪

k≥1Dk contains a cycle θ with l(θ) = l.
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Let k be such that θ ∈ Dk. By Definition 5.9 and Lemma 5.10, k ≥ 3, Dk = {ϕ(k)
1 , ϕ

(k)
2 }, and

l(ϕ
(k)
1 ) = l(ϕ

(k)
2 ) = l. By Lemma 5.15(1)(5), k = l and

∪
k≥1Ak does not contain any cycle θ′ with

l(θ′) = l. It follows that Xβ
l = cont(ϕ

(l)
1 ) ∪ cont(ϕ

(l)
2 ), and so xγ2 = xβvl for every x ∈ Xβ

l .

Case 4. Bl = ∅ and
∪

k≥1Dk ∪
∪

k≥1Ak does not contain a cycle θ with l(θ) = l.

Then Xβ
l = {x1, x2}, where ((x1) (x2)) ∈ E , and so xγ2 = xβq = β0 for all x ∈ Xβ

l . □

Lemma 5.21. Let α, β ∈ Sn such that αβ = βα and β satisfies (A)–(C) of Theorem 4.11, and let

γ ∈ C(α) ∩ C(β). Let γ2 be the transformation from Definition 5.16. Then:

(1) if |Xβ
1 | ≠ 2 and x ∈ Xβ

1 , then xγ2 = x;

(2) if Xβ
1 = {y1, y2} with y1 ̸= y2, then either yiγ2 = yi for i = 1, 2, or y1γ2 = y2 and y2γ2 = y1.

Proof. Suppose |Xβ
1 | ̸= 2 and x ∈ Xβ

1 . By the definition of γ2, xγ2 = xβs, where s ∈ {vk, tki , sl, q}, or
xγ2 = x. Thus (1) is true since β fixes x. To prove (2), suppose Xβ

1 = {y1, y2} with y1 ̸= y2. Then,

by Lemma 4.10, βα has a special 1-cycle ((y1 y2)) or two special 1-cycles ((y1)) and ((y2)). In the

latter case, y1γ2 = y1 and y2γ2 = y2 by Definition 5.16. Suppose βα has a special 1-cycle ((y1 y2)).

Since γ ∈ C(β) and y1, y2 are the only fixed points of β, γ maps {y1, y2} onto {y1, y2}. Since (y1 y2)

is a 2-cycle in α, y1α = y2 and y2α = y1. Hence α−pγ maps {y1, y2} onto {y1, y2}, and so does γ2 by

Definition 5.16. □

We can now complete the proof of our main theorem.

Proof of Theorem 4.11. We will show that C2(α)C2(β) = C(α) ∩ C(β). By Proposition 1.2,

C2(α)C2(β) ⊆ C(α) ∩ C(β). To prove the reversed inclusion, let γ ∈ C(α) ∩ C(β). By Lemma 5.17,

γ = γ1γ2, where γ1 and γ2 are the functions from Definition 5.16. By Lemmas 5.18, 5.19, and

Lemma 2.4, γ1 ∈ C2(α). By Lemmas 5.20, 5.21, and Lemma 2.4, γ2 ∈ C2(β). Thus γ ∈ C2(α)C2(β),

and so C(α) ∩ C(β) ⊆ C2(α)C2(β). Hence, by (5.1), C2(α)C2(β) is a maximal abelian subgroup of

Sn. □
We conclude the paper with the following problem.

Problem. Let α, β ∈ Sn such that C2(α) ̸= C(α) and β ∈ C(α)\C2(α). Find sufficient and necessary

conditions for C2(α)C2(β) to be a maximal abelian subgroup of Sn.
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