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COMBINATORIAL PARAMETERS ON BARGRAPHS OF PERMUTATIONS
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ABSTRACT. In this paper, we consider statistics on permutations of length n represented geometrically
as bargraphs having the same number of horizontal steps. More precisely, we find the joint distribution
of the descent and up step statistics on the bargraph representations, thereby obtaining a new refined
count of permutations of a given length. To do so, we consider the distribution of the parameters on
permutations of a more general multiset of which S, is a subset. In addition to finding an explicit
formula for the joint distribution on this multiset, we provide counts for the total number of descents
and up steps of all its members, supplying both algebraic and combinatorial proofs. Finally, we derive
explicit expressions for the sign balance of these statistics, from which the comparable results on

permutations follow as special cases.

1. Introduction

Bargraphs, also referred to as wall polyominoes [5] or skylines [6], have been an object of recent
study and have found several refined enumerations. Recall that a bargraph is a self-avoiding random
walk in the first quadrant starting from the origin and terminating on the x-axis and lying strictly
above the z-axis except for the endpoints, where the permissible steps are the up step v = (0,1),
down step d = (0, —1), and horizontal step h = (1,0). Note that no u can follow a d, and vice-versa,
and each h must lie (strictly) above the z-axis. Earlier authors, such as Prellberg and Brak [11]
and Fereti¢ [5], have found generating function formulas involving two variables x and y that keep
track of the number of horizontal and up steps, respectively. Refined counts of bargraphs were later
given by Blecher et al. according to such statistics as levels [1], peaks [2], area [3], and descents [3].
By viewing bargraphs as Motzkin paths without peaks or valleys, Deutsch and Elizalde [4] explored
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further lattice-path type statistics and considered restricted classes of bargraphs such as those that
are alternating or symmetric. Bargraphs have connections to statistical physics [10], where they are
used to model polymers, and arise in probability theory where they represent frequency diagrams.

Here, we consider a further restricted class of bargraphs, i.e., those all of whose heights are distinct.
That is, we view the set of permutations as a subset of the bargraphs and find enumerations related to
certain statistics on the latter. More precisely, we count this class of bargraphs according to the descent
and up step statistics (marked by p and ¢ in what follows) and find a formula for the joint distribution.
This extends to permutations recent work on unrestricted bargraphs and integer compositions [3] where
some comparable parameters were considered. As a consequence, one gets new refined counts of the
set of permutations of a given length. To obtain the featured results on bargaphs of permutations,
we consider first a more general class of words which enables one to start the problem by writing a
recurrence. We are then able to find the generating function for the distribution of descents and up
steps on this more general class which allows one to obtain the comparable results for permutations
as special cases. We refer the reader to [7] and references contained therein for previously considered
statistics on words and compositions.

This paper is organized as follows. In the next section, we introduce and recall some terminology
and identify a set, denoted by A, ;, of permutations of a certain multiset in terms of bargraphs (with
Sy, corresponding to the case i = 1). In the third section, we find the joint distribution of the descent
and up step statistics on A, ;. To do so, it is more convenient to consider first the distribution of the
number of descents with the statistic recording the difference between area and number of up steps.
We also find explicit formulas for the sum of the values of a parameter taken over all members of A, ;
in the case of descents, number of up steps and the difference between area and up steps, providing
both algebraic and combinatorial proofs. In the final section, we derive formulas for the extent to
which the members of A, ; assuming an even value for one of these parameters outnumber (or are

outnumbered by) those members having an odd value.

2. Preliminaries

We will study the distributions of certain parameters on various classes of words represented as
bargraphs. Let P, denote the set of all words of length n in the alphabet of positive integers and
B,, the set of bargraphs having n horizontal steps (i.e., that terminate at the point (n,0)). We will
represent w = wiws - - - w, € P, as the member of B,, whose i-th horizontal step has height w; for all
i€[n]=1{1,2,...,n}, which we denote by bar,,.

We focus on the case of permutations of a given length, represented using the one-line notation.
For the statistics considered here, finding a recurrence for the distribution on §,, directly in terms of
distributions on S, for smaller m with no additional parameters seems difficult. In order to facilitate
our study, we consider a more general set of words than the permutations which allows one to view

these statistics in terms of recursive structures. Given n > 1 and 1 <i < [(n+1)/2], let A, ; denote
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the set of permutations of the multiset 12 - - - (n—4)(n—i-+1)" in which no two of the letters n—i+1 are
adjacent. For example, we have Ay = {1323,2313,3123, 3132, 3213,3231}. Note that A, ; coincides
with the usual set of permutations of [n] when i = 1.

We wish to consider various statistics on A, ;. A descent in a word w = wiwy---w, € Py, is an
index i € [n — 1] such that w; > w;11. Let des(w) denote respectively the number of descents in w,
which is equivalently the number of runs of down steps in bar,. Let up(w) and area(w) denote the
number of up steps in and the first quadrant area subtended by bar,. Note that area(w) is simply
the sum of the entries of w. For example, if 7 = 4785138286 € Ajp 3 (see Figure 1), then des(w) = 4,
up(m) = 21 and area(m) = 52. By a slight abuse of notation, we will at times regard members © € A,, ;
as belonging to the subset of ,, comprising bar, for all 7. In the subsequent section, we consider the

joint distribution of the descent and up step statistics on A, ; represented in terms of bargraphs.

FIGURE 1. Bargraph representation of m = 4785138286 € Aj,3.

That is, we find the generating function

d(n,i;p,q) Z plles(m) gup 1<i<|(n+1)/2].
W€«4nz
In order to do so, it is more convenient to study the joint distribution of descents with the statistic
recording area minus number of up steps. Given w € P,, let dif(w) = area(w) — up(w), which is

always seen to be non-negative. Define the distribution polynomial a(n,i;p, q) by

a(n,i;p,q) = Y p*@g M 1 <i<[(n+1)/2).
TEAR i

For example, if n = 4 and i = 2, then a(4,2;p,q) = pg*(1 + p)(2 + ¢). Since area(n) = ("_;H) +

i(n —i+1) for all m# € A, ;, one can recover d(n,;p,q) from a(n,i;p,q) via the relation d(n,i;p,q) =
q(n o) Fin—it1) a(n,i;p,q~"'). Taking i = 1 in either gives the corresponding distribution on S,,.

We remark that the dif-statistic may be of some interest in its own right. Since the number of
up steps always equals the number of down steps within bar,, for a word w, the quantity dif(w) is
seen geometrically to count the number of squares in bar,, that are bordered on the right by another
square. Thus dif(w) corresponds to the sum of the lengths of the internal vertical dividing lines within
the bargraph representation of w. For example, dif(m) = 31 where 7 is shown below. Furthermore,
dif(w) may be given directly in terms of w = wyws - - - wy, as dif (w) = S min{w;, w;y1}, which is
related to certain kinds of variation statistics for words [9].
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Using the definitions, one can obtain the boundary conditions a(2n—1,n;p, q) = p"~ 1¢""~D(n—1)!

and a(2n,n;p,q) = A (1(1;)%)(71 1)'( (1 —¢q)—q(1—¢q")) for all n > 1. Note that the forbidden

adjacency requirement of the n — i + 1 letters implies A,, ; is empty if ¢ > |(n + 1)/2], in which case

a(n,i;p,q) will be taken to be zero.

3. Bargraph statistics on permutations

We first determine a recurrence satisfied by the array a(n,i;p, q).
Lemma 3.1. Ifn>2 and 1 <i < |[(n+1)/2], then
(3.1) a(n,i;p,q) = (i+1)a(n,i+1;p,q)+(L+p)g" ‘ia(n—1,4;p,q)+pg®" " (i—1)a(n—2,i—1;p, q),
with a(1,1;p,q) = 1.

Proof. We first count members of A, ; in which n — 4 is not adjacent to any of the n —4 + 1. Let
A* ; denote the set of “marked” members of A, ; wherein one the letters m — j +1 is marked. Given
AE .An i1 let )\ be obtained by replacing each n — 4 within \ that is not marked with n —i+1. Then
the mapping A + A is a weight-preserving bijection between Aj, ;,; and members of A, ; in which
n — ¢ is not adjacent to any of the n — i 4 1, whence their weight is (i + 1)a(n,i+ 1;p, q).

Next, observe that members of the subset of A,,; in which n — ¢ is adjacent to exactly one of the
n — 1+ 1 may be obtained by inserting an extra copy of the letter n — ¢ either directly before or after
one of the n — ¢ within a member of A,_ ;, and then replacing all of the letters n — i with n —7 4+ 1
except for the one that was inserted. Note that this operation increases the value of dif by n — ¢ due
to the contribution from the inserted letter n — i. Furthermore, there are 2¢ possible choices for the
insertion point of n — 4, each resulting in a distinct member of A,, ;, where a descent is introduced
with exactly half of these choices. Thus, the weight of the aforementioned subset of A, ; is given by
(1+p)q""ia(n — 1,4; p, q).

Finally, members of A, ; in which the string (n —i+1)(n —i)(n — i+ 1) occurs may be obtained by
inserting the letters n — i, n — i+ 1 directly after the marked letter n — ¢ within a member of A;—Q,i—l
and then in the resulting word replacing all letters n — ¢ by n — ¢ + 1 except for the one that was
added (and also leaving the n — i 4+ 1 that was inserted unchanged). This operation is seen to define

a bijection between A* , and the subset of A, ; in which n — 4 comes directly between two of the

2(n—1)

n—2,1—

n — ¢ + 1, where the weight changes by a factor of pq . Thus, the weight of the aforementioned
subset of A, ; is given by p?™=) (i —1)a(n—2,i—1;p, q). Combining all of the previous cases implies

(3.1). O

Rather than working directly with the usual generating function ZL(nH /2 a(n, i;p, @)w', it is more
convenient to consider b,(w) = b,(w;p,q) = Z?”Lll a(n +1i,i;p,q)w'. We have the following explicit

formula for by, (w).
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Theorem 3.2. Define an(w) = an(w;p,q) = 1+ (14 p)q"w + pg*"w? and pp(w) = pn(w;p,q) by
o) = anw) 4o (analw)ge (- aalw) o @) ), a1,

with po(w) = w. For alln > 1,

(32) bu(10) = pa(w) — [0'pn—1(w),

where [w']f(w) denotes the coefficient of w in the polynomial f(w).

Proof. Define b(n,i) = b(n,i;p,q) = a(n +i,i;p,q) for all 1 <i <n-+1and n > 1, with (0,1) =1
and b(0,0) = 0. Then Lemma 3.1 implies

b(n,i) = (i + Db(n— 1,5+ 1) + (1 + p)g"ib(n — 1,i) + p¢®* (i — Db(n — 1,i—1), 1<i<n+1.

The last recurrence relation can be written as

by (w) = an(w)%bn,l(w) Cbn—1,1), n>1,

with byp(w) = w. By induction on n, we see that b,(w) = p,(w) —b(n — 1,1). Since the coefficient of

w in b, (w) equals [w!]p,(w), we complete the proof. O

Corollary 3.3. We have

(3.3) a(n,is1,1) = (n—i)!<”_?+1), L<i<|(n+1)/2].

7

Proof. By the definitions, we have p,(w;1,1) = (1+w)2%pn_1(w; 1,1) forn > 1, with po(w;1,1) = w.
By induction on n, we get p,(w;1,1) = n!(1 4+ w)"*! for n > 1. Hence, by (3.2), we have

ba(w; 1,1) = nl(L+ w)™™ — (n — Dlfw'](1 +w)" = nl(1 + w)™ — nl,

which implies that b(n,i;1,1) = n!(njl) fori=1,2,...,n+ 1. Thus, a(n,i;1,1) = b(n —i,4;1,1) =
(n— i)!(”_fﬂ) for 1 <i<|[(n+1)/2], as required.
One can also provide a combinatorial proof of (3.3) as follows. First note that members 7 € A, ;

can be expressed as
T=ai(n—i+1) a;(n—1i+ a1,

where the a; are words in [n—1| that are mutually disjoint, comprise all of [n —i] when taken together,
and are non-empty for 2 < j <. If aj = |o| for 1 < j <i+1, then ay +as + -+ + a;41 = n — i with
as,...,a; > 0 and ay,a;41 > 0, whence there are (”_Zi;rlJri) = (”_fﬂ) choices for the cardinalities
of the ;. Once the a; have been determined, there are (n — i)! ways to arrange the elements of
[n — 4] as they can occur in any order going from left to right, which implies a(n,i;1,1) = | A, =

(n — )1 ("7H. O

http://dx.doi.org/10.22108/toc.2017.102359.1483
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Theorem 3.4. Ifn>1and 1 <i<|(n+1)/2], then the sum of the values of dif(r) taken over all
m € Api 15 given by

—(n —1)!

1 n—1+1
3

)(n2—z’2+z’—1).

i
Proof. By the definitions, we have
d d d d
diqpn(uh 17 Q) |q=1: an(l + w)%pnfl(u@ 17 1) + (1 + w)2d d - Pn— 1(10, 17Q) |q 1,
with diqpo(w; 1,q) |g=1= 0. Define p,(w) = d%pn(w; 1,q) |4=1. By the proof of Corollary 3.3, we get
d
pu(w) = 2n-nlw(l +w)" + (L +w)*—pl (W), n>1,

with pg(w) = 0. Define R(z,w) = > o o (w ) . By multiplying the last recurrence by -~ = l), and

summing over n > 1, we obtain the first order hnear pde

d - 2w(l+w)(1 + 2+ 2w) d
—R(z,w) = =2 —zu) + (1+w)2%R(x,w),

(3.4) -

with R(0,w) = 0.
To solve (3.4), we first let R(x,w) = G(u,v), where u = z(1 + w) and v = w. Then (3.4) can be

rewritten in terms of G as

d ~ 2v(1 4 u)
duG( )= (1—u)3

Letting H(u,v) = (1 — u)3G(u, v) transforms (3.5) to

iG’(uw).

(3.5) (1 —u) T

+ (1+v)

(1- u)a%H(u,v) -1+ v)d%}H(u,v) +3H(u,v) = 2v(1 + u),

where H(0,v) = 0. Letting H(u,v) = 2uv + f(u) implies f satisfies the first-order linear ode (1 —
u)f'(u) + 3f(u) = 2u with f(0) = 0. Hence, f(u) = u® — %3 and H(u,v) = 2uv + u? — . Then

3
R(z,w) = G(u,v) = g(_uui)’% implies

(14 w) (6w + 3z(1 + w) — 22(1 + w)?)
3.6 R = .
Extracting the coefficient of 2" /n! in (3.6) gives p},(w) = &(n + 1)I(1 + w)"(3nw + n — 1), n > 1.

By (3.2), we have

ibn(w; 1,q) |g=1 = 1(n + D)1+ w)"Bnw+n—1) — %n![wl](l +w)" '3(n - Dw+n —2)

dq 3
- %(n 1)L+ w)" (Bnw +n — 1) — (”_1)3(”“)'

sofori=1,2,...,n+1,

d . n n—1 n 1 n+1 . 9 .
— ;1 —1= H! n! = —nl 2 —1).
dqb(n’z’ :q) lg=1=n(n+1) <i—1> + 3 (n+1) <z> 3n< ; >( ni+n”+1i—1)

Hence, we have d%a(n, i;1,q) |g=1= diqb(n— i,i31,q) |g=1= $(n— i)!(”_fﬂ) (2(n—i)i+(n—1i)2+i—1),
for 1 <i < [(n+1)/2], which yields the result. O
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Subtracting the previous result from the total area of all members of A, ;, that is,
n—i+1 n—1i+1
(n—i)!( .+ )[( * )—l—i(n—i—i—l)},
1 2
gives the following explicit formula for the total number of up steps.

Corollary 3.5. The number of up steps within the bargraph representations of all members of A, ; is

s -(G)] =i

In particular, the number of up steps within all bargraphs of permutations of length n is given by
(n— 1)!("‘;2) forn >1.

given by

Remark: A proof similar to that given for Theorem 3.4 above shows

CZ)a(n,i;p,l) p=1= (n —i)! (n 7 1) (” _;+ 1>'

This formula may also be obtained by noting that exactly half of the adjacencies within all members

of A, ; correspond to descents, which follows from applying the reversal operation to A, ;.

It is possible to provide a combinatorial explanation of the prior theorem.
Combinatorial proof of Theorem 3.4.

We first consider the contribution towards the total di f-value coming from adjacent letters ab where

a,b € [n —i]. Note that given any choice of the remaining letters, the string ab contributes

(e £ - E () 0o

a=1 \b=1 b=a+1 a=1

_(n_i)<n—;’+1>_<n—;+2> _2<n—;’+1>

towards the total value. Given i > 1 and n > 2i, let U, ; denote the set of binary words w of length n
having ¢ 1’s in which no two 1’s are adjacent and in which some occurrence of the string 00 (i.e., two
consecutive 0’s) within w is circled and let u(n,i) = |Uy;|. Given a and b, there are u(n,i) choices
concerning the arrangement of the n — i+ 1 letters relative to those in [n — i] together with the choice
for the position of the string ab (it is understood that (n — i+ 1)’s are to occupy the positions of the
1’s within a member of U, ;, with ab corresponding to the circled 00). There are then (n —i—2)! ways
to arrange the remaining letters of [n —i] as they can occur in any order. Thus, there is a contribution
of 2(n —i— 2)!(n7§+1)u(n, i) = WU(TL, i) towards the total value of dif in this case.

We now determine u(n,i). To do so, we divide Uy, ; into classes according to those (i) not ending in
1, with a 1 not directly preceding the circled 00 string, (ii) not ending in 1, with a 1 preceding the 00,
(iii) ending in 1, with a 1 not preceding the 00, and (iv) ending in 1, with a 1 preceding the 00. Let
Ry,; denote the set of “marked” square-and-domino tilings of length n having ¢ dominoes in which one

of the dominoes is marked. One may regard words w in class (i) above as tilings in Ry, ;4+1, with the

http://dx.doi.org/10.22108/toc.2017.102359.1483
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circled 00 string and occurrences of 10 in w corresponding to the marked domino and to the remaining

n—i—1
i+1

observe that deleting the second 0 in the circled 00 string and identifying the position of the 1 that

unmarked dominoes, respectively. Thus, there are (i + 1) ) members of Up; in class (i). Next
directly precedes this string as the left half of the marked domino and then identifying the remaining
occurrences of 10 as (unmarked) dominoes defines a bijection between class (ii) and R,—1;, whence
there are i("_f_l) members in this class. By similar reasoning, there are i("_f_l) and (i — 1) (":Il)

words in classes (iii) and (iv), respectively. Thus, altogether we have

wniy =0 (" e - ("
- () (U () ()
~a-n(" )20

Next, we determine the contribution from the string ab where a =n —i+ 1 and b € [n — i]. Note
that, by symmetry, this equals the contribution from when a € [n—i] and b = n—i+1. For any choice
of position for the remaining letters, the string ab gives Z?;f b= (n—;‘—i—l). Ifi>1andn > 2i—1,
then let V), ; denote the set of binary words w of length n containing 7 1’s in which no 1’s are adjacent
wherein a 1 is marked such that the marked 1 is not the final letter of w, with v(n,i) = |V, ;|. Given
each choice of a and b, there are v(n,i) ways to arrange the n — i + 1 letters and the letter b relative
to the others (note that b corresponds to the 0 directly following the marked 1) and (n — i — 1)! ways
to arrange the remaining members of [n — 4] (in slots containing 0’s). Thus, the contribution from ab
when one of a,bis n—i+1 equals 2(n —i —1)! ("é“)v(n, i) = (n—i+1)lw(n,i). Considering whether

or not a member of V,,; ends in 1 implies

v(n,i)z(i—l)(?__ll) +z<"2_z> :(i—1)<”_z+1> + (”;7’>

Thus, the sum of the di f-values of all members of A, ; is given by

("—;“)’u(n, i)+ (n— i+ D)lo(n, i)

B (T ) () ()

— i+ 1) —1+1 p— 1 —1+2 2n—214+1 —21+1
_(n—i+lin z.+ (i )(n i+ )+ (n i+ )+2(i_1)+n .z—i—
3 1 1+ 1 141 n—i+1
—i)m—i+1
:(”32)<" ;* )(n2—i2+i—1),
which completes the proof. O

In the next two results, we find the upper and lower bounds for the up step statistic on A,, ;.

Proposition 3.6. Letn >1 and 1 <i < |[(n+1)/2]. Then the mazximum number of up steps in the
bargraph representation of a member of Ay, ; is given by m(m+1)— (;) if n = 2m and by (m+1)*— (;)

http://dx.doi.org/10.22108/toc.2017.102359.1483
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if n=2m+ 1. Furthermore, these mazimum values are achieved by
m'(m+1)

2(m!)?
1!

members of Ay, ; if n =2m

and by members if n = 2m + 1.

Proof. Equivalently, we minimize the statistic value dif(r) = ("~ ZH) +i(n—i+1)—up(n) for m € A, ;.
If 7 = mmg---mp, then dif(mw) = Z?:_ll min{7;, m;4+1} since the sum is seen to equal area minus the
number of up steps of bar,. If n = 2m, then this sum is minimized when each of the letters in
[m — 1] is counted twice and m is counted once (note that a letter m; is counted twice in dif(m) if
mj—1 > mj < mj41, and once if exactly one of these inequalities is reversed). Note that this minimum

is in fact achieved by
t=Mn—i+1)In—i+1)2---(n—i+1)in—i)(i+1)---(n—m+1)m

Thus, the minimum value of dif is 2(”21) +m = m?, which implies the maximum number of up steps
is given by (2m;i+1) +i2m—i+1)—m2=m(m+1) - (;) Similarly, if n = 2m + 1, then dif(m) is

minimized by
=nmn—i+)In—i+1)2---(n—i+1i(n—9)(i+1) - (n—m+ 1)m(n —m),

implying that the maximum number of up steps is given by (Qm_QHQ) +i2m—i+2)—m(m+1) =
(m+1)? = (5)-

We now count, equivalently, the number of members of A, ; for which the minimum value of dif
is achieved (we will refer to members of A, ; where this occurs as minimal). If n = 2m, then the
preceding shows that the only element of [m] that can possibly start or end a minimal member 7 of
Ay,.i is m, in which case each element of [m — 1] separates two letters of I = [m + 1,2m — i+ 1]. This

M possible members of A,, ; since the elements of [m] can be arranged in 2(m — 1)! ways

yields
and the letters in I can be arranged in ™ ways (as 2m — i+ 1 occurs with multiplicity 7). Otherwise,
7 both starts and ends with letters in I , no two of which are directly adjacent, with m next to exactly

1)!

one element of [m — 1]. This yields % possibilities since there are 2(m — 1)(m — 1)! choices

concerning positions of elements of [m] (as there are 2(m — 1) ways to arrange m) and !‘ choices
2

concerning the letters in /. Combining the two previous cases gives @ minimal members of A, ;.

If n = 2m + 1, then the preceding shows that for a minimal 7, there are m! ways to arrange the

ucesL ml(m+1)!
1!

elements of [m] and ways to arrange those in [m + 1, 2m — i+ 2], yielding possibilities,

which completes the proof. O

Remark: Taking ¢ = 1 in the preceding proposition implies that the maximum number of up steps

within a bargraph of a permutation of length n equals m(m+1) if n = 2m and (m+1)? if n = 2m+1.

Proposition 3.7. Letn >1 and 1 <i < |(n+1)/2|. Then the minimum number of up steps in the
bargraph representation of a member of Ay, ; is given by n+ (igl), which is achieved by 2721 (3 —1)!

members of Ap ;.
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Proof. We characterize those m = mymg - - -7, € A, ; such that up(m) is minimal. Let a =n —i+ 1.
Note first that the contribution towards up(w) derived from the columns that correspond to a string
of letters m,y1my42- - ms where m, = g = a and mp41,...,Ts—1 € [n — 1] is at least a — m, where
m = min{m,41,...,7s—1}. To see this, note that once bar; drops to the level m, then at least a — m
up steps are required to attain the level a once again. Thus, if ¢; and ¢5 denote the smallest and
the largest indices j such that 7; = a, then the minimum possible contribution towards up(m) coming
from the string L =mp, 417, is 1 +24---+i—1= (;) since at least one element of [n — 7] must
separate any two letters a. This occurs when the elements of [n — ] lying within L are precisely those
in [n—2i+2,n—1]. The minimum possible contribution towards up(7) from the letters in 7 — L equals
a since mp, = a, which occurs if and only if the strings mims - -7y, and w41 - - 7, (if non-empty)
are increasing and decreasing, respectively. Combining the previous observations, there are (i — 1)!
possible orderings for the letters in L and 2"~ 2+ possibilities for the letters in 7 — L (as the string
71 -+ Mg, —1 can comprise any subset of [n — 2i + 1], possibly empty, which then determines the rest of
the letters in 7 — L). Thus, the minimum number of up steps is (;) 4+a= (251) + n, which is achieved
by 27~2+1(; — 1)! members of A, ;. O

4. Sign balance of bargraph parameters

In this section, we determine by how much the subset of A,,; whose members have an even value
of a parameter differs in cardinality with the subset of A, ; where the value is odd in the case of the
parameters up and des. Given a structure S and a parameter «, let £ and O denote the subsets of S
having an even or an odd a-value, respectively. Then the sign balance |E| — |O] with respect to « can
be obtained by substituting the value —1 into the generating function for o over S.

We apply this strategy and first find the sign balance of the up statistic. To do so, we consider di f

once more. Theorem 3.2 with p = —q¢ = 1 gives
d
pn(w;l,—1) = (1 + (—1)"w)2d*pn—1(w; 1,-1), with po(w;1,-1) = w.
w

Clearly, p2(w; 1, —1) = —2A4%B and p3(w;1,—1) = —4AB3 4 2A%2B2% where A = 1+wand B = 1 —w.
By induction on n, we obtain the following recurrences for all n > 2:

2n

(41) PQn(w; 1, —1) = Z(_1)j*1042717]‘14]'‘BQnJrlfj7
j=2
2n ) A A
(4.2) pant1(w; 1, —1) = Z(—l)ﬂaznﬂ’jAJB?nH—a’
j=1
where
(4.3) aznj = (G —Dagn_1j 1+ (2n+2—fasn_ 192, =2,3,...,2n,
(4.4) Q2pi1,5 = (J+ l)Oézn,j_H +2n+1- j)a%’j’ j=1,2,...,2n,

http://dx.doi.org/10.22108/toc.2017.102359.1483
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with ag 2 = a32 = 2 and a31 = 4. For example,

anj J=1 j=2 j=3 j=4

n=2 2
n=3 4 2
n=4 4 16
n=>5 8 60 48
Theorem 4.1. Ifn > 1, then
Jj+1
" 2n+1
-1 e .
j+1
" 2n + 2
L — _ J+Z—1 -n+1 . .
(4.6) a%ﬂﬂly_z; 1) Q+J_%> (i+1)"  0<j<2n-1.

Proof. We first show that formula (4.5) also holds for j = 2n — 1 and that (4.6) holds for j = 2n by

virtue of a1 = ap41,0 = 0. In the first case, this amounts to verifying the identity

iipq)cm+i> "Gi+1)" =0, n>Ll

— 1+1

Since (21+11) "+ 1" = (2n+ 1)(2") "(i + 1)"!, the preceding identity follows from expanding

(i +1)" ! and using the fact that 32" (—1)’ (2")2 =01if 1 </ < 2n. A similar proof applies to (4.6)
when j = 2n.

To complete the proof, we proceed by induction on n and prove (4.5) and (4.6) for all j given n,
the n = 1 case holding since azs = 2, az2 = 2 and az; = 4. Formulas (4.3) and (4.4) give for
7=0,1,...,2n — 1 the recurrences

Qonon—j = (2n — 1 — jloon—12n—1—5 + (§ + 2)a2n—1,2n—-2—5,

Qo1 2n—j = (2n+ 1 — jlaopont1—j + (J + 1)oan 2n—;-

Ifn>2and 0 <j<2n—2, then we have by the induction hypothesis

Qo on—j = (2n —1—j) Z:(—l)jﬂ;2 ( .Qn ) (i 4+ 1)" 1

—1
=1 J

j+1
+(+2) ) (-t < o >z”(z 1)t

pn GA1—i
- 2(—1)3“—1 (~en-1-a(" ) +a+n(, 2 )) i o
= §<—1>f+i—l (ff ! ) "(i+1).

http://dx.doi.org/10.22108/toc.2017.102359.1483
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Also, for 0 < j < 2n — 1, we have

J 41
Qont1onj = (2n+1—j) Z(_1)a+z—2< ) "+ )"
=1

j—l
Jj+1
. L 2n+1
+ (1) (1) 1( +1_Z) i+ 1)"
=1
j+1

— ;(_1)3%1 <_(2n +1—3) (2;:1> +(@+1) <j2f 1+_1 l>> i"(i 4+ 1)"

J+1
L 2 2
=5 (~1)iti (j -C1+_ @> 4 1)7,
which completes the induction. O

The above theorem, together with (4.1)-(4.2), yields the following for n > 1:

2n  /2n+1—j
pZn(w; 1, —1) = Z ( Z (_1) <2;L—:‘ 1> (Z + 1) ) (1 +w)j(1 _ w)2n+1—j’

j=2 i=1

2n  /2n+1—j
ponir(w; 1, —1) =Y ( 3 (_1)i1<.2n‘+2 ) 1) ) (14 w) (1 — w)2n 2.

= ] jt+i+1

Thus, by (3.2), we have

2n
bgn(’w; 1, —1) = (
2n—2 /2n—1—j
~[w'] ( > <—1>“<j o 1)@'”<i+1>"—1> (L+w) (1= )™,

2n  /2n4+1—3
b2n+1(w. 1 _1) _ Z ( Z (_1)1'71 < '277/ + 2 >Z~n+1(i + 1)n> (1 + w)j(l _ w)2n+27j

P j+i+1

2n+1—j
(on+ 1 | |
i=1 ¥l +1

2n 2n+1 ]
2 1 . .
wi} r ) M) | (4 w) (1 - w)?
= j +1
1<k

which gives for all <2n+1,

b(2n, i1, 1) = Z (i(l) (% 1)”) ;:u)f (2 )0 ),
b(2n +1,k;1,—1) = i_":l <2n§j(_1)i1 (ff;rfl)inﬂﬁ N 1)") g(_l)e (k i £> (Qn +€2 - j).

Since dif(m) = ("'QH) +k(n+1) —up(n) for m € A, 41, the sign balance with respect to the up step

statistic on A, 1, is given by

(_1)(n§1)+k("+1)a(n +k,k;1,-1).
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Recalling b(n, k;p, q) = a(n + k, k; p, q), we get the following result.
Theorem 4.2. Letn > 2 and 1 < k < n+1. Then the sign balance of the up step statistic on Apip

S (S (5 e () ()

=1

s given by

if n =2m, and by

n—1 /n— ] k . .
ym )i n+1 \ .41 of J n+1l—7
1 -1
Z( <j+i+1) (0™ ) > 0L, ¢ )
=1 =0
ifn=2m+ 1.

Taking k = 1 in the previous result gives the following formula.

Corollary 4.3. Ifn > 3, then the sign balance of the up step statistic on S, is given by

n—1 n—j
. i n n/2- n—
DS 2 S () e,
=2 i=1

if n is even, and by

n—1 n—j

_1)(n=1)/2 —2§) i(=/2(; 4 (=12
()03 -2 S0 ()i
7j=2 =1
if n is odd.
We now focus on the case p = —¢ = —1. Theorem 3.2 with p = —1 gives
bn(w; =1, 9) = pp(w; —1,q) = [w']pn—1(w; =1, 9),
where

d
pn<w7 _lvq) = (1 - qzan)%pn—l(w; _17Q)7 n 2 17

with po(w; —1,q) = w. Define T'(x,w;q) = 5 pn(w; —1, )In— Multiplying the last recurrence by

n—1

L o and summing over n > 1, we obtain

(n—1)!

2 4

dwT(qQa:,w; q),

d d
—T(z,w;q) = —T(z,w; q) — ¢*
oL@ wig) = - T(z,wiq) —q°w

with T'(0,w; q) = w. In particular, we have for ¢ = 1,

iT(ac w;l) = (1 —w2)diT(x,w;1),

dzx w

http://dx.doi.org/10.22108/toc.2017.102359.1483
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with 7'(0,w; 1) = w. By the method of characteristics, the solution of this pde is found to be

2r 1 4’UJ€2I

T(x,w;1) = tanh(x + arctanh w) = T + 0w+t (+w)e) (1)

The Euler numbers of order o > 1, denoted by E,(La), are defined by (see [13, p. 66, Eqn. 65])
2e% \“ x™
N (a) 2
<e2x+1> B ZE" n!’
n>0
In [8], it was shown that the E' have explicit formula

S L [ I

=0 Jj=

Thus, the coefficient of w¥, k > 1, in T'(x,w; 1) is given by

4€2x(1 _ e2x)k—1

k . _
[’UJ ]T(ﬂ?,w, 1) - (62x + 1)k+1

1 = k-1 r

_ Z(_l)j( - )e(zj—im)x S ke

Qk— = J =0 rl
_ 1 k_l( 1)/ <k - 1) Z (2j —k+1)ma™ ZE(kH)xr
T 9k—1 - ; | T !
2 = 7 >0 m! =0 r!

Then since

2x _ 2x\k—1
pde” (1 —e™)

b(n,k;—1,1) = [2"/n!] (@ e 1<k<n+1,

we get the following result.

Theorem 4.4. Ifn >0 and 1 < k < n+1, then the sign-balance of the descent statistic on A1k

is given by

(4.7) a(n+k, k;—1,1) = % % ( < j 1) Z (:;) (2 — k+ 1)’"Eff_ti)> .

m=0

Remark: Taking p = —q = —1 in the formulas found above for a(2n,n;p,q) and a(2n + 1,n + 1;p, q)
yields 0 and (—1)"n!, respectively, for n > 1. Comparing with the k =n and k =n + 1 cases of (4.7)
yields a pair of binomial identities that involve Euler numbers which we were unable to find in the
literature.

We can find a second formula for the sign balance of des by starting with the Maclaurin series for

tan’(x) given by

.1 n
tan’(z) :Z (n— E)/QZ I3185(n j)(;_ 1) %, =1,

n>/{

http://dx.doi.org/10.22108/toc.2017.102359.1483
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where Sa(n, j) is the Stirling number of the second kind (see [12, A059419]). Thus,

0N ¢ - on—j - A (7 1\ 2"
tanh’(z) = (1) > Z(—1)32 I5185(n, 5) (15 ~ 1) —
n>C \ j=~{
We also have
T(xz,w;1) = tanh(x 4+ arctanh w) = _w+ tanh{z) _ tanh(z) 4+ Z(tanhQ(m) — 1) tanh? 7 (z) (—w)’
U 1+ wtanh(z) = ’
which implies
[W* T (x, w;1) = (=1)F (tanh* 1 (z) — tanh*~1(x)), k> 1.
Hence, by (3.2), we have for all n > 0,
b(n, k;—1,1) = (—=D)F[2"/n!](tanh*+ ! (2) — tanh* 1 (z)), 1<k<n+1.

This leads to the following result, where it is assumed that (72) = 0 if m or ¢ is negative.

Theorem 4.5. If n > 1 and 1 < k < n + 1, then the sign-balance of the descent statistic on Ay, qy

s given by

(4.8) a(n+k, ki —1,1) = Z:;l(—l)j12"jj!52(n,j) ((J . 1) _ <£_;>) .

J

Taking £ = 1 in Theorems 4.4 and 4.5 yields the following identity.

Corollary 4.6. The sign balance of the descent statistic on Sp4+1 s given by

n

7=1
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