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The linear manifold topographic map (LMTM) is a model for unsupervised
learning of multiple low-dimensional linear manifolds from a set of data samples
in a topology-preserving map. Several limitations exist in LMTM and many
other topographic maps that relate to their fixed topology and fixed number
of representation elements or neurons. In this paper, a growing hierarchical
structure is proposed for LMTM, to remove these limitations, and to be able
to take advantage of the possible hierarchical nature of the datasets. The
attempt is made to avoid several existing problems in the similar hierarchical
and growing structures, through this proposed algorithm. Experimental results
indicate the proper performance of the model on a synthesized and two
real-world problems. In the first experiment, a complex manifold constituted of
a circle, a line, and a sinusoidal part is properly represented by the proposed
model. In the second and third sets of the experiments, the superiority of the
proposed model is shown in comparison with the other related methods on an
image compression problem and a handwritten digit recognition application.
© 2014 JComSec. All rights reserved.

1 Introduction

Linear Manifold Topographic Map (LMTM) [1—4] is
a neural model for learning regional (or local) lin-
ear approximations of the underlying data manifolds,
through a topology-preserving lattice. The learning
process is performed in an unsupervised manner and
obtains a piecewise linear representation of the data
manifold. The topology preservation property makes
the model applicable to some problems which require
this feature, such as data exploratory and data visual-
ization applications [5].

The LMTM, due to linearity of its local manifolds, is
simpler and more reliable in real-world problems, than
some global nonlinear manifold learning approaches,
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such as principal curves and surfaces [0, 7], nonlin-
ear principal component analysis (NLPCA) [8], kernel
principal component analysis (KPCA) [9], and various
spectral methods [10] (see[2] for more details). Tt is
also more flexible and precise than the methods which
learn only one global linear manifold for data represen-
tation, such as principal component analysis (PCA)
[11] and independent component analysis (ICA) [12].
The regional dimensionality estimation capability is
also proposed for this model [4], which can improve its
representation quality by increasing the precision or
decreasing the amount of the required memory. Tak-
ing advantage of such ability is not possible for the
linear or nonlinear global approaches, containing the
above mentioned methods.

A limitation of LMTM and many other topographic
maps derived from the well-known self-organizing map
(SOM) network [13], relates to their fixed and prede-
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fined topology (that is usually a rectangular or hexag-
onal two-dimensional topology). From the representa-
tion point of view, such fixed topologies may decrease
the representation accuracy of the network by prevent-
ing the convergence of the map to the global optimum
solution. Moreover, the fixed map structure does not
reflect the data distribution in a direct and clear man-
ner. In these maps, a neuron has the same distance
to all its neighbors, independent of the closeness of
their corresponding data clusters. Thus, additional
processes, such as the so-called U-matrix method [11],
are required to make an indirect visual representation
of data distribution. From the cluster analysis point
of view, the fixed structure of SOM does not reflect
the proximity of the clusters represented by the neu-
rons. To resolve such limitations, the maps with more
flexible topologies, such as double SOM [15], are also
proposed.

Another limitation of LMTM and many other fixed-
structure neural maps, results from the fixed number
of their representation elements or neurons. An initial
choice for this number may not match the require-
ments of the problem. Actually, without prior knowl-
edge about the data distribution, it is hard to define
a predetermined size for the network to achieve satis-
fying performance. Several proposed growing versions
of the self-organizing networks | ], try to fix this
problem.

On the other hand, there are many real-world appli-
cations which have a hierarchical nature. For example,
the problem of arrangement, exploration, and search
in a massive collection of information, can be handled
more efficiently by a hierarchical approach. Also, us-
ing the hierarchical models, a complex problem can
be divided into several simple sub-problems, which
can be efficiently solved. These partial solutions can
be combined to make a solution for the original prob-
lem [21]. Another advantage of a hierarchical learn-
ing method is the ability of finding a multi-resolution
data representation. The hierarchical [22] and tree-
structured [23] versions of the self-organizing map are
developed based on such motivations.

Many researchers considered the growing and hi-
erarchical map structures together [24-29]. In this
manner, the hierarchical data are supported, and the
number of required neurons is obtained based on the
characteristics of the problem. These methods usually
follow a top-down or divisive hierarchical clustering
[29] approach, i.e. they begin from a single cluster
containing the complete data set, and divide it into
smaller sub-clusters in a hierarchical manner, to reach
a desired representation accuracy at the end.

In this article, a growing hierarchical structure is
proposed for LMTM, to resolve the limitation of the
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fixed topology and the fixed number of neurons of the
map, and provide the opportunity to take advantage
of the possible hierarchical nature of datasets. As will
be observed, in development of the learning algorithm
of this model, the attempt is made to avoid the prob-
lems existing in the similar hierarchical and growing
structures. In Section 2, an overview of several related
models is presented. In Section 3, the batch LMTM
network is briefly discussed. Section 4 introduces the
proposed network, and details of its learning and grow-
ing algorithm. Experimental results are presented in
Section 5. Finally, Section 6 concludes the paper.

2 Related Work

Several related models which are inspiring in devel-
opment of the proposed network architecture are
briefly studied here. These contain the tree-structured
and two growing hierarchical variants of SOM and a
flexible-topology version of this network. Moreover,
several alternate hierarchical topographic map forma-
tion approaches are reviewed as well.

The tree structured self-organizing map (TS-SOM)
[23] is a fast implementation of SOM. The speed of
the SOM algorithm is increased by a tree search in
finding the winning neuron and using a limited version
of the search and update steps [23]. A balanced tree
with a predefined number of layers is used to learn a
multi-resolution representation of data. Each layer is
a SOM with 1-D or 2-D lattice. The lattice dimension
and topology is the same for all layers. Each neuron of
a map has a fixed number of children in the next layer
of the tree (which is 2 for 1-D and 4 for 2-D topologies).
The TS-SOM network does not learn a hierarchical
representation of the data. Since the tree is balanced
and complete, many neurons, especially in the last
layers, may be redundant from the representation
point of view.

The growing hierarchical self-organizing map (GH-
SOM) [30] tries to learn and represent the hierarchi-
cal relationships between data samples and clusters.
Beginning from the first layer, contained in a single-
neuron SOM, the growing takes place in depth of the
hierarchy. This occurs by selecting a neuron of the
current layer with a poor representation quality, and
inserting a small SOM as the child of this neuron into
the next layer. Each SOM has a rectangular-topology.
A new generated SOM also grows in its layer by in-
sertion of rows or columns of neurons between neigh-
boring neurons with the most different weight vectors.
The growing in depth and in width of each layer is
terminated when some user-defined thresholds of rep-
resentation accuracy are met.

Unbalanced hierarchical growing in GHSOM de-
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creases the loss of processing units (or redundant neu-
rons) as mentioned for TS-SOM. High dependence of
GHSOM algorithm to the user defined thresholds is a
weakness of this model. Also, the problem of redun-
dant neurons still exists in this model, when a row or
a column of neurons is inserted in the map. It is clear
that in an inserted row (or column) all neurons are
not essential to reach the desired representation qual-
ity. This problem is a result of fixed topology selected
for the maps in this model.

In the growing hierarchical tree SOM (GHTSOM)
network [29], the growth is done only in depth. Simple
maps with small number of neurons (triangle SOMs)
are added in each growing step. The algorithm con-
tains two steps: training and clustering. The training
process starts with one triangle SOM as the root of
the tree and each neuron grows by adding one trian-
gle SOM to the next layer. The triangular topologies
are only valid in the training step. The clustering pro-
cess ignores these topological connections and creates
special connections, called class links, between the
neurons which represent the same clusters.

Most of the problems with the above mentioned
methods are resolved in the GHTSOM network. A
proper hierarchical data representation is achievable
by this model. The network works almost free of the
user-defined parameters. Adding small SOMs helps
to prevent the loss of neurons, as well. But still one
of the three neurons of an added triangle SOM may
become redundant during the algorithm. Thus, a neu-
ron deletion mechanism is proposed to remove this
redundancy [29]. Also, as mentioned before, the role
of the fixed topologies selected for the triangle SOMs
is somehow ignored during the algorithm. This may
be the result of the problems emerged from the fixed
topologies, as observed in GHSOM.

To avoid the problems arising from the fixed-
topology maps, several noticeable flexible topologies
are proposed for SOM like double SOM (DSOM)
[15] and its adaptive version (ADSOM) [31]. In these
models, instead of having fixed positions on a lattice,
each neuron has a dynamic (usually two-dimensional)
coordinate in the topological space, called position
vectors, which are updated during the adaptation of
the weight vectors. The on-line adaptation algorithms
in these models, try to adjust the distances between
the position vectors of the neurons, such that they
become proportional to the corresponding distances
between their weight vectors. After convergence, the
resulting map yields a more direct visualization of the
cluster centers, compared to the standard SOM.

Two extensions of the self-organizing map are pro-
posed to deal with tree-structured data, namely SOM
for structured data (SOM-SD) [32] and merge SOM

(MSOM) [33]. The SOM-SD is designed for the pro-
cessing of labeled directed acyclic graphs, throughout
a recurrent neural architecture. The label of each node
in the tree is processed within the context presented
by its child subtrees. Each neuron encodes the con-
text using a number of additional vectors containing
the indices of the winner neurons for the subtrees of
that neuron. The winning neuron index is recursively
computed in a bottom-up manner from the leaves to
the root of the tree. An empty context is assigned to
the leaves, since they do not have any child subtrees.
The MSOM network is designed for unsupervised se-
quence processing. The context vector in this network
combines the sequence history using the merged prop-
erty of the winning neuron. This merged property,
contains the previous winners weight vector and the
context vector computed for the previous element of
the sequence. This network uses a free and dynamic
lattice topology as well.

Several other hierarchical topographic maps are
developed in the context of generative topographic
map (GTM) [34], a probabilistic variant of the self-
organizing map. In a model called GTM-HMTM [35],
the GTM is modified by replacing the centers of
its latent space (which are the counterparts of the
SOM neurons) with the hidden Markov tree models
(HMTM) [36], and then applied for visualization of
tree-structured data. In this model, every tree is con-
sidered as an atomic node in the latent space and
HMTM generates the trees in a top-down manner,
i.e. from roots to the leaves. Top-down generation of
the trees means that a node is evaluated in its par-
ent context; therefore, a parent node captures little
information about the co-occurrence of particular sub-
structures in its child trees. Two kernelized versions
of GTM are also proposed for graph data [37, 38]. In
these models, the Euclidean distance in the Gaussian
mixture of the GTM is replaced by a kernel-based
metric. The kernel GTM (KGTM) [38] is defined in
terms of graph similarity, while the relational GTM
(RGTM) [37] uses a matrix of graph dissimilarity.

In kernel-based models and the GTM-HMTM, a
structure is treated as an atomic i.i.d. observation. As
a result, a topographic mapping is only associated
to the whole structure. On the other hand, recur-
sive models focus on each single node composing the
graph, allowing consideration of their context in their
topographic mapping. This property is called compo-
sitionality, which means the ability of exploiting the
modularity of data by first considering substructures,
and then composing the contextual information of the
main structures. Recently, the generative topographic
mapping for structured data (GTM-SD) [39], is pro-
posed as a compositional generative model for topo-
graphic mapping of tree-structured data. GTM-SD

9€sS



50

A Growing Hierarchical Approach to Batch Linear Manifold Topographic Map Formation — P. Adibi

applies a bottom-up hidden-tree Markov model [40]
to develop a recursive topographic mapping of hierar-
chical information. The model efficiently uses the con-
textual information from substructures. Experiments
indicate that the projection space of GTM-SD yields
a fine grained discrimination of the sample structures.

3 Batch linear manifold topographic
map

3.1 Preliminary definitions

There are K neurons arranged in a 2-dimensional to-
pographic map L. To each neuron r of the map, a
linear manifold, determined by a mean vector m,. and
d orthonormal basis vectors {b},--- | b?}, is assigned.
The set of learning subjects thus contains the mean
and the basis vectors of all the map neurons. A neigh-
borhood function or lateral interaction h,.; is defined
between each of the two neurons r and s of the map,
which is a decreasing function of the lattice distance
d,s between the two neurons.

The n-dimensional data points are assumed to re-
gionally located on multiple d-dimensional linear man-
ifolds, with d < n. This assumption is approximately
true when the data are generated by an underlying
process with lower degrees of freedom (d) than the
input dimension (n). For an input vector x* and a
neuron r, a vector ¥ is defined as

ey =x"—m, (1)
which can be decomposed into two orthogonal vectors
! and @! by projecting onto the linear manifold as

d d
= (el b)Y, =k = (ol b))b)
k=1 k=1
(2)

The two on- and off-manifold distances of x* with
respect to the manifold of neuron r are then defined as

= ll@rll and 71 = ||y, (3)

where, |||| is the Euclidean norm of a vector.

3.2 Free energy functional

The distance of the input sample x* from the repre-
sentation medium of neuron r is defined as
1 2 2

Dx,0,) = 5 (a2t + 717, (4)
where, 6, is the set of learning subjects of neuron r,
and 0 < ;- < 1 is a parameter which adjusts the mu-
tual importance of 7/ and 7. If o, = 0, the distance
to the mean vector (on-manifold distance) is not con-
sidered which diminishes the regional representation
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nature of the neuron r. On the other hand, if a,, = 1,
the effect of the basis vectors (off-manifold distance)
are removed and the model becomes similar to a type
of self-organizing map presented in [41]. Thus, typi-
cally we must have 0 < «,- < 1. The value of . in this
range indicates that the role of the off-manifold dis-
tance, as expected from a manifold learning method, is
more important than that of the on-manifold distance.
Let p# be the probability that the input sample x* is
assigned to neuron r, with the constraints p# > 0 and
>, Pt = 1. Let the lateral interaction strength A
(the neighborhood function) denote a confusion mea-
sure that is proportional to the probability that the
input sample x*, which is considered to be represented
by neuron 7, is represented by neuron s instead.

Now we define the representation error as

DYDY IINNC

Frep(P,6)

where, @ is the set of all learning subjects 8, of the
net and P is the set of all assignment probabilities p#.
An entropy term is also considered to incorporate as
many neurons as possible in learning, that is

Fent ZZp”log /Q'r ) (6)

where g, is the prior assignment probability, which
is usually selected as ¢, = 1/K for all neurons r (K is
the number of neurons). Combining the representation
error and the entropy term using the regularization
parameter j3, a free energy functional [11, 12] is defined
as

F(P70) :/BFrep(P70)+Frep(P)' (7)

Parameter § in an annealing interpretation repre-
sents the inverse temperature [41]. Minimizing the
free energy of equation 7, corresponds to minimizing
the error function F)., and maximizing the entropy
of the map (that is —F,,;), simultaneously. This tries
to produce the best representation quality of the map,
while maintaining the activity of all neurons by forc-
ing equality of all assignment probabilities through
the entropy term.

3.3 EM algorithm

The goal is to find optimal P and @ which minimize
equation 7. This is carried out using an expectation-
maximization (EM) algorithm, in which both the
expectation and maximization steps minimize the free
energy F(P,0) of equation 7 [412].
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In the expectation step, equation 7 should be min-
imized with respect to the assignment probabilities
P, assuming that learning subjects 8 are fixed, which
yields

pu _ qrexrp [_5 ZS hysD (XM7 03)]
" Zt qiexp [75 Zs hts-D (X#; 05)] ’

In maximization step, equation 7 is minimized with
respect to the learning subjects 8, containing mean
and basis vectors of the neurons, assuming fixed as-
signment probabilities P. For each neuron s, the mean
vector is found as

(8)

Zzp'ghrsxﬂ
uwor
S prhes

wor

9)

ms =

and the basis vectors bi, e ,bg are found to span
the subspace which is spanned by the eigenvectors

corresponded to the d largest eigenvalues of matrix

C;= ZnghTSQOgQDgT' (10)
wooT

In practice, the d mentioned eigenvectors are consid-
ered as the basis vectors. Derivations are given in [5].

4 The proposed growing hierarchical
network

In this section we propose a new growing hierarchical
LMTM network. In the proposed growing hierarchical
architecture for LMTM network, we try to take advan-
tage of the related structures, mentioned in Section 2,
while avoiding their problems. An efficient hierarchi-
cal representation is realized by unbalanced growing
of the proposed network in depth and adding minimal
number of neurons in each growth step. The later idea
resolves the problem of redundant neurons without
any additional computations, such as finding and dele-
tion of redundant neurons [29]. In continue, at first a
general discussion about the network is presented in
Section 4.1. Then, the details of the learning and hier-
archical growing algorithm are given in Section 4.2.

4.1 Overview of the model

In the proposed model, starting from one neuron,
called the root node, an unbalanced binary tree of neu-
rons is constructed by a hierarchical growing process.
Each node (neuron) of the tree has two children or no
child. The nodes with no child are called the leaf nodes.
The leaf nodes in each step of the algorithm consti-
tute an LMTM with a dynamic topology, called the
network of current leaves. Dynamic topology means

that the position vectors of the leaf neurons are up-
dated during the adaptation of their mean and basis
vectors (see Section 4.2 for details). The root node,
as an LMTM with one neuron, learns the principal
d-dimensional linear manifold of the data set, and its
representation error is computed. The growth step is
performed by finding the leaf neuron with maximum
representation error among the current leaves, and ex-
panding it. Two neurons are generated as the children
of the expended node. After expansion, the network
of current leaves is updated. In this step, at first the
two new generated neurons, as an LMTM with two
neurons, are trained using the data samples assigned
to their father. Then the assignment probabilities and
the dynamic topology of the total network of current
leaves are updated. The growing and updating steps
are alternatively iterated until the stop condition is
established.

4.2 The algorithm

Step 0. constitute layer zero: Initially, an LMTM with
one neuron is trained using the total data set. This
single-neuron map, indicated by , constitutes the layer
number zero of the hierarchy and the root of the
current tree. The representation error for the leaf
nodes of the tree is computed as:

F:ep(L) = Z p’r‘(L)th(L)D(x”,GS),Vr € L
plxreS(L) s€L
(11)

where L indicates the topographic map of the leaf
neurons of the current tree, called the network of the
current leaves. The assignment probabilities and the
neighborhood functions in this network are denoted
by p#(L) and h,s(L), representing p* and h, in the
original LMTM (Section 3). The distance of sample
from the neuron s, denoted by , is computed through
Equation 4. The set S(L) contains the samples as-
signed to the father of network L. In layer zero, this
set is the same as the total set of the data samples (X).

Step 1. select one of the leaves and expand it:
The neuron with maximum representation error in
the network of current leaves is selected as r* =
argmaz, Fy,, (L) . Expanding r* is performed by gen-
erating a new LMTM, called M, in the next layer
whose nodes are the children of r*. The map M is
noted as the expanded network. The minimal num-
ber of nodes, say 2, is considered for the expanded
network. The topographic network of the leaves after
expansion (the network of new leaves), denoted by
L™ is fabricated simply by substituting the neurons
of the net M instead of their father r* in the net L.

Step 2. update the network of new leaves:

Step 2.1. update learning subjects: The net M is
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trained by data set S(M) containing the data samples
assigned to its father r* , that is

S(M) ={x" e S(L)|r* = argmaz,p*(L)} (12)

Step 2.2. update assignment probabilities: for all
nodes t and training samples x* | we have
pf(L)(L) X pé”(M)(M) t is a new
Pl L) =
Pf( L)(L)

expanded node
otherwise

(13)
where ¢(L) and ¢(M) are the indices of neuron ¢ in the
nets L and M, respectively.

Step 2.3. update topology: a dynamic topology is
considered, in which a coordinate ¢y is assigned to
each neuron s, updated as

c?ew (Lnew)

Cs(L) (L)

s is a new expanded node

Cs (LTIEU)) — {

otherwise
(14)

where s(L) is the index of the neuron s in the net L
and ¢, (L") is the new position of the neuron s in
the net L™ | which is obtained based on an idea
similar to the curvilinear component analysis (CCA)
approach [13] (Equation 16) discussed in continue.

In the topographic map, the map distance be-
tween each two neurons r and s, d,s = ||es (L") —
¢, (L™") || should reflect the distances between their
assigned data samples in the input space. The later is
evaluated as

1

— Iz BY| D2 (P _
b= W 2 T IP T 0)

D'2(x",0,) (15)

with a# and a¥ being the hard assignments of the
sample x* to neurons r and s, and N, and Ny the
number of data samples assigned to the neurons r and
s, respectively. Now, a cost function

E= %ZZ(ZM - drs)2lu’()‘d - drs)

ros#T

with u(.) being the step function and A4 being a locality

threshold, is minimized using a stochastic gradient

descent rule as follows:

Ac, = nM(Ad - drs)(lrs csd_ & Vr e L™
(16)

with 7 being a learning rate decreased through the
learning iterations. Equation 16 is applied on all neu-
rons s of the net M and this process is repeated for
a predefined number of iterations. The coordinates
(L") in Equation 14 will be the final values of

- drs)
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css in Equation 16 at the end of iterations. Finally,
the neighborhood function h,s used in Equation 11,
is computed as h,, = exp (—d2,/(20?)) with o being
the neighborhood width.

Step 3. check the stop condition: Considering the
network L™ as L , the global representation error is
found as

FTEP(L) = ZF:ep<L)

rinL

(17)

If the global representation error is not lower than a
fraction of the error in layer zero, i.e. Fr.cp(L) > o X
Frep(Lo), and the number of neurons in the network L
is not greater than a threshold, K (L) < K,,4s , then
the growth and updating steps are repeated from step
1. Otherwise, the algorithm is finished.

5 Experimental results

In this section, the performance of the growing hier-
archical model is evaluated using a two-dimensional
synthetic data set, an image compression application,
and a handwritten digit recognition problem.

5.1 Sinusoid-line-circle problem

In this experiment, a circle with the radius of 2, a line
with the length of 6, and three periods of a sinusoidal
function with the frequency of 0.5 and the magnitude
of 1, are considered. Then, 1000 data samples are
randomly generated around each of these elements,
such that the displacements of the samples from the
original elements follow a normal distribution with
zero mean and a standard deviation of 0.01. In this
manner, a data set containing 3000 data samples is
obtained, which can be useful for evaluating the growth
property of the model (see Figure 1a). Considering the
value 25 for parameter K,,q. and 1076 for coefficient
v in step 3 of the algorithm in Section 4.2, the growing
continues up to a tree with 25 leaf nodes. The learning
subjects of the network of current leaves at the end of
the algorithm is presented in Figure 1b. It is observed
that the proposed growing hierarchical model yields
an acceptable piecewise linear representation for this
complex nonlinear manifold.

The model parameters are selected as a,. = 0.8 for
all neurons r, § = 20, and neighborhood width as o =
10710, Since the goal is to demonstrate the training
and growing part of the algorithm, selecting such small
value for the neighborhood width makes the part of
topology adaptation of the algorithm independent of
the part of training and growing. The linear manifold
dimension d are selected to be 1, and the number of
iterations of the EM algorithm is 50. The parameter
values are selected based on a trial and error process.
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(a) Data distribution

(b) Mean vectors (small circles) and 1-dimensional linear
manifolds (lines)

Figure 1. Sinusoid-line-circle distribution and the representa-
tion found by the proposed model.

The growing steps of the model are shown in Fig-
ure 2a illustrates the network of leaves in four growing
steps. In each step, the neuron with maximum rep-
resentation error (shown differently) is selected and
two children are generated for it in the next layer. Fig-
ure 2b illustrates the tree obtained after four growing
steps. The tree structure can be interpreted as follows:
the root (neuron 1) corresponds to the global mean of
the distribution. In the next level, the model detects
the sinusoid and circle structures by neurons 2 and
3, respectively. Then, the model starts to represent
these structures more precisely. This is performed by
generating neurons 4 and 5 under neuron 3 and neu-
rons 6 and 7 under neuron 2, respectively. As neuron
5 has the most representation error in this level of
the tree, two children are generated under it in the
next level (neurons 8 and 9) to represent the circle
structure more accurately.

5.2 Image Compression

In this section, the performance of the proposed model
is evaluated in a real-world image compression appli-
cation. The benchmark image baboon is used for this
purpose. All 88 nonoverlapping blocks constitutes a
data set of 4096 samples in a 64-dimensional space.
The data set is used to train the proposed growing hi-
erarchical model, the original batch LMTM, and the
probabilistic PCA mixture model (PPCAMM) [44].
The models are used with 9, 16, and 25 linear mani-
folds, which are arranged respectively in 33, 44, and
55 maps for the original LMTM model. For the hierar-
chical model, this is performed by considering values
of 9, 16, and 25 for the parameter K,,,, and the small
value of 1076 for aq in step 3 of the hierarchical grow-
ing algorithm presented in Section 4.2. This value for
ag allows the net to grow up to K, .. leaf neurons and
to be comparable with the two other fixed-topology
networks. In general, the values of hyper-parameters

. |

L=
—— =
=

(b) The tree structure of the model after four growing steps

Figure 2. The representation found by the model in the first
four growing steps, and the corresponding constructed tree.

g and K, which control the size of the final net-
work and affect the accuracy and complexity of the
model should be selected based on the problem char-
acteristics and requirements through a proper model
selection procedure. The mentioned parameter values
in this example are only selected to have a fair com-
parison between different models. In all three models,
the dimension of the linear manifolds equal 19 and the
number of iterations of the EM algorithm equal 50.

The image coding and reconstruction processes are
performed similar to [3]. For each model, the data
point of each block of the image is projected on the
closest manifold, which is considered as the best rep-
resentative unit for that point. Then, the projection
coefficients and the index of the best representative
neuron are maintained for each block in the coded
image. We used 7 bits for quantizing the projection
coefficients. Reconstruction of an image block is per-
formed by computing its projection to the manifold
whose index stored in the coded image and using the
stored coefficients for that block. The reconstruction

9€sS




A Growing Hierarchical Approach to Batch Linear Manifold Topographic Map Formation — P. Adibi

quality of each model can be quantified using the nor-
malized reconstruction error defined as:
1 &
NRE = > (I 17)? (18)
P =1

with [V, being the number of reconstructed image pix-
els, and I; and I} being the normalized intensities of
pixel 7 in the original and reconstructed images, re-
spectively. The plots of the normalized reconstruction
error and the training time of different models with
different network sizes, averaged in five random tri-
als, are shown in Figure 3. The bit rates of different
models with the same network size are equal to each
other. It is observed that the reconstruction errors of
the PPCAMM for all network sizes are considerably
greater than those of the two other models (about 15
percent). For the network with smaller size, the origi-
nal LMTM shows about 2 percent smaller error with
about 15 percent lower training time, compared to the
hierarchical model. But, in big networks, the hierar-
chical model starts to become better than the original
one in terms of the accuracy and time. For the biggest
network size in this experiment, a better performance
of about 3 percent is observed from the hierarchical
model, and the training time of this model is about
17 percent lower than that of the original one. This
behavior can be explained as follows: in the hierar-
chical growing process, the proposed network tries to
improve its accuracy in the regions with a higher rep-
resentation error. This realizes a local improvement
property for the network. But, the original LMTM
tries to globally learn its manifolds through the whole
data space. With larger network sizes, the flexibility
of the hierarchical structure, come from its local im-
provement property, becomes more effective in terms
of performance improvement, as focus on the higher
error regions of the input space. Also, local updating
process applied in the hierarchical growing algorithm
obviously takes less time than the global updating of
the original LMTM, which becomes more observable
when the size of the network increases. The training
time of the PPCAMM is much lower than the two
other models, but as its accuracy was not acceptable,
its training time was not reported in Figure 3, in order
to the deference between the hierarchical and original
LMTM training times become more observable in this
figure.

The tree structure obtained from the growing
and training algorithm of the proposed model with
Kinar = 16, in arandom trial is illustrated in Figure 4.
The mean vectors of the neurons are observed in this
figure. It is observed that the learned tree structure is
balanced, which may be a result of an almost uniform
distribution of the data points in this experiment. The
positions of the leaf nodes in the final topographic
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Figure 3. The plots of the reconstruction error (vertical axis of
the upper plot) and the training time in minutes (vertical axis
of the lower plot) versus the number of neurons (horisontal axes)
for the original LMTM and its hierarchical version HLMTM.

map are shown in Figure 5. The topology preserving
property is observed in this figure, as similar mean
vectors are close to each other. It is also observed
that the obtained topographic arrangement is very
affective of the tree structure, such that the neurons
with the same father (brothers) are posed closed to
each other. In addition to the mean vectors, all the
basis vectors of the leaves are shown in Figure 6.

5.3 Handwritten Digit Recognition

In this section, the proposed model is applied for
recognition of the handwritten digits of the USPS
data set [15]. This set contains 1100 samples for each
digit 0 to 9, as 1616 images. Half of each digit set is
used for training the model and the remaining half
is used for test. For each digit, a network is trained
using the training set of the digit. A test sample is
presented to each 10 networks of the digits. The index
of the network with the least representation error is
considered as the recognition result. For the sake of
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Figure 4. The tree obtained from the hierarchical growing of the proposed model with Kyyqe = 16 in a random trial on the data
set of the ‘baboon’ image. The nodes of the tree show the mean vectors of the corresponding neuron.
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(b) The 2-dimensional positions of the neurons

Figure 5. The 2-dimensional topographic map for the network of leaves of the tree shown in Figure 4. The 2-dimensional positions
of the neurons are shown using points in the lower plot. The upper plot shows the mean vectors of the neurons in the corresponding

positions.

comparison, the PPCAMM and a batch version of
the self-organizing map (SOM) [41] are used. The
dimensionalities of the manifolds for PPCAMM and
the proposed model are globally estimated, which are
obtained for the training sets of digits 0 to 9, as 10, 8,
12, 13, 11, 12, 10, 9, 12, and 10, respectively [5].

Networks with different number of neurons are
tested. The mean and standard deviation of correct
recognition rate, in five trials with different random
initializations, are presented in Table 1, for the net-
works with different sizes. The number of neurons
for the proposed model is the number of leaf nodes,
which is denoted by K4, in the algorithm. For the
SOM network with 9, 12, and 16 neurons, the neurons
are arranged in 33, 34, and 44 maps. It is observed
from Table 1 that the proposed network has the best
recognition rate among all other reported results in

this table, which is obtained with a net size of 9. The
recognition rate of SOM is considerably lower than
the two other methods. This confirms the advantage
of learning manifolds instead of the cluster centers in
the popular clustering methods (which SOM usually
is considered to be one of these methods). In addition,
an increase in the network size in the manifold-based
methods (HLMTM and PPCAMM) results in a minor
decrease in the test accuracies, while this is not true
in the clustering-based method (SOM). This behav-
ior once more is indicative of the fact that manifold-
based methods work better than the clustering-based
ones. By increasing the network size, the manifold-
based methods start to over-fit to the training set,
which means that those are too powerful models for
this (moderately small) data set. This is an expected
outcome, since a manifold is a much powerful repre-
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Table 1. The mean and standard deviation of the recognition rate (in percent) for the proposed method (HLMTM), PPCAMM,

and SOM networks, with different sizes

Size

Network

12 16

HLMTM

96.09 £ 0.202

95.56 £ 0.316 | 94.50 £ 0.494

PPCAMM

95.91 £ 0.137

95.63 £ 0.361 | 95.19 £ 0.275

91.39 £ 0.262

91.55 £ 0.188 | 91.99 £ 0.290
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Figure 6. The mean vectors and the basis vectors of the leaves
of the tree shown in Figure 4

sentation element than a cluster center.

Figure 7 shows the resulting tree for digits 4 and 8
with K,qe = 9 neurons, in a random trial. The mean
vectors of the neurons are shown in this figure. As
expected, it is observed that in each specific level of
the tree, each node is converged to one special type
of the digits, and the neurons in the lower levels of
the tree are specialized to represent sub-classes of the
samples assigned to their ascendants in the higher
levels. Again, the resulting trees are balanced since
different types of each digit are almost uniformly
distributed in this data set. The topographic map

obtained at the end of the algorithm is shown in
Figure 8, which corresponds to the leaf nodes of the
tree in Figure 7. It is observed from this figure that
the neurons with the same father, i.e. the siblings, are
located close to each other. Since the data represented
by each two siblings are similar, this closeness is also
acceptable from a topology preservation point of view.

(a) The tree of digit 4.

(b) The tree of digit 8.

Figure 7. The trees obtained from the algorithm of growing
and learning of the models for digits 4 and 8.

6 Conclusions

This article proposed a growing hierarchical struc-
ture for the linear manifold topographic map network,
where the restrictions of the fixed topology and size of
the network are removed. By considering a dynamic
topology for the map and inserting minimum num-
ber of neurons in the growing process, the problem
of redundant neurons are avoided; and having an un-
balanced growing for the tree, the capability of hier-
archical representation of the data sets is provided.
The performance of the proposed model is evaluated
using a synthesized data set, an image compression
application, and a handwritten digit recognition prob-
lem. Comparisons with the relevant techniques show
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(b) The topographic map of digit 8.

Figure 8. The topographic maps of the leaf nodes of the trees
shown in Figure 7.

the proper performance of the model. This approach,
especially for manipulating the data sets with natural
hierarchical entities can be very efficient and useful.
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