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BOUNDING THE FIRST ZAGREB INDEX OF A UNICYCLIC GRAPH IN
TERM OF ITS REPETITION NUMBER

MAOQUN WANG * AND RUHUA LIU

ABSTRACT. The first Zagreb index M; is equal to the sum of the squares of the degrees of the vertices.
The repetition number of a graph is the maximum multiplicity in the list of its vertex degrees. In this
paper, we lower and upper bound the first Zagreb index of a unicyclic graph by expressions depending
solely on their repetition number and give degree sequence for these graphs with the largest and smallest

first Zagreb indices, respectively.

1. Introduction

Throughout this paper, we consider graphs without loops, but they may have multiple edges. Let
G = (V, E) be a graph with vertex set V(G) and edge set E(G). A neighbour of a vertex u is a vertex
adjacent to u. The set of all neighbours of u is denoted by Ng(u). The degree of u is defined to be
da(u) = |Ng(u)|. The maximum and minimum degrees of G are denoted by A = A(G) and § = §(G).
The degree sequence of a graph is the list of vertex degrees, usually written in non-increasing order.

The first Zagreb index M;(G) of a graph G is denoted as

Mi(G)= ) dg(u).
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The first Zagreb index is a widely studied degree-based topological index which was introduced by
Gutman and Trinajsti¢ [7] in 1972 and elaborated in [8]. Gutman and Goubko summarized the main
mathematical properties of M in the survey [9]. For more results on this topic, we refer the readers
the papers [2, 4, 5, 6, 10, 11, 12, 14] and the recent survey [1]

Let n be a positive integer. A sequence of positive integers (nq,no,...,ng) with ny > ng > .-+ >
ng > 1 is said to be a partition of n if n = nq +ng + - - - + ng. The set of all partitions of n is denoted

by P,. For a positive integer n, we define a function f(n) as follows:
f(n) = max{(m + 2)2 + (712 + 2)2 + -+ (nk + 2)2’1 <k <n, (nl,ng, . ,le) S Pn}

Motivated by the fact that every graph (with no loops or multiedges) has two vertices with the same
degree, Caro and West [3] defined the repetition number rep(G) of a graph G to be the maximum
multiplicity in the list of its vertex degrees. Generally speaking, the repetition number provides a
measure of regularity of a simple graph. For an n-vertex graph G, the largest possible value of rep(G)
is n. If rep(G)=n, then G is a regular graph.

For a connected graph G, the value ¢(G) = |E(G)| — |V(G)| + 1 is called the cyclomatic number of
G. When ¢(G) = 0,1, 2, the graph is called a tree, a unicyclic graph and a bicyclic graph. The cycle
and path with n vertices are denoted by C, and P,, respectively. The girth of a graph is the length
of its shortest cycle. We use T, (resp., U,) to denote the set of trees (resp., unicyclic) graphs with
repetition number r. Let 7;(G) denote the number of vertices of G with degree i, where 1 < i < A(G).

The following results is obtained in [13].

Theorem 1.1. [13] Let T' € T,, where r > 4. Then

dr +2 < My(T) < f(r —2) + b5r.
The lower bound is achieved if and only if T = Prya, and if T is a tree satisfying the upper bound,
then r1(T%) = ro(T™) = rep(T™).

In the same paper, Lin and Qian posed the following Question.
Question 1. [13]. Could such type results as stated in Theorem 1.1 be extended to some classes of
graphs with more cycles, such as unicyclic graphs and bicyclic graphs?

In this paper, we focus on the unicyclic graphs and obtain the following result.
Theorem 1.2. Let G be a unicyclic graph with girth at least 3. If G € U,., where r > 5, then
dr < Mi(G) < f(r) + 5r.

The lower bound is achieved if and only if G = C,, and if G* is a unicyclic graph satisfying the upper
bound, then G* has degree sequence
(r+2,2,...,2,1,...,1).
N N —

T T

https://dx.doi.org/10.22108/toc.2026.146502.2321


https://dx.doi.org/10.22108/toc.2026.146502.2321

Trans. Comb. x no. x (202x) xx-xx M. Wang and R. Liu 3

The paper is organized as follows. In Section 2, we state some preliminary results. In Section 3, we

prove Theorem 1.2, and in Section 4, we conclude the work with some concluding remarks.

2. Preliminaries

In a graph, a vertex of degree one is called a pendent verter. A tree is called a caterpillar if the
removal of all pendent vertices results in a path. For a subgraph H (or a subset of edges) of a graph G,
we denote by G — H the subgraph of G obtained by removing the edges in H, that is V(G—H) = V(G)
and E(G— H) = E(G)\E(H).

Lemma 2.1. For any unicyclic graph G, rep(G) = max{r1(G),r2(G)}.

Proof. Suppose to the contrary that rep(G) = r;(G) > max{ri(G),r2(G)} for some 3 < i < A(G).
Set A(G) = A and r; = r4(G) for each 1 <t < A. Assume that G has n vertices (and thus with n
edges). Then

(2.1) rr+ro+--+ra=n.
By the handshaking lemma,
(2.2) 1+ 2r2+ -+ Ara = 2|E(G)| = 2n.
By (2.1) and (2.2), we have
2n = ri+2ro4---+Ara

> 2(ri+re+rs+--+rici+ritriga+ o +ra)+(ri— )

= 2n+4(r; —r1)
> 2n,
a contradiction. This completes the proof of Lemma 2.1. U

Lemma 2.2. Let n be a positive integer. If n > 5, then f(n) = (n + 2)2.
Proof. Recall that

fn)=max{(n +2)>+ (na +2) +-+ + (n, +2)* | L <k <n, (n1,n9,...,n5) € Py} .
If £ =1, then we are done. Thus, we assume that k& > 2. Since n = ny + no + - -+ + ny,

(n+2)%=(n+ng+-+n,+2)>
= (n1 +ng+ - +ng)® +4n+4
k
:Zn3+2 Z ninj + 4n + 4.
i=1 1<i<j<k
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On the other hand,

k
(m1+2)° + (ng +2)> + -+ + (g +2)° =Y _n? +4n + 4k.
=1

Therefore,

Di=(n+2°-[(n+2%+m2+2+-+(m+2?% =2 > nm;—4(k-1).

1<i<j<k
Since (n1,ng,...,ng) € Pn, we have ng > ng > --- > ngi > 1. We claim that D > 0. It suffices to
show that
Z ning > 2(k —1).
1<i<j<k
Since n > 5, exactly one of the following three cases occurs:
(1) ny > 3. Then
Z nin; > nlzk:ni >3(k—1)>2(k—-1).
1<i<j<k i=2

(2) n1 =2 and k > 3. Let ¢t be the number of parts equal to 2. Then ¢t > 1, and the remaining

k — t parts are equal to 1. Hence

> ning _4<;> +2t(k —t) + (k;t>

1<i<j<k

:2t(t—1)+2t(/~c—t)+<k;t>
:2t(k—1)+<k2t)

If k—t > 2, then (*;") > 0 and 2t(k — 1) > 2(k — 1), so

Z nin; > 2(]43 — 1)
1<i<j<k
Ifk—t<1,thent>k—12>2, and therefore
> ming = 2t(k—1) > 4k — 1) > 2(k — 1).
1<i<j<k

(3) ng =1 and k > 5. Then all n; =1, so

> oy = (5) =2 s 00,

since k > 5 implies k/2 > 2.

https://dx.doi.org/10.22108/toc.2026.146502.2321
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FIGURE 1. (a) Unicyclic graph F¥, (b) Unicyclic graph S¥.

Thus in all cases D =2 ,_.nn; —4(k — 1) > 0, which means

i<j
(1 427+ M2 422+ + (e +2)> < (n+2)%

Therefore the maximum in the definition of f(n) is attained when k = 1, i.e., f(n) = (n + 2)?. This
completes the proof of Lemma 2.2. O

3. Proof of Theorem 1.2

Let F¥ be the unicyclic graph obtained by identifying one pendent vertex of P, _j,1 with a vertex
of Ck, see Figure 1(a). Let Sf{ be the unicyclic graph obtained from the cycle Cy by attaching n — k
pendent edges to the same vertex on Cj, see Figure 1(b).

The following theorem, obtained by Deng [4], is an important result on the first Zagreb index of

unicyclic graphs.

Theorem 3.1. [4] Let G be a unicyclic graph of order n and girth k > 3. If G is different from FF
and Sk, then

4n < My(FF) < My(G) < My(S¥) < n® —n +6.
The lower bound is achieved if and only if G = C,, = F}} and the upper bound is attained if and only
if G =53

Proof of Theorem 1.2: Set |V(G)| = n. Since G € U, and r > 5, n>r > 5. If n = r, by
Lemma 2.1, then G has exactly n = r vertices with same degree one or two. Hence G = C,..

If n =r+1, by Lemma 2.1, then G has exactly n—1 vertices with same degree one or two. However,
it is impossible.

If n > r + 2, note that Ff+2 €U, 3<k<r+1), by Theorem 3.1, then

Mi(G) > My (FF ) = 4r + 10,

T

with equality if and only if n =r 4+ 2 and G = Ff+2.
It is not hard to calculate that M;(C,) = 4r. So C, is the unique graph in U, that attains the

minimal value of the first Zagreb index.

https://dx.doi.org/10.22108/toc.2026.146502.2321
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Now we turn to determine the upper bound of M;(G).

Let G* be a unicyclic graph with the maximal first Zagreb index in U, and let m be its degree
sequence. Set r; = r;(G*) for each 1 <7 < A(G¥).
Claim 1. A(G*) > 3.

Proof. Suppose to the contrary that A(G*) < 2. Then G* = C,. Note that F¥,, € U, (3 <k <r+1),
but

Mi(FF ) — My(Cp) = 4r +10 — 4r = 10 > 0,

T
contradicting the maximality of G*. g

Claim 2. 71 > roy.

Proof. Suppose to the contrary that r; < re. Let G; be the unicyclic graph obtained from G* by
adding a new vertex w and joining w to one maximum degree vertex x of G*. Since r; < ry, we have

r1+ 1 <y, sorep(G1) = r2 = r; hence G; € U,. However,

M (G1) — My (G*) = (dg+ () + 1)? — d2u(x) + 1 = 2dg+(x) + 2 > 0,
contradicting the maximality of G*. O
Claim 3. 7o > rq.

Proof. Suppose to the contrary that ro < r;. Let z be a pendent vertex of G* and y be the unique
neighbor of . Let G2 be the unicyclic graph obtained from G* by inserting a new vertex w on the

edge xy. Since ro < r1, we have ro + 1 < ry, so rep(G2) = r1 = r; hence Gy € U,. However,
My (Ga) — My(G*) = dg, (w) = 4,
contradicting the maximality of G*. O
By Claim 1, we have G* # C,.. By Claims 2 and 3 and Lemma 2.1, we have
(3.1) r1 =ry =rep(G¥) =r.

Assume that G* has s vertices of degree at least three. By Claim 1 and (3.1), s > 1 and G* has

exactly s + 2r vertices. Further, we may assume that m = (dy,ds,...,ds+o,) and
dl ZdQZ "'stZ3>ds+1:"':ds+r:2>ds+r+1:"':ds+27“:1-
Since G* is unicyclic, |E(G*)| = |V(G*)| = s+ 2r. By the handshaking lemma, the sum of all degrees

in G* equals

> da(v) = 2|E(GY)] = 2(s + 2r).
veV(G*)

https://dx.doi.org/10.22108/toc.2026.146502.2321
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On the other hand, summing the degrees according to the three degree classes gives

Z dg«(v) = Zdi +2r 4+,
i=1

veV(G*)

where Y7, d; is the contribution of the vertices of degree at least 3, 2r is the contribution of the
r vertices of degree 2, and r is the contribution of the r vertices of degree 1. Combining these two
expressions yields
S
Zdi+2r+r = 2(s + 2r).
i=1

Hence
S
Z di =2s+r,
i=1

or equivalently,
S

> (di—2)=r.

i=1
Therefore (d1 —2,d2 — 2,...,ds — 2) is a partition of r. Consequently,

M(G*) = di+4r+r=> di +5r=> ((di—2)+2)"+5r < f(r)+5r,
i=1 i=1 i=1
by the definition of the function f(r).
In conclusion, M;(G) < f(r)+5r for any unicyclic graph G with girth at least 3 and G € U,.. Since
r > 5, by Lemma 2.2, f(r) = (r +2)2. Thus, if G* is a unicyclic graph satisfying the upper bound,

then G* has degree sequence

(r+2,2,...,2,1,...,1).
N N —

T T

This completes the proof of Theorem 1.2.

4. Conclusions

In this paper, we bound the first Zagreb index of unicyclic graphs from both below and above by
expressions depending uniquely on their repetition number and determine the degree sequences for
these graphs with the largest and smallest first Zagreb indices, respectively.

Remark 1. In Theorem 1.1, if T* is a tree satisfying the upper bound, then ri(7%) = ro(T*) =
rep(7T™). In fact, by Lemma 2.2, if » > 7 and T™* is a tree satisfying the upper bound, then 7™ has

degree sequence

https://dx.doi.org/10.22108/toc.2026.146502.2321
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F1GURE 2. Two unicyclic graphs G; and G in Uy with maximum value of M; = 56.

Remark 2. We remark that in Theorem 1.2, for » = 3,4, we also have 4r < M;(G) < f(r) + 5r.
But for some specific integers r < 4, the extremal unicyclic graphs in U, realizing the upper bound

might have different numbers of vertices. In the case r = 4, the set of all partitions of 4 is
P(4) ={(4),(3,1),(2,2),(2,1,1),(1,1,1,1)}.

It is easily checked that f(r) = f(4) = 36 is attained by two partitions (4) and (1,1,1,1). In the
class Uy, the maximum value of M; is f(r) + 5r = f(4) + 20 = 56. In Figure 2, two unicyclic
graphs in Uy with maximum value of M; are depicted. The unicyclic graph G1 has 9 vertices and
the degree sequence (6,2,2,2,2,1,1,1,1), while the unicyclic graph G5 possesses 12 vertices and the
degree sequence (3,3,3,3,2,2,2,2,1,1,1,1).
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