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A UNIFIED APPROACH TO TOTAL VERTEX IRREGULARITY STRENGTH

ALEAMS BARRA

Abstract. We develop a unified framework for computing the total vertex irregularity strength (tvs) of

diverse graph classes, significantly extending our prior work in Barra et al. This comprehensive approach

generalizes and enhances earlier methods, offering a robust technique applicable to a wide range of graph

structures. A notable achievement is resolving an open problem by determining the tvs for simple 2-

regular graphs, confirming the conjecture by Ahmad et al. Furthermore, our framework provides unified

proofs for the tvs of cycles, paths, prisms, wheels, helm graphs, and friendship graphs. Importantly,

the versatility of this method suggests its potential utility in computing tvs for additional graph classes,

broadening its impact in graph theory and computational applications.

1. Introduction

A network can be modeled as a graph, where multiple connections between vertices are represented

by multiple edges. To represent the number of edges between vertices, Chartrand et al. [6] proposed

replacing multiple edges with a single edge labeled with a positive integer.

The vertex sum of a vertex in such a graph is defined as the sum of the labels on all edges incident

to that vertex. Chartrand et al. further introduced the concept of an irregular network, characterized

by a graph in which all vertices have distinct vertex sums.

This framework defines the irregularity strength of a graph G, denoted s(G), as the smallest positive

integer k for which there exists an edge labeling of E(G) with {1, 2, . . . , k} ensuring distinct vertex sums.
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For d-regular graphs of order n, one trivially has s(G) ≥ n/d. Faudree and Lehel [7] conjectured the

existence of an absolute constant c such that s(G) ≤ n/d + c. A strong asymptotic form proved by

Przyby lo and Wei [12] states that for any fixed ε ∈ (0, 1/4), there exist constants c1, c2 such that for

graphs on n vertices with minimum degree δ > 1 and no isolated edge,

s(G) ≤ n

δ

(
1 +

c1
δε

)
+ c2.

This result refines earlier bounds, including the general estimate of Kalkowski et al. [8] and dense-graph

bounds of Majerski and Przyby lo [10]; a short follow-up [13] further provides explicit additive constants

in regular-graph regimes.

Baca et al. [4] extended the concept of irregularity strength s(G) to its total-labeling version, where

both vertices and edges of G are assigned positive integers. The vertex sum of a vertex v ∈ V (G) is

given by

ωE(v) :=
∑

vw∈E(G)

λ(vw),

where the sum includes all edges incident to v. The weight of v is then defined as

wt(v) = ωE(v) + λ(v).

A total labeling λ is deemed k-irregular if range(λ) ⊆ {1, 2, . . . , k} and all vertices in G have distinct

weights. The smallest positive integer k for which λ is k-irregular is termed the total vertex irregularity

strength of G, denoted tvs(G).

Exact values of tvs(G) have been established for several graph classes, including cycles, paths, prisms,

trees, wheels, helm graphs, friendship graphs, complete graphs, and complete bipartite graphs (see [4,

11, 14, 1, 15]).

For general graphs, a widely used upper bound due to Anholcer et al. [3] states that for every graph

G of order n and minimum degree δ > 0,

tvs(G) ≤ 3
⌈n
δ

⌉
+ 1.

For dense graphs, Majerski and Przyby lo obtained further asymptotic improvements [9].

Despite these developments, the standard approach to determining tvs(G) still consists of two separate

steps: establishing a lower bound and then proving its attainability via an explicit construction. While

the lower-bound arguments are relatively consistent, the constructive part is often graph-specific, and

no unified construction strategy has proved effective across diverse families. In many cases, the labeling

itself is intricate and requires careful, lengthy verification.

Motivated by this gap, we introduce a construction technique for total vertex irregular labelings based

on a shared underlying principle that applies to a broad range of graph classes.
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2. Preliminaries

The concept of {1, s}-edge labeling was introduced by Barra et al. [5] to determine the total vertex

irregularity strength of cubic graphs with a perfect matching. Earlier work, including Baca et al. [4],

also used two-value edge-label patterns (notably {1, 2}) in specific constructions; our approach treats

this idea systematically through a variable set {1, s}. A {1, s}-edge labeling on a graph G is defined as

a function

λ : E(G) → {1, s}.

Using this labeling, the vertex sums of all vertices in G can be computed. This labeling can be extended

to an s-irregular labeling by suitably defining

λ : V (G) → {1, 2, . . . , s}

such that, for any distinct vertices v, w ∈ V (G), the weights satisfy wt(v) ̸= wt(w).

For a given {1, s}-edge labeling λ and a subset U ⊆ V (G), we denote by U the vector of length |U |,
listing the vertices in U from left to right in non-decreasing order of their vertex sums.

For any positive integer a, the boldface notation a represents a constant vector with all entries equal

to a, where the length of the vector is implied by the context. Likewise, for positive integers a and b

with a ≤ b, the notation [a,b] denotes the vector

[a,b] = ⟨a, a + 1, · · · , b⟩.

Given a vector U = ⟨u1, u2, . . . , um⟩, we define

ωE(U) = ⟨ωE(u1), ωE(u2), . . . , ωE(um)⟩,

λ(U) = ⟨λ(u1), λ(u2), . . . , λ(um)⟩, and

wt(U) = ⟨wt(u1),wt(u2), . . . ,wt(um)⟩.

We frequently rely on the following lower bound, established in [4].

Theorem 2.1. Let G be a graph with n vertices, where δ and ∆ denote the minimum and maximum

degrees of its vertices, respectively. Then

(2.1) tvs(G) ≥
⌈
n + δ

∆ + 1

⌉
.

3. Main Results

In this section, we utilize the {1, s}-edge labeling method to compute several established results

regarding the total vertex irregularity strength of various graphs. Our focus is on establishing a unified

approach to determine the tvs values of these graphs that simplifies their construction and enhances the

transparency of verifying their correctness. While verifying the correctness of constructions in earlier
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studies can be intricate, our method ensures that the validation process is both straightforward and

transparent.

As a culmination of this approach, we apply it at the end of this section to settle an open problem

concerning the total vertex irregularity strength of simple 2-regular graphs.

3.1. Cycles and Paths. The construction for cycles presented here will later be adapted to determine

the total vertex irregularity strength of simple 2-regular graphs.

Theorem 3.1. Let Cn be the cycle graph with n vertices. Then

tvs(Cn) = ⌈(n + 2)/3⌉.

Proof. In Cn, both the minimum degree δ and maximum degree ∆ are 2. Applying the lower bound

from (2.1), we obtain

tvs(Cn) ≥
⌈
n + δ

∆ + 1

⌉
=

⌈
n + 2

3

⌉
.

Let n = a + 2b + c, where a, c ≥ 1 and b ≥ 0. From an arbitrary starting edge, assign 1 to the first a

consecutive edges of the cycle, label the next 2b edges alternately with s and 1, and mark the remaining

c edges with s.

This labeling yields distinct vertex sums: inner vertices of the 1-labeled segment have a vertex sum

of 2 (being incident to two edges labeled 1), inner vertices of the alternating (s, 1)-labeled segment have

a vertex sum of s + 1, and inner vertices of the s-labeled segment have a vertex sum of 2s. Vertices at

boundaries between segments also have a vertex sum of s + 1.

Define V2, Vs+1, and V2s as the sets of vertices with vertex sums 2, s + 1, and 2s, respectively. The

distribution of vertex sums under λ is given by

Dλ(G) = (|V2|, |Vs+1|, |V2s|) .

From our construction, this distribution is

(3.1) Dλ = (a− 1, 2b + 2, c− 1).

Set s = ⌈(n + 2)/3⌉. We proceed with two cases based on the parity of s:

Case 1: s is even. Choose a and b such that a − 1 = s − 1 (i.e., a = s) and 2b + 2 = s (i.e.,

b = (s− 2)/2). Then c = n− a− 2b = n + 2 − 2s, yielding

Dλ = (s− 1, s, n + 1 − 2s).

Extend λ to V (Cn) by defining

λ(V2) = [1, s− 1], λ(Vs+1) = [1, s], and λ(V2s) = [2,n + 2− 2s].

https://dx.doi.org/10.22108/toc.2026.145174.2276
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The weights are then

wt(V2) = 2 + [1, s− 1] = [3, s + 1],

wt(Vs+1) = s + 1 + [1, s] = [s + 2,2s + 1],

wt(V2s) = 2s + [2,n + 2− 2s] = [2s + 2,n + 2].

These intervals are clearly pairwise disjoint. Moreover, since s =
⌈
n+2
3

⌉
, we have n+ 2− 2s ≤ s. Hence

all vertex labels are at most s, and the resulting weights are distinct.

Case 2: s is odd. Choose a and b such that a − 1 = s (i.e., a = s + 1) and 2b + 2 = s − 1 (i.e.,

b = (s− 3)/2), so c = n + 2 − 2s. This gives

Dλ = (s, s− 1, n + 1 − 2s).

Define

λ(V2) = [1, s], λ(Vs+1) = [2, s], and λ(V2s) = [2,n + 2− 2s].

The weights become

wt(V2) = 2 + [1, s] = [3, s + 2],

wt(Vs+1) = s + 1 + [2, s] = [s + 3,2s + 1],

wt(V2s) = 2s + [2,n + 2− 2s] = [2s + 2,n + 2].

Since n + 2 − 2s ≤ s holds as before, all vertex labels are at most s. The weight intervals are disjoint,

ensuring all vertices have distinct weights.

In both cases, λ is s-irregular with s = ⌈(n + 2)/3⌉, matching the lower bound. Thus, tvs(Cn) =

⌈(n + 2)/3⌉. □

Having established the result for cycles, we now apply a similar approach to compute the total vertex

irregularity strength of paths

Theorem 3.2. Let Pn be the path with n ≥ 3 vertices. Then

tvs(Pn) =

⌈
n + 1

3

⌉
.

Proof. For Pn, the minimum degree δ = 1 (at one endpoint) and maximum degree ∆ = 2 (at inner

vertices). Applying the lower bound from (2.1), we get

tvs(Pn) ≥
⌈
n + δ

∆ + 1

⌉
=

⌈
n + 1

3

⌉
.

To prove this bound is achievable, we construct a total labeling that ensures all vertex weights are

distinct while matching the bound. Since Pn has n− 1 edges, let n− 1 = a + 2b + c. Starting from the

leftmost edge, define a {1, s}-edge labeling λ: assign 1 to the first a consecutive edges, label the next 2b

edges alternately with s and 1, and label the remaining c edges with s. We require a, c ≥ 1, while b ≥ 0.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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The labeling yields vertex sums similar to the cycle case, with sums 1 at one endpoint, s at the other

endpoint, 2 in the 1-labeled segment, s + 1 in the alternating and boundary vertices, and 2s in the

s-labeled segment. Define V2 as the set of vertices with vertex sum 1 or 2, Vs+1 as those with sum s or

s + 1, and V2s as those with sum 2s. The distribution is

Dλ = (|V2|, |Vs+1|, |V2s|) = (a, 2b + 1, c− 1).

Set s = ⌈(n + 1)/3⌉. We consider two cases based on the parity of s:

Case 1: s is even. Choose a and b such that a = s − 1 and 2b + 2 = s. Then consequently,

c = n− 1 − a− 2b = n + 2 − 2s, so

Dλ = (s− 1, s, n + 1 − 2s).

Extend λ to V (Pn) as follows:

λ(V2) = ⟨1, [1, s− 2]⟩, λ(Vs+1) = ⟨1, [1, s− 1]⟩, λ(V2s) = [1,n + 1− 2s],

yielding weights

wt(V2) = ⟨1,2⟩ + ⟨1, [1, s− 2]⟩ = [2, s],

wt(Vs+1) = ⟨s, s + 1⟩ + ⟨1, [1, s− 1]⟩ = [s + 1,2s],

wt(V2s) = 2s + [1,n + 1− 2s] = [2s + 1,n + 1].

Since s = ⌈(n + 1)/3⌉, we have n + 1 ≤ 3s, so n + 1 − 2s ≤ s, ensuring all labels are at most s. The

weight intervals [2, s], [s + 1,2s], and [2s + 1,n + 1] are disjoint and cover all n vertices distinctly.

Case 2: s is odd. Choose a and b such that a = s and 2b + 2 = s − 1. Then consequently,

c = n + 2 − 2s, so

Dλ = (s, s− 1, n + 1 − 2s).

Define

λ(V2) = ⟨1, [1, s− 1]⟩, λ(Vs+1) = ⟨2, [2, s− 1]⟩, λ(V2s) = [1,n + 1− 2s],

yielding

wt(V2) = ⟨1,2⟩ + ⟨1, [1, s− 1]⟩ = [2, s + 1],

wt(Vs+1) = ⟨s, s + 1⟩ + ⟨2, [2, s− 1]⟩ = [s + 2,2s],

wt(V2s) = 2s + [1,n + 1− 2s] = [2s + 1,n + 1].

Again, n+1−2s ≤ s holds, and the weight intervals [2, s + 1], [s + 2,2s], and [2s + 1,n + 1] are disjoint

and cover all n vertices distinctly.

In both cases, λ is s-irregular with s = ⌈(n + 1)/3⌉, matching the lower bound. Thus, tvs(Pn) =

⌈(n + 1)/3⌉. □

https://dx.doi.org/10.22108/toc.2026.145174.2276
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3.2. Prisms and Wheels. The prism graph Dn consists of two disjoint n-cycles with corresponding

vertices joined by a perfect matching. We denote the cycles by v1v2 · · · vnv1 and w1w2 · · ·wnw1, and their

matching edges by viwi, where 1 ≤ i ≤ n. The wheel graph Wn is formed from the cycle v1v2 · · · vnv1 by

adding a center vertex x adjacent to every cycle vertex. Each edge xvi is called a spoke of the wheel.

The total vertex irregularity strengths of prisms and wheels were first computed by Baca et al. [4]

and Wijaya et al. [14], respectively. For wheel graphs, our construction simplifies the original approach

and enhances the transparency of its verification.

Theorem 3.3. Let Dn be the prism graph with n vertices in each cycle. Then

tvs(Dn) =
⌈n

2

⌉
+ 1.

Proof. The prism Dn has 2n vertices, all of degree δ = ∆ = 3. Applying the lower bound from (2.1),

we obtain

tvs(Dn) ≥
⌈

2n + δ

∆ + 1

⌉
=

⌈
2n + 3

4

⌉
=

⌈n
2

⌉
+ 1.

To achieve this bound, we employ our {1, s}-labeling on Dn. Set s =
⌈
n
2

⌉
+ 1. Label all edges of the

cycle v1v2 · · · vnv1 with 1 and all edges of the cycle w1w2 · · ·wnw1 with s. For the cross edges viwi, label

s− 1 of them with 1 and the remaining n + 1 − s with s.

This labeling produces vertex sums of 3 or s+ 2 for vertices vi and 2s+ 1 or 3s for vertices wi, based

on whether the cross edge viwi is labeled 1 or s. Define V3, Vs+2, V2s+1, and V3s as the sets of vertices

with sums 3, s + 2, 2s + 1, and 3s, respectively. The distribution is

Dλ = (|V3|, |Vs+2|, |V2s+1|, |V3s|) = (s− 1, n + 1 − s, s− 1, n + 1 − s).

Extend λ to V (Dn) by defining

λ(V3) = λ(V2s+1) = [1, s− 1], λ(Vs+2) = λ(V3s) = [1,n + 1− s],

yielding weights

wt(V3) = 3 + [1, s− 1] = [4, s + 2],

wt(Vs+2) = s + 2 + [1,n + 1− s] = [s + 3,n + 3],

wt(V2s+1) = 2s + 1 + [1, s− 1] = [2s + 2,3s],

wt(V3s) = 3s + [1,n + 1− s] = [3s + 1,n + 2s + 1].

Since s = ⌈n/2⌉ + 1 ≥ (n/2) + 1, we have n + 1 − s ≤ s− 1 and n + 3 ≤ 2s + 1, ensuring all labels are

at most s and the intervals [4, s + 2], [s + 3,n + 3], [2s + 2,3s], and [3s + 1,n + 2s + 1] are disjoint,

covering 2n distinct weights.

Thus, λ is s-irregular with s = ⌈n/2⌉ + 1, matching the bound, so tvs(Dn) = ⌈n/2⌉ + 1. □

https://dx.doi.org/10.22108/toc.2026.145174.2276
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Theorem 3.4. Let Wn be the wheel graph with n + 1 vertices, consisting of an n-cycle and a center

vertex, for n ≥ 3. Then

tvs(Wn) = ⌈(n + 3)/4⌉.

Proof. First, we establish a lower bound. For a cycle vertex v (degree 3), the smallest possible weight is

4 when all incident edges and v itself are labeled 1, while the largest possible weight is 4k if k = tvs(Wn),

giving 4k − 3 possible values for cycle-vertex weights. Since there are n cycle vertices, we need

4k − 3 ≥ n,

so

k ≥ ⌈(n + 3)/4⌉.

Thus, tvs(Wn) ≥ ⌈(n + 3)/4⌉.
To attain this bound, we perform a {1, s}-edge labeling on Wn. We label all edges in Wn (cycle edges

and spokes) with 1 or s. Excluding spoke labels, cycle vertices have partial vertex sums 2, s + 1, or 2s;

denote the corresponding sets by U2, Us+1, and U2s. Applying the cycle construction together with the

general distribution formula (3.1), and choosing a = n + 3 − 3s, b = s− 2, and c = s + 1, we obtain

|U2| = n + 2 − 3s, |Us+1| = 2s− 2, |U2s| = s.

Extend λ by labeling the spokes as follows: all edges from vertices in U2 to the center are labeled 1,

all edges from vertices in U2s to the center are labeled s, and among the vertices in Us+1, exactly s− 1

spokes are labeled 1 while the remaining s− 1 spokes are labeled s.

Then each vertex in U2 has full vertex sum 2+1 = 3. Since |U2| = n+2−3s, this gives |V3| = n+2−3s.

Similarly, the s−1 vertices of Us+1 whose spokes are labeled 1 have full vertex sum s+2, so |Vs+2| = s−1,

while the remaining s− 1 vertices of Us+1 have full vertex sum 2s + 1, so |V2s+1| = s− 1. Finally, each

vertex in U2s has full vertex sum 2s + s = 3s, and therefore |V3s| = |U2s| = s. Hence the distribution of

full vertex sums is

(|V3|, |Vs+2|, |V2s+1|, |V3s|) = (n + 2 − 3s, s− 1, s− 1, s).

Label the cycle vertices:

λ(V3) = [1,n + 2− 3s], λ(Vs+2) = [1, s− 1],

λ(V3s) = [1, s], λ(V2s+1) = [1, s− 1].

The weights are

wt(V3) = 3 + [1,n + 2− 3s] = [4,n + 5− 3s],

wt(Vs+2) = s + 2 + [1, s− 1] = [s + 3,2s + 1],

wt(V2s+1) = 2s + 1 + [1, s− 1] = [2s + 2,3s],

wt(V3s) = 3s + [1, s] = [3s + 1,4s].

https://dx.doi.org/10.22108/toc.2026.145174.2276
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Set s = ⌈(n + 3)/4⌉. Then

4s ≥ n + 3 > n + 2 ⇒ n + 5 − 3s < s + 3.

It follows that the weights of all cycle vertices are distinct.

For the center vertex x, the number of spokes labeled s is 2s − 1, while the remaining n − 2s + 1

spokes are labeled 1. If we set λ(x) = s, then

wt(x) = s(2s− 1) + 1(n− 2s + 1) + s = 2s2 − 2s + n + 1.

For n ≥ 4, we have s ≥ 2, and

wt(x) − 4s = 2s2 − 6s + n + 1 ≥ 2s2 − 6s + 5 > 2s2 − 6s + 4 = 2(s− 1)(s− 2) ≥ 0.

Hence wt(x) > 4s, so wt(x) is distinct from all cycle-vertex weights. For n = 3, W3
∼= K4, and this case

was already settled by Baca et al. [4]. □

3.3. Helm and Friendship Graphs. The helm graph Hn is obtained from the wheel graph Wn by

attaching a pendant edge to each vertex of the n-cycle in Wn, forming n pendant vertices and resulting

in 2n+ 1 vertices (n pendant vertices plus the n+ 1 vertices of Wn) and 3n edges. The friendship graph

Fn is constructed by taking n copies of the triangle K3 and identifying one vertex from each triangle

into a single common vertex, called the center, such that each triangle shares exactly this center vertex,

yielding 2n + 1 vertices and 3n edges.

The total vertex irregularity strengths of helm graphs and friendship graphs were first computed by

Ahmad et al. [1] and Wijaya et al. [14], respectively.

Theorem 3.5. Let Hn be the helm graph with 2n+ 1 vertices, consisting of a center vertex, an n-cycle,

and n pendant vertices attached to the cycle vertices. Then

tvs(Hn) =

⌈
n + 1

2

⌉
.

Proof. First, we establish a lower bound. Suppose tvs(Hn) = k. Consider the n pendant vertices of Hn,

each of degree 1. The smallest possible weight for a pendant vertex is 2 (when its incident edge and

vertex are labeled 1), and the largest is 2k (when labeled k). Since all n pendant vertices must have

distinct weights, ranging from 2 to 2k, we need

n ≤ 2k − 1,

so

k ≥
⌈
n + 1

2

⌉
.

Thus, tvs(Hn) ≥
⌈
n+1
2

⌉
.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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To achieve this value, let s =
⌈
n+1
2

⌉
. Define a {1, s}-edge labeling on Hn by labeling every spoke and

exactly s pendant edges with 1, and labeling all remaining edges, namely the other n− s pendant edges

and all n cycle edges, with s.

Then each pendant vertex has vertex sum 1 or s, so we obtain s vertices in V1 and n− s vertices in

Vs. Every cycle vertex is incident with two cycle edges labeled s and one spoke labeled 1, so its partial

sum from non-pendant edges equals 2s + 1. Consequently, if its pendant edge is labeled 1, then its full

vertex sum is 2s + 2, whereas if its pendant edge is labeled s, then its full vertex sum is 3s + 1. Hence

Dλ = (|V1|, |Vs|, |V2s+2|, |V3s+1|) = (s, n− s, s, n− s),

summing to 2n, the number of non-central vertices in Hn. Extend λ to the non-central vertices by

λ(V1) = λ(V2s+2) = [1, s], λ(Vs) = λ(V3s+1) = [2,n + 1− s].

By the definition of s, all these labels are at most s.

The weights of non-central vertices are

wt(V1) = 1 + [1, s] = [2, s + 1],

wt(Vs) = s + [2,n + 1− s] = [s + 2,n + 1],

wt(V2s+2) = 2s + 2 + [1, s] = [2s + 3,3s + 2],

wt(V3s+1) = 3s + 1 + [2,n + 1− s] = [3s + 3,n + 2s + 2].

By the definition of s, we have n + 1 − s ≤ s, so all assigned vertex labels are at most s. Moreover,

these intervals are disjoint since n+ 1 ≤ 2s < 2s+ 3. Since every spoke is labeled 1, the center vertex x

has wE(x) = n. Thus assigning λ(x) = 2 yields wt(x) = n + 2, which is distinct from all other weights

because n + 1 < n + 2 < 2s + 3. □

Theorem 3.6. Let Fn be the friendship graph with 2n + 1 vertices, consisting of a center vertex and n

triangles sharing this center, for n ≥ 2. Then

tvs(Fn) =

⌈
2n + 2

3

⌉
.

Proof. Since F1 is isomorphic to C3, with tvs(C3) = 2 from Theorem 3.1, we assume n ≥ 2.

First, we establish a lower bound. Suppose tvs(Fn) = k. Consider the 2n non-central vertices of Fn,

each incident to two edges. The smallest possible weight for a non-central vertex is 3 and the largest is

3k. Since all 2n non-central vertices must have distinct weights, ranging from 3 to 3k, we need

2n ≤ 3k − 2,

so

k ≥
⌈

2n + 2

3

⌉
.

Thus, tvs(Fn) ≥
⌈
2n+2

3

⌉
.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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To realize this value, we implement our {1, s}-labeling on Fn, distributing vertex sums evenly across

its structure. Let s =
⌈
2n+2

3

⌉
and define a {1, s}-edge labeling on Fn. We classify the edge labelings of

the n triangles as type I, type II, or type III, corresponding to the first, second, and third triangles from

left to right in the figure below. Here the red vertices represent the common center (depicted separately

for clarity but forming a single vertex).

Figure 1. Type I, II and III edge labelings

Let V2, Vs+1, and V2s be the sets of all non-central vertices of Fn with vertex sums 2, s + 1, and 2s,

respectively. Notice that labeling a single triangle using type I, type II, or type III contributes exactly

2 vertices to V2, Vs+1, and V2s, respectively.

If s = 2a is even, label a triangles and a−1 triangles using type I and type II, respectively; then label

the rest by using type III. It follows that |V2| = s, |Vs+1| = s− 2, and |V2s| = 2n + 2 − 2s. Then label

λ(V2) = [1, s], λ(Vs+1) = [2, s− 1], λ(V2s) = [1,2n + 2− 2s].

One can easily check that the weights of non-central vertices are all distinct in the range [3, 2n + 2].

Lastly, each label is at most s since

2n + 2 − 2s ≤ s ⇐⇒ 2n + 2 ≤ 3s,

which is true by the definition of s.

If s is odd, then s− 1 = 2a for some a. Label using type I, type II, and type III accordingly so that

|V2| = s− 1, |Vs+1| = s− 1, and |V2s| = 2n + 2 − 2s.

Then, similar to the case when s is even, the labeling

λ(V2) = [1, s− 1], λ(Vs+1) = [1, s− 1], λ(V2s) = [1,2n + 2− 2s]

ensures that the weights of all non-central vertices are distinct, and each label is at most s.

Note that at least one triangle is labeled using either type II or type III. This is clear because,

otherwise, all non-central vertices would belong to V2 or V2s. However, this is not possible, since for

n ≥ 2 we have |V2| ≤ s < 2n.

Consequently, the center vertex is incident to at least two edges labeled s. Since Fn contains at least

two triangles when n ≥ 2, assigning the label s to the center vertex ensures that its weight is at least

https://dx.doi.org/10.22108/toc.2026.145174.2276
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3s+ 2. As the weight of any non-central vertex is at most 3s, the weight of the center vertex is distinct

from those of the non-central vertices. □

4. Simple 2-Regular Graphs

The total vertex irregularity strength of simple 2-regular graphs was previously conjectured by Ahmad

et al. [2]. They determined the total vertex irregularity strength for the disjoint union of cycles, provided

that each cycle has a length of at least 5. However, they were unable to compute it for the general case

of simple 2-regular graphs.

Theorem 4.1. Let G be a simple 2-regular graph of order n. Then

tvs(G) =

⌈
n + 2

3

⌉
.

Proof. The graph G is a disjoint union of cycles, G =
⋃m

i=1Ci, where each cycle has length at least 3.

Since the case m = 1 corresponds to a single cycle (Theorem 3.1), we assume m ≥ 2, which implies

n ≥ 6. Without loss of generality, assume the cycle lengths are ordered such that n1 ≤ n2 ≤ · · · ≤ nm,

where ni = |V (Ci)|.
Let s = ⌈(n + 2)/3⌉. We first consider the case where s is odd. We construct a {1, s}-edge labeling

such that each vertex belongs to exactly one of the partition sets V2, Vs+1, or V2s, according to whether

its vertex sum is 2, s + 1, or 2s, respectively. We require these sets to have sizes

|V2| = s, |Vs+1| = s− 1, |V2s| = n + 1 − 2s.

Let k ≥ 0 be the maximal integer such that
∑k

i=1 ni ≤ s, where the empty sum is interpreted as 0. We

write
k∑

i=1

ni = s− a for some a ≥ 0.

We construct the edge labeling in stages to fix |V2| exactly at s.

Case 1: nk+1 ≥ a + 2.

Label all edges of the first k cycles C1, . . . , Ck with 1. On Ck+1, label a path of a+ 1 consecutive edges

with 1. The remaining edges of Ck+1 and all edges of subsequent cycles are initially left unlabeled.

The cycles C1, . . . , Ck contribute exactly
∑k

i=1 ni = s − a vertices to V2. The path of a + 1 edges

labeled 1 in Ck+1 contributes exactly (a + 1) − 1 = a internal vertices to V2. Thus, the total count is

|V2| = (s− a) + a = s.

Case 2: nk+1 = a + 1.

If we were to label all a+1 edges of Ck+1 with 1, the cycle would contribute a+1 vertices to V2, yielding

a total of |V2| = (s− a) + (a+ 1) = s+ 1. Since replacing a label 1 with s alters the vertex sum of both

endpoints, it reduces |V2| by exactly 2, making it impossible to achieve |V2| = s using Ck+1 alone.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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Instead, we label exactly one edge of Ck+1 with s and the remaining nk+1 − 1 edges with 1. Then

Ck+1 contributes

nk+1 − 2 = a− 1

vertices of vertex sum 2, so the current total is

(s− a) + (a− 1) = s− 1.

The two endpoints of the edge labeled s in Ck+1 now have vertex sum s + 1. To recover the missing

vertex for V2, we use the next cycle, Ck+2. Note that

k+1∑
i=1

ni = s + 1 =

⌈
n + 2

3

⌉
+ 1 <

n + 2

3
+ 2 < n for n ≥ 6,

ensuring Ck+2 exists. On Ck+2, we label exactly two consecutive edges with 1. This creates exactly one

vertex of vertex sum 2, namely the vertex between the two edges labeled 1. Therefore

|V2| = (s− 1) + 1 = s.

The remaining edges of Ck+2 are left unlabeled for now, which completes Case 2.

Thus, in either case, we have fixed |V2| = s. We now determine the labels for the remaining unlabeled

edges so as to obtain |Vs+1| = s− 1.

We now complete the labeling of the current cycle (if it is only partially labeled) and label every sub-

sequent fresh cycle using alternating patterns that produce an even number of vertices with vertex sum

s+1, while creating no new pair of consecutive edges labeled 1. We use patterns such as s, 1, s, 1, . . . , s, 1

or s, 1, s, 1, . . . , s, 1, s on a fresh cycle, and patterns such as s,1, s, 1, . . . , s, 1 or s,1, s, 1, . . . , s, 1, s on a

cycle that already contains a block of 1s (denoted by 1). Among the n− s vertices outside V2, at most

one vertex in each remaining cycle has vertex sum 2s. Hence the number of vertices with vertex sum

s + 1 that is produced is at least

n− s− (m− k).

In any case, we will show that this quantity is at least s−1. We now distinguish two subcases. If k = 0,

then necessarily n1 ≥ s + 1. It is impossible that m ≥ 3, for otherwise

n =

m∑
i=1

ni ≥ n1 + n2 + n3 ≥ 3(s + 1) > n,

a contradiction. Hence m ≤ 2. Since we are assuming m ≥ 2, it follows that m = 2. Therefore

n = n1 + n2 ≥ 2(s + 1), and after |V2| = s has been fixed, the number of vertices with vertex sum s + 1

that can be produced is at least

n− s− 2 ≥ s > s− 1.

If k ≥ 1, then m− k ≤ m− 1, and since every cycle has length at least 3, we have m ≤ ⌊n/3⌋. Hence

n− s− (m− k) ≥ n− s−
⌊n

3

⌋
+ 1 ≥ s− 1.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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If the resulting number is larger than s − 1, we reduce it by replacing local patterns s, 1, s with s, s, s.

This operation decreases |Vs+1| by exactly 2 and does not affect |V2|. Since each replacement decreases

|Vs+1| by 2, the last step before reaching the target |Vs+1| = s−1 occurs when |Vs+1| = s+ 1. As n ≥ 6,

we have s =
⌈
n+2
3

⌉
≥ 3, and hence s + 1 ≥ 4.

In Case 1, where nk+1 ≥ a + 2, at most two vertices of Vs+1 are boundary vertices adjacent to the

initial block of edges labeled 1. Hence, when |Vs+1| = s+ 1 ≥ 4, at least two vertices of Vs+1 arise from

a local pattern s, 1, s. Replacing this pattern with s, s, s performs the final reduction to |Vs+1| = s− 1.

In Case 2, where nk+1 = a + 1, exactly four vertices of Vs+1 are boundary vertices of the two initial

blocks of edges labeled 1, one in Ck+1 and the other in Ck+2. If s ≥ 5, then |Vs+1| = s+1 ≥ 6, so at least

two vertices of Vs+1 arise from a local pattern s, 1, s, and the final reduction can again be performed.

The only remaining possibility is s = 3. In this case, s =
⌈
n+2
3

⌉
and n ≥ 6 imply n ∈ {6, 7}. Since

m ≥ 2, every cycle has length at least 3, and n1 ≤ n2, we must have n1 = 3 = s. Consequently, k = 1

and a = 0. However, Case 2 would then require n2 = a + 1 = 1, contradicting n2 ≥ 3. Thus Case 2

cannot occur when s = 3.

Therefore, the final reduction can always be performed. Repeating the operation as needed, we obtain

exactly |Vs+1| = s− 1, while |V2| remains unchanged.

Consequently, every vertex not in V2 or Vs+1 has vertex sum 2s. Thus we obtain the distribution

|V2| = s, |Vs+1| = s− 1, |V2s| = n + 1 − 2s.

This is identical to the distribution in Case 2 of Theorem 3.1. Therefore, we assign vertex labels to the

ordered sets V2, Vs+1, and V2s according to the same pattern as in that case. Since this assignment

depends only on the distribution of these sets and not on the structure of the underlying graph, it

guarantees that all vertex weights are pairwise distinct and all vertex labels are at most s.

It remains to consider the case when s is even. The construction used above to force the size of V2

does not rely on the parity of s. Hence we may run the same first-stage procedure with target

|V2| = s− 1.

Here the parameters k and a are defined relative to s − 1: k is maximal such that
∑k

i=1 ni ≤ s − 1,

and
∑k

i=1 ni = s − 1 − a for some a ≥ 0. After this stage is fixed, there remain n − (s − 1) vertices

outside V2, distributed among the remaining (m− k) cycle-components under consideration. Using the

same alternating completion patterns as in the odd case, at most one vertex per such component fails

to contribute to Vs+1. Therefore

|Vs+1| ≥ n− (s− 1) − (m− k).

Since k ≥ 0, we have m− k ≤ m ≤ ⌊n/3⌋. Moreover, the definition s = ⌈(n + 2)/3⌉ gives

n− s−
⌊n

3

⌋
≥ s− 2.

https://dx.doi.org/10.22108/toc.2026.145174.2276
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Therefore,

|Vs+1| ≥ n− (s− 1) − (m− k) ≥ n− (s− 1) −
⌊n

3

⌋
≥ s− 1.

The contribution to Vs+1 from each cycle is even, so |Vs+1| is even. Since s is even, s − 1 is odd, and

hence the inequality above implies |Vs+1| ≥ s. If this number is larger than s, we repeatedly apply the

local replacement

(s, 1, s) −→ (s, s, s),

which decreases |Vs+1| by exactly 2 and leaves |V2| unchanged. As in the odd case, at most four vertices

of Vs+1 are boundary vertices that do not arise from a local pattern s, 1, s. Hence, whenever |Vs+1| ≥ 6,

at least two vertices of Vs+1 arise from such a pattern, and the local replacement can be performed.

Since |Vs+1| is even, if |Vs+1| > s, repeated reductions eventually bring |Vs+1| to s + 2. Since s ≥ 4, we

then have |Vs+1| = s + 2 ≥ 6, so one final replacement yields |Vs+1| = s.

Consequently, we obtain an edge labeling such that

|V2| = s− 1, |Vs+1| = s, and |V2s| = n + 1 − 2s.

This distribution coincides with that of Case 1 in Theorem 3.1. Although the underlying graphs are

different, the final vertex-labeling step depends only on the partition V (G) = V2 ⊔ Vs+1 ⊔ V2s and

the cardinalities of these three classes. Since these coincide with those in Case 1 of Theorem 3.1, we

assign vertex labels to the ordered sets V2, Vs+1, and V2s by the same scheme, and the distinct-weight

verification applies verbatim. Therefore,

tvs(G) =

⌈
n + 2

3

⌉
.

□
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