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THE RECIPROCAL SERIES OF CHEBYSHEV POLYNOMIALS

ZHILING FAN ~* AND DONGWEI GUO

ABSTRACT. In this paper, we consider infinite summations derived from the reciprocals of Chebyshev
polynomials, and infinite summations derived from the reciprocals of the square of Chebyshev poly-
nomials. Then making use of the floor function to these summations, we obtain several new formulae

involving Chebyshev polynomials.

1. Introduction and Motivation

The Chebyshev polynomials of the first kind and the second kind are important classes of orthogonal
polynomials that have wide applications in approximation theory, numerical analysis, mathematical
physics, and other fields. They are defined by

i 1)0
T, (cos@) = cos(nf) and U,(cosh) = sm(n—z)
sin

and admit several useful properties (see Mason [7] for example):

e Recurrence relations (n > 2):

To(x) = 22T —1(x) — Th—2(x),
Un(z) = 22Up—1(x) — Up—2(2).
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Initial conditions:

Special value for x =0 and x = 1:

T5n(0) = (-1)", T2p41(0) =0, T,(1) =1,
Usn(0) = (—1)", Usps1(0) =0, Up(l) =n+ 1.

Ordinary generating functions:

1—nzx >
= 2{: 121(1ﬂ77n7

_ 2
L—2pz+np> 4
1 oo
—_— = U, "
1—2nz + n? 2 Un(a@)n
n=0
e Binet formulae:
aTL+ n
1) =
(11) O[n+1—/8n+1}7 047,3237:12 \V .T2—1.
Un(x) = B

e Fibonacci and Lucas numbers:

Un(3) = Fopri” and To(3) = %i”.

There exist numerous formulae about Chebyshev polynomials in the literature. For example, the
reader can find, in the recent papers [1, 2, 3, 5, 6], more formulae about trigonometric expressions,
generating functions, root power sums, integrals and certain combinatorial identities.

For any variable quantity z, the Fibonacci polynomials F,,(z) and Lucas polynomials L,(z) are
defined by F12(z) = xFh+1(z) + Fr(x),n > 0 with the initial values Fy(z) = 0 and Fi(z) = 1;
Lyyo(x) = xLypy1(x) + Lp(z),n > 0 with the initial values Ly(xz) = 2 and Li(z) = z. When =z = 1,
the Fibonacci polynomials and Lucas polynomials reduce to Fibonacci numbers and Lucas numbers

respectively. Let
1 1
o= 5(:13—1— 22+4) and ¢ = 5(:17— Va?+4),
which leads to the well-known Binet formulae

_ ¢n _djn — AT n
(1.2) Fn(:c)—igb_d) and Ly (z)=¢" + "
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For any positive integer , Wu and Zhang [8] proved the following four interesting identities:

(i 1 >_1J F,(x) — F—1(z), n is even and n > 2;
L \ k= Fe(=) F,(z) — F—1(x) =1, nisoddand n > 1;
(i 1 )1 zF,(z)F,—1(xz) — 1, niseven and n > 2;
2 =
i T () i zFy(x)Fh_1(z), n is odd and n > 1;
<§: 1 >_1 Ly(x) — L,—1(x) —1, niseven and n > 2;
L \ k=n Ly(z) | Ly(x) — Lp—1(x), n is odd and n > 3;
(i 1 >_1 xLlon_1(x)+1, niseven and n > 2;
T2(.\ =
|\ i Li(x) xLop_1(x) —2, mnisodd and n > 3.
In view of Binet formulae (1.1) and (1.2), we can get the following two identities
Un(% 27, (4
Fy(x) = (5) and Ly (z) = ir(LQ)‘

Furthermore, we can derive reciprocal series involving Chebyshev polynomials from the conclusions of

Wu and Zhang. For example (z = & &k € N):

(i ik >_1J Up(2)i™ — Uy (z)it™", n is even and n > 2;
k=n Up(z) Up(2)i™ — Up_1(2)i*™™ — 1, nis odd and n > 1;

( < gk >_1J 4T, (2)i™™ — 4T, _1(x)i'™ — 2, nis even and n > 2;
k

— T () AT, (2)i™" — AT, 1 (z)it", n is odd and n > 3.

The aim of this paper is to examine, for z,n € N and s = 1 or 2, the following two variants of the

Chebyshev polynomials:

00 1 -1 0o 1 -1
7“”*“%%@) J wd ““”“K%Uw) J

Several closed formulae that express these reciprocal series in terms of the Chebyshev polynomials will
be established.

The rest of the paper will be organized as follows. In the next section, the closed forms of Chebyshev

polynomials reciprocals series T1(n) and U (n) will be examined. Then in Section 3, we shall estab-
lish the closed forms of reciprocals series T2(n) and Usz(n), which involves the square of Chebyshev

polynomials.
https://dx.doi.org/10.22108/toc.2026.146321.2314
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2. THE CASE OF s =1

For z,n € N, we shall further examine, in this section, the two reciprocal series involving Chebyshev

o —1 . —1
1 1
o= |(Eata) | =t wo-|(Sem) |

2.1. Chebyshev polynomials of the first kind.

polynomials:

Theorem 2.1 (z,n € N).

. -1
Tiln) = KZ T,jx)) J = To(2) — T (2).
k=n

Proof. When x = 1, the conclusion is trivial.

For x > 2, observing the fact

L2 2
Te(r) ok + B ok a?+1)’

it is easy to obtain that

o o
1 1 1
Z Ti(z) 2{an a1 Z ak(aZk + 1)}
k=n k k=n
_ 2 n n—1 = 1
= an_an—l{l_(a - );ak(a%—i—l) :
=n

Using the above formula, we have

-1
=1 a — a7t n e > 1 -1
(Z Tk($)> = 9 {1_(04 -« l)zak(a2k+1)} :

k=n k=n

It is easy to check that

(2.1) <

ak(a?k +1) sk

holds for all x > 2 and k£ € N. Then we can further obtain the following inequality relationship

[e'e} -1 _ [e'e} —1
1 a —a™ ! 1
- = Jl1- n__ . n—1 -
(ZTk(az)> 2 { (a” —a )Za?)k}
k=n k=n
a — an—l a2n—2(1 + o+ a2)
= X
2 a2 2(1+a+a?)—1
a — an—l a — Oén—l

2 + 2(a2n + a2n—1 + a2n—2 _ 1)
=Th(x) — Th-1(x) + €3,

https://dx.doi.org/10.22108/toc.2026.146321.2314
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where

Bn_ﬂnfl an_an71
€3 =~ + 2 2n—1 2n—2 ‘
2 2(a?n 4+ a2l 4 22 — 1)

It is not difficult to verify that

anJrl 4 — Oénfl _ an72 _ alfn +a
2(a2n + a2n71 + a2n72 _ 1)

€3 = <1,

which yields

oo -1
(2.2) (Z T,j@;)) < Tp(z) — Ty (z) + 1.

k=n
Analogous to (2.1), the following identity

1 1
ak(a?k +1) ~ 903k

holds for all z > 2 and k£ € N. In further, we can derive the following inequality

[e'e) -1 _ [e'e) -1
1 a” — ot 1
> —  l1- n__ n—1 -
< > Tk(x)> 9 { (" —a"™) 3 203k }
k=n k=n
a” — anfl 2a2n72(1 o+ a2)
= X
2 20" 2(14+a+a?) -1
a — an—l a — an—l 1
e (T T
= Tn(x) — Tn_l(x) + €4,
where
Bn o anl a — anfl 1
4= + In—2 2 .
2 2 20" 2(1+a+a?) -1

It is not difficult to verify that 4 > 0, which yields

00 -1
(2'3) (Z T]j(l’)) > Tn('r) - Tn—l(w)'

k=n

By combining (2.2) with (2.3), we complete the proof of the Theorem 2.1.

2.2. Chebyshev polynomials of the second kind.

Theorem 2.2 (z,n € N).

o] 1 -1
Uy (n) = Kk; Uk(x)> J = Up(2) = Up_1(z) — 1.

https://dx.doi.org/10.22108/toc.2026.146321.2314
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Proof. Considering computational convenience, we prove the following equivalent form

0o -1
1
(Eim) |-t

k=n
Similarly to Theorem 2.1, the conclusion is also trivial when x = 1.

For x > 2, observing the fact

1 o a—-p  a-p 1
Up-1(z) ok —pk ok <1+a2k—1>’

it is easy to obtain that

o0

1 1 i 1
Zm_m:(“—ﬁ){cw—w*;oww}

k=n
a—pf n . > 1
:an_an1{1+(a -« 1)2()(’{(0[2’“—1)}'

k=n

Using the above formula, we have

00 —1 _ o) —1
1 > a —a” 1{ 1 1
Z = 1+ (@" —a™) Z k(y2k :
(k:n Ukil(m) @ B k=n « (CK N 1>
It is easy to check that
1 1 1 1

24 - - - 4 - 5
(24) aF(aZk — 1) a3k + ok (a2F — 1) = 3k

holds for all x > 2 and k£ € N. Then we can further obtain the following inequality relationship

-1
> 1 a® — a1 " e 1 !
(ZUk_l(x)> Oé—ﬁ {1+(Oé -G )Za?’k}

<
k=n k=n
ot — a1 " a®2(1+ a+a?)
a—p 1+ a2 2(1+a+a?)
a’ —av 1 an— nl 1
T a-B  a-p8 1+ a2 2(1+a+a?)

= Un_1<x) — Un_g(m) + €1,

where . .
n __ Qn— n__ . n—

51:6 B8 _a « 1 .

a—p3 a—08 1+a2"2(14+a+a?)

It is not difficult to verify that £; < 0, which yields

~ -1
(2.5) (Z Uk_11(x)> < Up-1(z) = Un—2().

k=n

Analogous to (2.4), the following identity
1 1 1 2

P 1) ok T QR —1) © ok

https://dx.doi.org/10.22108/toc.2026.146321.2314
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holds for all z > 2 and k£ € N. In further, we can derive the following inequality

[ele} -1 _ o] —1
1 > a” — a7t { _ 2
Sot) 2 i e e S
(k::n Ukil(w) @ /8 k=n o
 a-p 2+ a?2(14+a+a?)
a — anfl a — anfl )
T a-8  a-p 24+ a2 2(1+a+a?)
= Un_l(a:) — Un_Q(I) + €9,
where
n _ An—1 n _ n—l1 9
g9 = B ﬂ - a a .
a—p a—08 2+4+a22(14+a+a?)

Keep in mind that af = 1, the above identity can be computed as

—a"tl —2a" + 20" + a2 — 201" 4 207

2= (0 — B)(a + a2~ 1+ o272 1 2)
a4 20" + 201" 207
(a=B)(a®" +2)
> 1,

which indicates that

0o -1
(2.6) (Z Uk_11(x)> > Up_1(z) — Up_o(z) — 1.

k=n

By combining (2.5) with (2.6), we complete the proof of the Theorem 2.2. O

3. THE CASE OF s =2

Similarly, we can even consider the reciprocal series involving Chebyshev polynomials with s = 2:

~ -1 ~ -1
1 1
75(”*“%%@) J e ”*”*K%Uﬂ@) J

where z,n € N.
3.1. Chebyshev polynomials of the first kind.

Theorem 3.1 (z,n € N).

0o -1
1 2 2
Ta(n) = KZ T2(m)) J = T3(@) = T3y ().
k=n "~k
https://dx.doi.org/10.22108/toc.2026.146321.2314
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Proof. When x = 1, the conclusion is trivial.

For x > 2, observing the fact

1 4 _ 4 24 a2
T3(z) ok +p% 42 o2k a?k +2+ a2k )7

it is easy to obtain that

i Ly 1 _ i 2+a %
ben, TkQ(a;) B a?n — 2n—2 P a%(a% +924+ a—%)
1 2 2n—2 - 24+ a2k
B 0‘2"_0‘2"_2{1_((1 foa )Za2k(a2k—l—2+a—2k) ’

k=n

Using the above formula, we have

00 -1 . 00 _ -1
Z 21 _ a2n _ a2n 2 - (a2n B a?n—?) Z 24+« 2k .
T: () 4 a2k (a2k + 2 + a—2k)

k=n k=n

It is easy to check that

2+ a2k 2 24+ 2k 2
(3.1) o o f a2 = o~ TSy e
a2k +2 4+ a2 o 2+ 4a2%k 4 204 a?

holds for all x > 2 and k£ € N. Then we can further obtain the following inequality relationship

1
0 1 a2n — o2n—2 B .9 -1
(Egm) < )

k=n "k k=n
a2n _ a2n—2 a2n + a2n—2
B 4 © W anZ — 9
a2n _ a2n—2 N a2n _ a2n—2 2
= X
4 4 a?n 4 a2n—2 2

=Ty (x) = T7 () +er,

where 2 on—2 2 2n—2
n __ Q2n— n . 2n— 92
E7 = —6 B + @ @ X .
4 4 a?n 4 q2n=2 9

It is not difficult to verify that

2a2n o 20421172 + a2 _ C¥72 _ 2a272n + 2a72n

= 1
€7 A(a2n + o202 _9) <%b
which yields
e’} 1 -1
(3.2) <Z T%)) < T2(z) -T2 ,(z) + 1.
k=n "k
Analogous to (3.1), the following identity
2+a 2 1 1-a?k_q 1

a2k 24 a2k o2k T o2k 124 2% > a2k

https://dx.doi.org/10.22108/toc.2026.146321.2314
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holds for all z > 2 and k£ € N. In further, we can derive the following inequality

0 -1 _ [ee} —1
1 a2n _ a2n 2{ 1
Z > 1_(a2n_a2n—2)2}
2 4k
(k:n Tk (33‘)) 4 k=n @
a2n o a2n—2 a2n + a2n—2
= 4 X a?2n + a2n—2 _ 1
a2n o a2n—2 a2n o Ck2n—2 1
- 4 * 4 XAt a1
=T (x) — Ty () + s,
where
2n _ Q2n—2 2n _ 2n—2 1
£g = —B /8 + @ @ X .
4 4 a? + a2 — 1
It is not difficult to verify that g > 0, which yields
e’} 1 -1
2 2
(3.3) (Z T;3(93>> >T2(z) — T2 | (x).
k=n
By combining (3.2) with (3.3), we complete the proof of the Theorem 3.1. O

3.2. Chebyshev polynomials of the second kind.

Theorem 3.2 (z,n € N).

00 -1 U2(z) — U2 ) —n—1, z=1;
uz(n)szljl(:U)) J: n(@) = Ups i (x) 1 1

= U U(z) - U2 |(z) — 1, T > 2.
Proof. According to the following inequality
11 1 _o ot _ 11
E+1 k+2 (k+D(k+2)  (k+12 k(k+1) k k41

and then summing over k from n to oo by telescoping approach (cf. Chu [4]), the above theorem is
proved for xz = 1.

For x > 2, considering computational convenience, we prove the following equivalent form

00 -1
\\<Z U;311($)> J - U,%_l(x) - Ug_g(fﬁ) —1.
n -

Observing the fact

1 (a5 —<a—5>2(1+ 20% —1 >

Ul?—l(z) T a2k + ﬁZlc —_9 o2k otk — 92k +1

https://dx.doi.org/10.22108/toc.2026.146321.2314
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it is easy to obtain that

i 1 ( 5)2{ 1 . i 202k — 1 }
- —a— -
P U2_1<$) a2n — g2n—2 P an(a4k — 202k + 1)
(a—pB)? 2 2n—2 . 202k — 1
= 20 _ o2n2 1+ (@™ —a™ )Za2k(a4k_2a2k+1) :

k=n

Using the above formula, we have

-1
s 1 a?n _ a2n—2 ) - o9 2a2k 1 1
-5 e — 1 n n— .

k=n k=n

It is easy to check that

202k — 1 2 a1 2
(3.4) Iy o = 3k X ok > o
a*f —2a4F 4+ 1 a afF -2+« a

holds for all z > 2 and k£ € N. Then we can further obtain the following inequality relationship

—1
00 1 a27’b _ aQn—2 o - oo ) .
(§M> <(a—5)2{1+(a —a )ZW}

k=n

aQn _ a?n—Q a2n + a2n—2
- (a _ /8)2 a2n 4 q2n—2 1 9
a2n _ a2n72 2(a2n _ a2n72)

(@—B)2  (a—B)%(a2 + a2 +2)
=U; 1 (z) — Uy _y(z) + &5,

where

g2 _ gon—2 2 — a22)
@ AP (o= Pe® + a2 219
202" 4 202" 2 4 02 — a2 — 2072 4 20220
(a— B)2(a?" 4+ a2n=2 + 2)

It is not difficult to verify that €5 < 0, which yields

o -1
1
(3.5) | < Up(x) = Ugo(2).
LiE ) <t
Analogous to (3.4), the following identity
2% —1 3 1-5a"43a1 3
ok —9a2k 11 g2k o2k — 9 4 2k a2k

https://dx.doi.org/10.22108/toc.2026.146321.2314
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holds for all z > 2 and k£ € N. In further, we can derive the following inequality

-1
et 1 a?n _ a?n—Q{ o 3 -1
- > = 14 a2n o a2n—2 }
(Serm) ~ S e &
_ a2n _ a2n72 a2n + a2n72
 (a—B)? a4 a2n24 3
_ aQn _ a?n—Q B 3(a2n _ aQn—Z)
B (a — B)2 (a — B)2(a?n 4 a2n—2 + 3)
= U1 (x) = Uy_5(2) + &6,
where
_6271 _ 627172 B 3(a2n _ a2n72)

T (a—B)? (a — B)2(a2" + o272 4 3)

Keep in mind that af = 1, the above identity can be computed as

302" +3a 24+ a2 —a2-3a"% 432"

€6 = (@ — B)2(a2" + a2n—2 1 2)
30 + a7+ 3a72"
(a—B)%(a® 4+ a?r=2 4 2)

> 1,

which indicates that

. -1
(3.6) (Z Ukl()) > U2, (2) - U2 () — 1.

k=n

By combining (3.5) with (3.6), we complete the proof of the Theorem 3.2.

Concluding comments

11

In contrast to the outcome at s =1 or 2, Us(n) and T5(n) no longer have clean forms if s > 3. We

also compute the case s > 3, however, the computations are much more complicated. We hope that

these issues can be effectively resolved by us or someone else in the near future.
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