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ON F-ZARISKI TOPOLOGY IN A POSET

NILESH MUNDLIK™ AND MAYUR KSHIRSAGAR ™~

ABSTRACT. Let @ be a partially ordered set, and let F' be an /-filter in ). An ideal P in a poset () with
PNF =0 is called F-prime, if there exists a fixed element f € F such that whenever (a,b) C P, for
some a,b € Q then (f,a)* C P or (f,b)¢ C P. In this paper, we study a topology on the set Specr(Q)
of all F-prime ideals in @, which is a generalization of the prime spectrum Spec(Q) of a poset Q. We

also investigate the relationship between order theoretic properties of () and topological properties of

Specr(Q).

1. Introduction

The notion of the prime ideal has a significant role in the theory of modules, rings, posets, lattices,
etc., and it is used to study certain classes of algebraic structures. For many years, various authors have
constructed topologies over algebraic structures and investigated the relations between the algebraic
properties of these structures and the topological properties of these topologies(see [1, 3, 6, 12, 14, 15, 17]).
The concepts of an S-prime ideal and an S-prime submodule for a non-empty multiplicatively closed
subset S of a commutative ring with unity can be found in Sevim et al. [14], Yildiz et al. [17]. Let S be
a non-empty multiplicatively closed subset of a ring R with unity. An ideal P in R with PN S = 0 is

called an S-prime ideal, if there exists a fixed s € S and whenever ab € P for some a,b € R, then either
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sa € P or sb € P. In this paper, we generalize this concept to a partially ordered set (). Throughout this
article, we focus on the partially ordered set () with the smallest element 0 and the greatest element 1.

We begin with the necessary preliminaries and terminology in posets.

Let @ be a partially ordered set with least element 0 and the greatest element 1. Let A C (). The set
A ={z € Q |z > afor every a € A} is called the upper cone of A. Dually, we have the concept of the
lower cone, A’ of A. A" shall mean {A"}* and A® shall mean {A‘}*. The upper cone {a}* is simply
denoted by a" and {a,b}" is denoted by (a,b)". Similar notations are used for lower cones. We note
that A C A% and A C A™. If A C B then A’ O B and A* D B*. Moreover, A = Al A¥v = Av,
{a"}* = o’ and {a’}" = a™.

Let Q be a poset. A non-empty subset I of () is a semi-ideal if x < y and y € [ imply that z € I. A
non-empty subset I of Q is said to be an ideal if for all a,b € I implies that (a,b)" C I. An ideal I in
Q is called a u-ideal if for z,y € I, (x,y)*NI # 0. Dually, we have concepts of a filter and an ¢-filter.

A proper ideal(semi-ideal) I in a poset @ is called prime if for all 2,y € Q, (z,y)¢ C I implies
x € I or y € I. Dually, we have concept of a prime filter. The collection of all prime semi-ideals
in @ is denoted by Ps(Q) and the collection of all prime ideals in @ is denoted by Spec(Q). If I is a
semi-ideal in a poset @ then V(I) = {P € P,(Q) | I C P}. The complement of V(I) is denoted by
D(I), that is D(I) = {P € Ps(Q) | I ¢ P}. The collection {D(I,) | I, is a semi-ideal of Q,a € A}
forms a topology on Ps(Q) called as the Zariski or hull kernel topology. For more details, one can
see Venkatanarasimhan [16].

Let F be an (-filter in a poset @), then an ideal P in @ with PN F = () is said to be an F-prime
ideal, if there exists a fixed element f € F such that whenever (a,b)* C P, for a,b € Q, then (f,a)’ C P
or (f,b)¢ C P. The set of all F-prime ideals in a poset @Q is denoted by Specr(Q).

2. F-Zariski topology

In this section, we study F-prime ideals and the Zariski topology on the space Specp(Q) of F-prime
ideals in a poset ), where F'is an (-filter in ().

Let a be an element in a poset ). The principal ideal generated by a, denoted by (a] and is defined
as: (a] = {z € Q| v < a}. Dually, we have the concept of a principal filter.

Example 2.1. Consider the poset Q depicted in Figure 1. Observe that I = (b] is a prime ideal in Q.
If we consider an (-filter F' = [b) then I N F = {b}. Therefore, I = (b] is not an F-prime ideal for an
(-filter F' = [b). Thus, (b] € Spec(Q) but (b] & Specp(Q) for an (-filter F' = [b).

Example 2.2. Consider the poset Q depicted in Figure 2. Observe that, (a,b)* C (0] but a &€ (0] and
b & (0]. Therefore, (0] is not a prime ideal in Q. If we consider an (-filter F' = [b), then observe that (0] is
an F-prime ideal. Thus, (0] is an F-prime ideal, but not a prime ideal in Q). Therefore, (0] € Specr(Q)

but (0] & Spec(Q).
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FIGURE 2.

Lemma 2.3. Let Q be a poset, and let F' be an (-filter in Q. If P is a prime ideal in Q with PNF = (),
then P is an F-prime ideal in Q.

Proof. Suppose that, P is a prime ideal and F is an (-filter in a poset Q with PN F = (). Let (z,y)* C P
for some z,y € Q. This implies that, z € P or y € P. Therefore, (x,1)* = (2] C P or (y,1)! = (y] C P
and hence P is an F-prime ideal. O

Lemma 2.4. Let Q) be a poset, and let F be an (-filter in Q. If F = [1) then P is a prime ideal if and
only if P is an F-prime ideal in Q.

Proof. Let @ be a poset, and let F' = [1). Suppose that, P is a prime ideal in Q. As F' = [1), we have
PN F =(. Then by Lemma 2.3, P is an F-prime ideal.

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Conversely, suppose that P is an F-prime ideal in Q. Let (z,y)¢ C P for some z,y € Q. Therefore,
(z, ) C Por (y,1)' C P. But x € (z,1) and y € (y, 1)*. This implies that, « € P or y € P. Therefore,
P is a prime ideal in Q. O

Remark 2.5. Let QQ be a poset, and let F' be an £-filter in Q). Then, from Ezxample 2.1 and Fxample 2.2,
one can observe that, in general the spaces Spec(Q) and Specr(Q) are distinct for an (-filter F # [1). If
we consider an (-filter F' = [1) then P is a prime ideal in Q if and only if P is an F-prime ideal. That
is for F = [1), Spec(Q) = Specr(Q).

Let I be an ideal in a poset @, and let A C Q. Then the set (I : A) is defined as (I : A) = {x €
Q| (z,a)" C I for all a € A}. Note that, I C (I : A). Further, if I = (0] then ((0] : A) is denoted by

A+t and is called an annihilator of A.

Theorem 2.6. Let Q be a poset. Then the following statements hold.
(1) If I is an ideal in Q, and x € Q then (I : x) is a semi-ideal in Q.
(2) If P is a prime ideal in Q, and x € Q\P then (P : x) is a prime ideal in Q.

Proof. (1) Let I be an ideal in a poset @, and let x € Q. Consider a,b € (I : z) with a < b and
b € (I : z). Therefore, (x,b)* C I. As a < b implies that (a,z)’ C (b, x)’. Therefore, (z,b)* C I implies
that, (a,z)’ C I. Hence, we have a € (I : z).

(2) Let P be a prime ideal in a poset @, and let = € @ \ P. First, we prove that (P : x) is an ideal in Q.
Let a,b € (P :z) and t € (a,b)*. To show (P : ) is an ideal, it is sufficient to show that t € (P : z),
that is, (¢,z) C P. As a,b € (P : z), we have (a,2)’ C P and (b,z)* C P, but P is a prime ideal with
x ¢ P, implies that a € P and b € P. Therefore, (a,b)* C P and so, t € P. This implies that (¢, z)¢ C P,
that is t € (P : x). Therefore (P : z) is an ideal in Q). Now, we prove that (P : z) is a prime ideal. Let
a,b € Q such that (a,b)* C (P : x). Now, if t € (a,b)’ then t € (P : x). That is, (t,2) C P, but x ¢ P
and P is a prime ideal implies that, t € P. Therefore, if (a,b)* C (P : z) then (a,b)’ € P implies that
a€ Porbe P AsPC (P:ux), wehavea € (P:xz)orbe (P: z). Therefore, (P : z) is a prime
ideal. g

Theorem 2.7. Let I,J be ideals in a poset QQ, and let F' be an L-filter in Q. If P is an ideal in Q
disjoint from F then the following statements are equivalent:
(1) P is an F-prime ideal.
(2) There exists a fived element f € F, such that whenever I(\J C P implies I\(f] € P or
JOTE P

Proof. (1) = (2) Let F be an /(-filter in a poset @, and let P be an F-prime ideal in Q. Therefore by
the definition of an F-prime ideal, there exists a fixed element f’ € F such that whenever (a, htCP
for a,b € Q then (a, f')* C P or (b, f')* C P. Suppose that I and J are ideals in Q with I[(J C P.
On the contrary, suppose that I(\(f] € P and J(\(f] € P for all f € F. Now, choose a fixed f' € F.

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Then there exist zp € (I((f']) \ P and yp € (J(f']) \ P. Therefore, zp € I((f'] implies that
(xp, )Y CTIN(f and ypr € JN(f'] implies that (y, )¢ € JN(f']- Note that, since z € I((f] and
ypr € JN(f'], we have xp < f/, yp < f/and so, xp € (zpr, f1)", yp € (ypr, f1)E. Now, zpr € IN(F]C 1
and yp € J((f'] C J implies that (zp,yp)* C I(J and I(J C P. Thus, (zs,ys)" € P. But P is
an F-prime ideal and so, (z, f')* C P or (yp, f')* C P, a contradiction to the fact that ;s ¢ P and
ygpr & P. Therefore, I ((f'] € P or J(\(f'] € P for a fixed f' € F.

(2) = (1) Suppose that, there exists a fixed element f € F, such that whenever I()J C P then
IN(f] € Por JO(f] € P. Let (z,y)* € P for some x,y € Q. Consider I = (2] and J = (y]. Then,
(z,y)¢ = I J C P. Therefore, we have a fixed f € F, such that I(f] = (z]N(f] = (=, f)* C P or
JN(f1 = WN(f] = (v, f)f € P. Therefore, P is an F-prime ideal. O

Lemma 2.8. Let I,J be ideals in a poset Q, and let F' be an {-filter in Q). Then for f € F, IN(f]CJ
if and only if I C (J : f).

Proof. Let I, J be ideals in a poset @, and let F' be an ¢-filter in Q). Suppose that, I ((f] € J for some
f € F. Let v € I. We claim that, (z, f)* C J. Choose t € (x, f)¢. Then, ¢t € (x] C I and ¢ € (f]. Therefore,
t € IN(f] and so t € J. Thus, (x, f)* C J, implies that = € (J : f). Therefore, I C (P : f).

Conversely, suppose that I C (J : f) for some f € F. Let x € I()(f]. This implies that, x € I and
r<f AsxclandIC(J:f), wehave (z,f)" C J Again z < f, implies that = € (x, f)* and hence
x € J. Therefore, I ((f] C J. O

Theorem 2.9. Let F' be an {-filter in a poset Q, and let P be an F-prime ideal in Q. Then there exists
' € F such that (P : f) C (P : f') for all f € F. That is (P : f') is a mazimal semi-ideal of the
collection {(P : f)}rer-

Proof. Let F be an (-filter in a poset @, and let P be an F-prime ideal in Q). By Theorem 2.6, (P : f),
where f € F is a semi-ideal in ). Now, consider x € (P : f) an arbitrary element. As x € (P : f),
we have (z, f)! C P. But, since P is an F-prime ideal, there exists a fixed f’ € F such that either
(z, f)* C Por (f, f) C P.If (f, f)¢ C P then as F is an (-filter, (f, f)* N F # ), a contradiction to
the fact that F N P = (). This implies that, (x, f')* € P and so = € (P : f') for a fixed element f’ € F.
Therefore (P : f) C (P : f') for every f € F, consequently (P : f’) is a maximal semi-ideal of the
collection {(P : f)} rer. O

The following result about Ps(Q) can be found in Venkatanarasimhan [16].

Lemma 2.10 (Venkatanarasimhan [16]). Let Q be a poset, and let I,.J, 1, be semi-ideals in @, where o

belongs to an indexing set A. Then the following statements hold.

(1) V(Q) =0 and V((0]) = Ps(Q);
2) V(HUV(J) =V nJ);

https://dx.doi.org/10.22108/toc.2026.144609.2255
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3) (1 VUa) =V <\/ Ia>.

acA aceA

We define the F-variety Vr(I), of a semi-ideal I in a poset @), with respect to an ¢-filter F' as follows:
Ve(I) ={P € Specp(Q) | I C (P : f) for some f € F}.
The following result will be frequently used in this article.

Lemma 2.11. Let QQ be a poset, F' an (-filter and let I, J, I, be semi-ideals in Q, where a belongs to an
indexing set A. Then the following statements hold.

(1) Vr(Q) =0 and Vp((0]) = Specr(Q);

(2) Ve()UVr(J) =V (INJ);

3) () Ve(la) = Ve (\/ Ia)-

a€A a€cA

Proof. (1) Let F be an f(-filter, and let P be an F-prime ideal in a poset Q. If P € Vp(Q) then there
exists f € F such that Q C (P : f). This implies that, 1 € (P : f), that is, (1, f)¢ € P. But as f € (1, f)’,
we have f € P, a contradiction to the fact that P N F = (). Therefore, Vp(Q) = 0. Also, if P is any
F-prime ideal in @, then observe that, (0] C (P : f) for every f € F. This implies that, P € V#((0]) and
hence Vg((0]) = Specr(Q).
(2) Suppose that, P € Vr(I) U Vp(J). Therefore, P € Vp(I) or P € Vp(J). Assume that, P € Vp(I).
Then INJ CIC (P: f) for some f € F. This implies that, P € Vp(I N J).

Conversely, suppose that P € Vp(I N J). That is, INJ C (P : f) for a fixed f € F. Therefore, by
Lemma 2.8, (INJ)N(f] € P and so IN(JN(f]) € P. By Theorem 2.7, IN(f1] C P or JN(f]N(f1] C P for
a fixed f1 € F. As F is an (ilter and f, fi € F we have ((f] N (f1])NF # 0. Choose " € ((f]N(f1])NF.
Therefore, J N (f'] € JN((f] N (f1]) € P. This implies that I N (f1] € P or JN(f'] C P for f1,f" € F.
Therefore by Lemma 2.8, I C (P : f) or J C (P : f'), that is P € Vg(I) or P € Vp(J).

(3) Let P € ﬂ Vr(1y). Then P € Vp(I,) for every o € A. This implies that, I, C (P : f,) for every

a€A
a € A and f, € F. By Theorem 2.9, there exists f’ € F such that (P : f,) C (P : f’) for every f, € F.

This implies that, I, C (P : f’) for every a € A. Therefore, \/ I, C(P:f). Thus, P € Vg \/ 1, |].

a€N ac
Conversely, let P € Vg (\/ Ia>. Then \/ I, C(P: f) for some f € F. As I, C \/ I, we have
a€eN aEN acA
I, C(P: f) for every a € A. Therefore, P € m Vi(1y). O

aEA

From Lemma 2.11, it is clear that if F' is an /-filter in a poset @, then the set {Vr(I) | I a semi-ideal in Q}
satisfies all axioms of closed sets for a topology 7 on Specr(Q). This topology is called the F-Zariski
topology on @ and denoted by Specr(Q).

https://dx.doi.org/10.22108/toc.2026.144609.2255
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The following theorem gives a basis for the F-Zariski topology on the set of all F-prime ideals in a poset

Q.

Theorem 2.12. Let QQ be a poset, and let F' be an (-filter in Q. Then collection Dp((a]) = {P €
Specr(Q) | (a] € (P : f) for all f € F}, where a € Q forms a basis for the F-Zariski topology.

Proof. Let @ be a poset, and let F' be an (-filter in Q. First, we prove that D ((a]) is an open set for every
a € Q.Let P e Specr(Q)\Dr((a]). Then P ¢ Dp((al), thatis (a] C (P : f) for some f € F. This implies
that, P € Vr((a]) and so, Specr(Q) \ Dr((a]) € Vr((a]). Now, suppose that P € Vr((a]). Therefore,
(a] C (P : f) for some f € F. This implies that, P & Dp((a]). This means that P € Specr(Q) \ Dr((a])
and so, Vp((a]) C Specr(Q)\ Dr((a]). Therefore, we have Specp(Q)\ Dr((a]) = Vr((a]). Thus, Dr((a])
is an open set for all a € Q.

Now, we prove that for a semi-ideal I in Q, Specr(Q) \ Vp(I) is union of Dp((a;]) for some a; € Q.
Let P € Specp(Q) \ Vr(I). This implies that, I Z (P : f) for all f € F. By Theorem 2.9, there
exists f* € F such that (P : f) C (P : f*) for all f € F. Therefore, I (P : f*) for f* € F. Now,
suppose that I = {a;}iep and let A" = {i € A | (a;] € (P : f*)}. f A = 0 then (a;] C (P : f*)

for all a; € I implies that, \/(ai] C(P:f"). As I C \/(ai], we have I C (P : f*). This implies
ieA i€A

that, P € Vp(I), a contradiction and so A’ # (). Now, by Theorem 2.9, (a;] € (P : f) for all f € F

and ¢ € A’. This implies that, P € Dp((a;]),i € A" and so, P € U Dr((a;]). Conversely, suppose

ieN
P e U Dp((a;]). Then P € Dp((a;]) for some i € A’ and a; € I. This implies that, (a;] € (P : f)
e
for all f € F. Therefore, I Z (P : f) for all f € F, that is P € Specp(Q) \ Vr(I). Hence, we have
Specr(Q)\ Vr(I) = | Dr((ai]) O
e\

Remark 2.13. Let F' be an (-filter, and let P be a F-prime ideal in a poset Q. Then by Theorem 2.9,
there exists f' € F such that (P : f) C (P : f') for all f € F. From now on, we denote this f' € F by
fp. That is, for an F-prime ideal P there exists fp € F such that (P : f) C (P : fp) for all f € F.

Theorem 2.14. Let F' be an {-filter in a poset Q. If Y C Specr(Q) then

Y=VF<ﬂ(P:fp)>~

PeYy

Proof. Let Y C Specr(Q). Suppose that, P, € Y. Note that, ﬂ (P:fp) C(P1: fp), for some fp, € F.
PeY

This implies that, P, € Vg ( (P fp)>. Therefore,
PeY

YgVF<ﬂ (P:fp)> andso,YgVF<ﬂ(P:fp)>.
PeYy pPeYy

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Now, suppose that Y C Vg(I) for some semi-ideal I in a poset Q. If P € Y then P € Vp(I). This
implies that, I C (P : f) for some f € F. By Theorem 2.9, (P : f) C (P : fp) for some fp € F. Therefore,

I C(P: fp), for fp € F. This implies that, I C | (P : fp). Therefore, Vi | () (P: fp) | C V(D).
PeY PeY

Since Y is the smallest closed set containing Y, we have Vp ﬂ (P: fp)) C Y. Consequently,
PeY

Y:VF<ﬂ(P:fP)>. O
PeYy

Corollary 2.15. Let F be an L-filter in a poset Q. If Y is a subset of prime ideals in @ disjoint from

F then

pPeYy
Proof. Let F be an f(-filter in a poset (). By Lemma 2.3, if P is a prime ideal disjoint from an ¢-
filter F', then P is an F-prime ideal. This implies that, Y C Specp(Q). Therefore, by Lemma 2.14,
Y:VF<ﬂ(P;fp)>. O
PeYy
Lemma 2.16. Let F' be an (-filter in a poset Q. If P is a prime ideal in Q disjoint from F then
P=(P:f) foral f € F.

Proof. Suppose that, P is a prime ideal in a poset @) disjoint from an ¢-filter F. Note that, P C (P : f)
for all f € F. Let 2 € (P : f). Then (z, f)* C P. This implies that, z € P or f € P. As PN F = {}, we
have x € P. Thus, P = (P : f) for all f € F. O

Theorem 2.17. Let F be an £-filter in a poset Q. If P is a prime ideal in Q) disjoint from F, then the
following statements hold.
(1) {P} = Vr(P) = V(P : fp).
(2) If P* € Spec(Q) with P* N F = (). Then {P} = {P*} if and only if (P : f) = (P* : f) for some
ferF

Proof. (1) Let P be a prime ideal in a poset @ disjoint from an ¢-filter F. By Lemma 2.16, P = (P : fp).
Furthermore, by Corollary 2.15, we have {P} = V(P : fp) = Vp(P). Therefore, {P} = Vp(P) = Vp(P :
fp).
(2) Let P* € Spce(Q) with P* N F = (. Suppose that, {P} = {P*}. Then by (1), Vp(P) = Vp(P*).
Since P € Vp(P), we have P € Vp(P*). This implies that, P* C (P : f) and hence by Lemma 2.16,
P* C P. Similarly, we can conclude that P C P*. Consequently, (P : f) = (P*: f) for f € F.
Conversely, suppose that (P* : f) = (P : f) for some f € F. By Lemma 2.16, P* = P. Therefore,
(P : fp) = (P* : fp+). This implies that, Vr((P : fp)) = Ve((P* : fpx)) and hence by (1), we have
{P}={P*}. O

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Definition 2.18 ( Chajda [4]). Let QQ be a poset with the smallest element 0 and the greatest element
1. An element y € Q is said to be a complement of x € Q, if (z,y)™ = (x,y)™ = Q. A poset Q is said

to be complemented if each element of Q has a complement in Q.

Definition 2.19 ( Larmerovd and Rachunek [11]). A poset Q is called distributive if for a,b,c €
Q, {(CL, b)uv C}E = {(aa C)ea (b> C)K}UK'

Lemma 2.20. Let Q@ be a distributive poset, and let F' be an £-filter in Q). If x € Q) is a complement of
y € Q then Vp((z]) = Specr(Q) \ Vi ((y])-

Proof. Let @ be a distributive poset, and let F' be an /-filter in ). Suppose that z € @) is a complement
of y € Q. Let P € Vp((z]). Therefore, (z] C (P : f) for some f € F. By Theorem 2.9, (P : f) C (P: fp)
for some fp € F. This implies that, (z] C (P : fp). If P € Vp((y]) then (y] € (P : f1), for some f; € F.
Again, by Theorem 2.9, (y] € (P : fp). Thus, (] C (P : fp) and (y] C (P : fp). Then (z, fp)* C P
and (y, fp)¢ C P. This implies that, {(x, fp)’, (y, fp)'}* C P. As Q is a distributive poset, we have
{(z, )%, (y, fr) 3} = {(z, )%, f,}* and so, {(x,y)*, f,}* C P. But an element x is a complement of y,
that is (z,y)" = Q. Therefore, we have {(x,y)", fp}* = (fp]. This implies that, fp € P, a contradiction
to the fact that F' N P = (). Hence, P € Vr((y]) and so, P € Specp(Q) \ Vr((y]).

Conversely, suppose that P € Specp(Q) \ Vr((y]). That is, (y] € (P : f) for all f € F. Note that,
(z,y)" = Q implies that (z,y)* = {0} C P. As P is an F-prime ideal, we have (z, f)* C P or (y, f)* C P
for some f € F. If (y, f)¢ C P then (y] C (P : f), a contradiction. Therefore (z, f)* C P for some f € F
and so, P € Vg((z]). Consequently, Vr((z]) = Specr(Q) \ Vr((y]). O

Theorem 2.21. Let Q be a distributive complemented poset, and let F' be an (-filter in Q. Then Dg((a))

is a clopen set in Specp(Q).

Proof. Let F be an (-filter in a distributive complemented poset @, and let a € Q. Then (a,b)™* =
(a,b)* = Q for some b € Q. Therefore, by Lemma 2.20, Vr((b]) = Specr(Q) \ Vr((a]). This implies
that, Dp((a]) = Vp((b]) is a closed set in Specp(Q). Also, by Theorem 2.12, Dr((a]) is a open set in
Specp(Q). Consequently, Dr((a]) is a clopen set in Specp(Q). O

3. Irreducibility and compactness in Specp(Q)

In this section, we prove that if F'is an ¢-filter and P is an F-prime ideal in a poset @, then Vi (P)

is an irreducible subset of Specr(Q). Moreover, we prove that Specp(Q) is a compact space.

Lemma 3.1 (Fulton [5]). Let X be a topological space. A closed subset V' of X is said to be reducible
if V.=V1 U Vs, where Vi and Vo are closed sets in X, and Vi, Vs are proper subsets of V. Otherwise V

1s called trreducible.

Theorem 3.2. Let F be an (-filter in a poset Q. If P is a prime ideal in Q with PNF =0, then Vi (P)

is an irreducible set in Specp(Q).

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Proof. Let F be an /(-filter, and let P be a prime ideal in a poset @ with P N F = (). Suppose that,
Ve (P) = Vp(I) UVEr(J) for semi-ideals I and J in Q. Then Vp(I) C Vp(P) and Vp(J) C Vr(P). Note
that, P € Vp(P) implies that P € Vp(I) or P € Vp(J). Assume that P € Vg(I), that is, I C (P : f)
for some f € F. If P € Vp(P) then P C (P; : f1) for some f; € F. Now, we prove that I C (P : f).
Let € I. Since, I C (P : f), we have (x, f)* C P. As P is a prime ideal with P N F = (), we have
x € P. Therefore, € (Py : f1). This implies that, I C (P; : f1). That is, P, € Vp(I). Consequently,
Vr(P) C Vr(I) concluding that Vi (I) = Vp(P). Thus, VF(P) can not be written as a union of two
proper closed sets. Therefore, Vi (P) is an irreducible set in Specr(Q). O

Now, we prove that for an ¢-filter F' in a poset @, Specr(Q) is a compact space. For this purpose, we

need the following few results.

Theorem 3.3 (Joshi and Mundlik [8]). Let Q be a poset. If F' is a prime (-filter in Q then Q\ F is a

prime ideal in Q.

Lemma 3.4. Let Q) be a poset, and let F be a prime {-filter in Q. Then for a semi-ideal I in Q, Vp(I) =0
if and only if INF # (.

Proof. Let I be a semi-ideal, and let F' be a prime /(-filter in a poset ). Suppose that, Vp(I) = 0. On
the contrary, suppose that I N F = (). By Theorem 3.3, P = @ \ F is a prime ideal in @) containing I.
We know that, P C (P : f) for f € F. This implies I C (P : f). Therefore, P € Vr(I), a contradiction
to Ve(I) = 0. Hence, I N F # ().

Conversely, suppose that I N F # (). Then there exists z € I N F. If Vp(I) # 0 then there exists an
F-prime ideal P € Vp(I). This implies that, I C (P : f) for some f € F. In particular (z, f)* C P. As F
is an (-filter and z, f € F, we have (z, f)*NF # . Choose f; € (z, f)*NF. This implies that, f; € PNF,
a contradiction to the fact that P N F = (). Therefore, Vi (I) = 0. O

Lemma 3.5 (Gréatzer [7]). The set 1d(Q) of all ideals in a poset Q forms an algebraic lattice concerning

the set inclusion, and every principal ideal is a compact element of Id(Q).

Theorem 3.6. Let Q be a poset, and let F' be an (-filter in Q. Then Specp(Q) is a compact topological

space.

Proof. Let @ be a poset, and let F' be an (-filter in Q. Let Specp(Q) = U Dp((a;]), which is an open
1€EA
cover of Specp(Q). Therefore, we have,

Specr(Q) = | Dr((ai]) = [ (Specr(Q) \ Vi ((ai)))

i€ icA
= Specr(Q)\ (ﬂ VF((ai])>
1EA
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By Lemma 2.11, ﬂ Ve((ai]) = Vi (\/(az]) Therefore,

(ISHN LIS

Specr(Q) = Specr(Q) \ Vi (\/(ad) :

i€EA

Let I = \/(ai]. Then, Specp(Q) = Specp(Q) \ Vr(I). This implies that, Vp(I) = (. Therefore,

LISHN
n

by Lemma 3.4, we have I N F # (). Choose t1,ta,...,t, € I N F. Then (\/(H) NF # (). Again,

=1
n

by Lemma 3.4 , Vg (\/(M) = (). Therefore, Vi ((t1] V (t2] V -+ V (tn]) = Ny Ve((ti]) = 0. By taking

i=1
n

complements, implies that Specr(Q) = U Dp((t;]). Therefore, Specr(Q) is a compact topological space.

i=1
g

4. Separation axioms in F-prime spectrum

A topological space X is called a Ty-space if for any two distinct points z,y € X, there exists an open
set O in X such that x € O,y € O or x € O,y € O. It is well known that the prime spectrum, Spec(R)
of a commutative ring R is always a Tp-space. In contrast, an F-prime spectrum Specr(Q) may not be
a Tp-space. The following Example 4.2, shows that for a poset @) and an (-filter F' in @, Specr(Q) is
not a Tp-space in general. However, we prove that if every F-prime ideal is a prime ideal in @), then

Specr(Q) is a Ty-space.

Theorem 4.1. [13] Let X be a topological space. Then X is a Ty-space if and only if for each x,y €
X, {z} = {y} implies z = y.

Example 4.2. Consider the poset Q depicted in Figure 3 and an (-filter F' = [c). Note that,

1

IS
o

FiGURE 3.
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{(a]} = ﬂVF(I), where {(a]} € Vg(I). Observe that, Specr@ = {(0], (al, (b]}. Now, Vp((0]) = {P €
Specp(Q) : (0] C (P : f) for some f € [c)}. Therefore, Vr((0]) = {(0], (a], (b]}. Similarly, Vr((a]) =
{(0], (a], (b]} and VE((b]) = {(0], (a], (b]}. This implies that, {(a]} = {(0], (al, (b]}. Also, observe that

{(0]} = {(0], (al, (b]}. Thus, {(a]} = {(b]} but a # b. Therefore, by Theorem 4.1, Specr(Q) is not a
To-space.

Example 4.3. Consider the poset Q depicted in Figure 4. Observe that (0] is the only prime ideal in
Q. Therefore, Spec(Q) = {(0]}. If we consider an (-filter F' = [a) then (0] is the only ideal disjoint from
F. Also, observe that (0] is an F-prime ideal in Q. Therefore, Specr(Q) = {(0]}.

1

a

FiGURE 4.

Theorem 4.4. Let F be an (-filter in a poset Q. If every F-prime ideal in @Q is a prime ideal then
Specp(Q) is a Ty-space.

Proof. Let F' be an f-filter in a poset ). Suppose that, every F-prime ideal in ) is a prime ideal.
Consider P, P* € Specr(Q) with {P} = {P*}. Then by Theorem 2.17, (P : fp) = (P* : fp) for fp € F.
As P, P* € Specr(Q) N Spec(Q), by Lemma 2.16, we have P = (P : fp) and P* = (P* : fp). Thus
P = (P : fp) = (P* : fp) = P*. Consequently, {P} = {P*} implies that P = P*. Therefore, by
Theorem, 4.1, Specr(Q) is a Tp-space. O

Note that, for a poset @, if an (-filter F' = [1), then every F-prime ideal is a prime ideal in Q.
Therefore, the following theorem of Mundlik, Joshi, and Halas [12] becomes a corollary of Theorem 4.4.

Corollary 4.5 (Joshi, Mundlik and Halas [12]). Let Q be a poset. Then, the topological space Spec(Q)

of prime ideals is a Ty-space.
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Definition 4.6. Let Q be a poset, and let F' be an C-filter in Q. Then the F-krull dimension of Q) is the
supremum. of the length of all chains of F-prime ideals and it is denoted by Dimp(Q).

Example 4.7. Let Q be a poset depicted in Figure 5. Consider an (-filter F = [a). Note that, P = (x;]

is mot a prime ideal in Q, but it is an F-prime ideal in Q. It is easy to observe that,
(0] C (3;1] C($n} C -

Therefore, Dimp(Q) = oc.

F1GURE 5. Example showing F-krull dimension, Dimpr(Q) = oo in a poset Q.

A topological space X satisfies Ti-separation axiom or is called T}-space if for each pair of distinct

elements x,y € X, there exists open sets Uy, Us such that x € Uy, y € Uy and y € Us, x & Us.

Theorem 4.8. [13] Let X be a topological space. Then X is Ty-space if and only if {z} = {z} for each
e X.

Theorem 4.9. Let Q be a poset, and let F' be an L-filter in Q. If every F-prime ideal in Q is a prime
ideal, then the following statements are equivalent.
(1) Specrp(Q) is a Ty-space.
(2) Every F-prime ideal P in @Q is a mazimal element of the set
{P' € Spec(Q) | PPN F =}
(3) Dimp(Q) = 0.

https://dx.doi.org/10.22108/toc.2026.144609.2255
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Proof. Let @ be a poset, and let F' be an ¢-filter in Q). Suppose that every F-prime ideal in @ is a prime
ideal.

(1) = (2) : Suppose that, Specp(Q) is a Ti-space. By Theorem 2.17, for every P € Specr(Q), we have
{P} = Vi(P) = {P}. Also, by Theorem 2.6, for every P € Specr(Q), (P : f) is a prime ideal for f € F.
First, we prove that (P : f) N F = (). On the contrary, suppose that = € (P : f) N F. Then (z, f)! C P,
this yields that, (z, f1)¢ € P or (f, f1)* C P. But, as F is an (-filter (f, f1)¢ C P is not possible, otherwise
PN F #{, a contradiction. Also, if (x, f)* C P, then as f ¢ P implies that 2 € P. This implies that
PN F # (), again a contradiction. Thus, (P : f) N F = (). Now, suppose that P; is a prime ideal in @
containing P and disjoint from an ¢-filter F. Then P, C P = (P : f) implies that P, € Vp{P} = {P},
that is P; = P. Consecutively, P is a maximal element of the set {P" € Spec(Q) | P'NF = 0}.

(2) = (3) Suppose that, every F-prime ideal P in a poset @ is a maximal element of the set {P' €
Spec(Q) | PN F = (}. Then every chain of F-prime ideals consists of exactly one F-prime ideal.
Therefore, Dimp(Q) = 0.

(3) = (1) Suppose that, Dimp(Q) = 0. Let P’ € {P}. By Theorem, 2.17, {P} = Vp(P). Therefore,
P’ € Vp(P), that is P C (P’ : f) for some f € F. Thus P', (P': f) € Specp(Q) with P' C (P : f).
Since, Dimp(Q) = 0, we have P’ = (P' : f). Therefore, P C (P': f) = P’. Again using the fact that
Dimp(Q) = 0, we get P = P’ and hence {P} = {P}. Consecutively, Specr(Q) is a T-space. O

The subclass of Py;pp consisting of all posets having the smallest element 0 and with the property
that every maximal ¢-filter (maximal among all ¢-filters) is a maximal filter (maximal among all filters)
is denoted by P?W rp-

Therefore, the following lemma of Mundlik, Joshi, and Halas [12] becomes a corollary of Theorem 4.9.

Corollary 4.10. [12] For a poset Q € Pﬁ“ﬂp, the following conditions are equivalent.
(1) P(Q) is a Ty-space
(2) P=V(P) for all P € P(Q).
(3) (P(Q), Q) is an anti-chain.
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