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SOME STAR-CRITICAL CONNECTED RAMSEY NUMBERS

XTAOQIAN SUN AND YANBO ZHANG ™~

ABSTRACT. The star-critical connected Ramsey number r; (G, H), introduced by Moun, Jakhar, and
Budden (TOC, 2025), is a more deeply studied variant of the connected Ramsey number. For paths
versus complete graphs, they obtained the exact values of (P, K») when m = 5 and when n = 3. For
stars versus complete graphs, they determined the exact values of 7} (K1,m, K») when m = 3 and when
n = 3. We complete the generalization of both cases by establishing the exact values of 7 (P, K, ) for
m > 6 and n > 4, and r}(K1,m, Ky) for m > 4 and n > 4. The former result disproves a conjecture

proposed by Moun et al. (TOC, 2025).

1. Introduction

Ramsey theory is one of the central topics in combinatorics. A (red-blue) 2-edge-coloring of a graph
G refers to an assignment of each edge of G with either red or blue. Given two graphs GG; and Ga, we
use the notation G — (G1,G2) to denote that for any 2-edge-coloring of G, there exists either a red
copy of G or a blue copy of Ga. The Ramsey number r(G1,G2) is defined as the smallest positive
integer r such that the complete graph K, satisfies K, — (G1,G2). The existence of Ramsey numbers
for any pair of graphs is guaranteed by Ramsey’s theorem [13]. For a comprehensive and regularly

updated survey of Ramsey numbers for various classes of graphs, we refer the reader to [12].
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When r = r(G1,G2), it is clear that K, — (G1,G2) and K,_1 /4 (G1,G2). A natural question
arises: if a graph G is a proper subgraph of K, and contains K,_; as a proper subgraph, is it necessarily
true that G — (G1,G2)? To study this problem, Hook [9] introduced a variant known as the star-
critical Ramsey number. Let K,._1 L K denote the graph obtained by joining an additional vertex
to k vertices of K,_1. The star-critical Ramsey number r*(G1,G2) is defined as the smallest positive
integer k such that K, U Ky, — (G1,G2), where r = r(G1,G2). Clearly, if neither G nor G
contains an isolated vertex, then 1 < k < r — 1; otherwise, the exceptional case & = 0 may occur
(see [?]). When r*(G1,G2) = r(G1,G2) — 1, i.e., K, — e /4 (G1,G2), the pair (G, G2) is said to be
Ramsey-full [16]. For further results on star-critical Ramsey numbers, see the monograph [1].

In 1978, Sumner [15] introduced connectivity constraints into the concept of Ramsey numbers and
defined the connected Ramsey number. A connected 2-coloring of a graph G refers to a 2-edge-
coloring of G such that the red edges induce a connected spanning subgraph of G, and so do the
blue edges. Given two graphs G; and G2, we write G contty (G1,G2) to indicate that in every
connected 2-coloring of GG, there exists either a red copy of G1 or a blue copy of Go. The connected
Ramsey number r.(G1,G2) is defined as the smallest positive integer r such that K, cony (G1,G2).
Sumner [15] proved that if both G} and G2 are 2-edge-connected graphs with at least four vertices, then
re(G1,G2) = r(G1,G2). As a result, subsequent research on connected Ramsey numbers has focused
on the case where either G; or Go contains a bridge. For results on connected Ramsey numbers,
see [2, 3,5, 6, 8, 11, 14, 15].

By comparing the three aforementioned definitions, Moun, Jakhar, and Budden [11] introduced
in 2025 the concept of the star-critical connected Ramsey number, which further refines the con-
nected Ramsey number. Given two graphs G and Ga, their star-critical connected Ramsey number
r%(G1,G2) is defined as the smallest positive integer k such that K, _; U Ky SN (G1,G9), where
r = rc(G1,G2). It is easy to see that r’(G1,G2) always exists and lies between 2 and 7.(G1, G2).
Moreover, if r(G1,G2) = rc(G1,G2) — 1, then the pair (G, G2) is called connected Ramsey-full.

For the reader’s convenience, we summarize the above four definitions in set notation as follows:

( ) = min{r | K, — (G1,Ga)},
r*(G1, G2) = min{k | K, UKy — (G1,G2),r = r(G1,G2)},
re(G1,Go) = min{r | K, <™ (G1,G2)},
( )

This paper focuses on the study of two graph pairs (Pp,, K,,) and (Kj -1, K;), where P, denotes
a path on m vertices and K1 ,,,—1 denotes a star on m vertices. These two graphs represent the two
extremal cases of a tree T,,, with the path and star corresponding to the maximum and minimum

possible diameters, respectively.
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A classical result in graph Ramsey theory, due to Chvatal [4], states that for any tree with m
vertices,
(T, Kpn) = (m—1)(n—1) + 1.

Hook and Isaak [10] further established that the star-critical Ramsey number satisfies
(T, Kp) = (m—1)(n—2) + 1.

However, when considering the connected Ramsey number, the situation becomes more intricate.
In particular, a notable discrepancy arises between 7.(Pp,, Ky,) and r¢(Kj m—1, K;,). For the former,

Faudree and Schelp [6] proved that when m > 5 and n > 3,
(1) re(Pm, Kn) = (n = 2)([m/2] = 1) + [m/2] + 1.
For the latter, they showed that

(n—1)(m-1)4+1, m>4,n>3,
Tc(Kl,maKn) =

(n—1)(m—-1)+2, m=3,n>3.

We now shift our focus to the main topic of this paper: the star-critical connected Ramsey number.
In the trivial case, it is easy to observe that any connected 2-coloring of K4 contains both a red P and
a blue Py [15]. On the other hand, the graph K3 U K; 2 admits no connected 2-coloring. Therefore,
for any graph G and 2 <i < 4, we have r.(P;,G) = 4 and r}(P;,G) = 3.

In the nontrivial cases, when one of the two graphs has small order, Moun, Jakhar, and Budden [11]

obtained some exact results. Specifically, they proved that

(P, K3) =m—1, for all m > 4,

5 (Ps, Kp) =n+1, foraln>3,

(K1, K3) = 2m — 2, for all m >4, and
ri(Ky3,K,) =2, foralln>3.

They further conjectured that r} (P, K;,) = m+n —4 for all m > 4 and n > 3.
In this paper, we determine the exact values of r (P, K,) and r} (K}, K;) in all remaining cases,
and the former result disproves the aforementioned conjecture. Our two main theorems are stated as

follows.
Theorem 1. For m > 6 and n > 4, we have

To(Pm, Kp) = (n—3)(Im/2] — 1)+ [m/2] + 2.
Theorem 2. For m > 4 and n > 4, we have

ra(K1m, Kp) = (n—1)(m—1).

https://dx.doi.org/10.22108/toc.2026.144868.2264
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By comparing the values of 77 (K1, Ky) and re(Kq m, Ky,), it follows that (K, Kp) is connected
Ramsey-full for m > 4 and n > 3.

The proofs of Theorems 1 and 2 will be presented in Sections 2 and 3, respectively.

2. Paths versus complete graphs

We need the following result on Ramsey numbers as a lemma, where C'>,, denotes a cycle with at

least m vertices.
Lemma 1 (Faudree and Schelp [7]). For m >3 and n > 1, we have
(Com, Kp) =(m—1)(n—1)+ 1.
For m > 6 and n > 4, let

N = (n—2)(|m/2] — 1)+ [m/2] + 1.

Up

A
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FIGURE 1. The graph G for the lower bound of r%(P,,, K,)

We begin by establishing the lower bound. Consider the graph H consisting of n—2 pairwise disjoint
copies of K|, /3|1, denoted by Uy, ..., Uy—2, together with another disjoint copy of K7, /211, denoted
by U,,—1. Select a vertex uj from Uy, and add two new vertices ug and ug. Define the neighborhood of
ug to be (V(H)\ Up) U{u1}, and let ug be adjacent only to uj. Denote the resulting graph by G (see
Figure 1). It is easy to verify that G has N vertices, is connected, and contains no P,, as a subgraph.

We now color all edges of G red. In the complement graph G, color all edges blue except those
between us and Uj. It is straightforward to check that the blue edges induce a connected spanning
subgraph, and the largest blue clique containing wug is a Ko. Suppose, for the sake of contradiction,
that a blue K, exists. Then, by the pigeonhole principle, this K, must contain at least two vertices
from one of the sets Uy U {u2},Us,...,U,_1, which is impossible.

https://dx.doi.org/10.22108/toc.2026.144868.2264
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Hence, we obtain a connected 2-coloring in which there is neither a red P,, nor a blue K,.

Moreover, since the edges between us and U; \ {u;} are neither red nor blue, we conclude that
KN_1 UK N_|my2j+1 —F—> (Pm, Ky). That is,
To(Pp, Kp) > (n—3)(Im/2] — 1) + [m/2] + 2.

We now proceed to prove the upper bound. Let G be the graph obtained by adding a new vertex
vo to Kn_1, such that vy is adjacent to exactly (n—3)(|m/2] — 1)+ [m/2] + 2 vertices in Kny_1. We
aim to show that, for any connected 2-coloring of (G, there exists either a red copy of P, or a blue

copy of K,,. We split the argument into two cases.
Case 1. vy is incident to at most one red edge.

We argue by contradiction. Suppose that G contains neither a red copy of P, nor a blue copy of
K,,. For the subgraph induced by V(Kxy_1), let Hr denote the spanning subgraph whose edge set
consists of all red edges, and let Hp denote the spanning subgraph whose edge set consists of all blue
edges. Since the coloring of G is connected 2-coloring and vg is incident with at most one red edge, it
follows that Hp is connected.

Let P, be a longest path in Hg. If £ > m, then Hg already contains a red P,,, and we are done.
Hence, we may assume that £ < m — 1 in what follows. Let x and y denote the two end vertices of Py,
and let T’ be the complete graph induced by V(Hg) \ V(F,) with the inherited 2-edge-coloring. We

state the following claims.
Claim 1. { = m — 1 and the edge xy is blue.

Proof. If xy were red, then together with P, it would form a red cycle Cy. As Hpg is connected, any
vertex outside Cy can be joined to Cy by a shortest red path, yielding a red path with at least £ + 1
vertices, again contradicting the maximality of P,. Thus, the edge zy is blue.
We argue by contradiction. Suppose that £ < m — 2. Then
I=N-1-/
> (n=2)(|%] - 1)+ [§] - (-2
|=1)+m—-1-(m-2)

| -1)+1.

I
E)
!
N
SERNSERECE

=(n—3) (L

By Lemma 1, the graph I' contains either a red cycle C> |, /2] of length at least |m/2], or a blue
copy of K.

In the former case, we can construct a red path longer than Py. Since Hp is connected, there exists

a shortest red path wQz joining P and C |, 2|, where w € V(F;) and 2z € V(Cx|p/2)). The vertex

w splits Py into two paths, namely xPyw and yP,w. The total number of vertices in these two paths
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is £+ 1 (with w counted twice), so one of them contains at least [(£+ 1)/2] vertices. Traversing this
longer subpath from its endpoint to w, then following @) to z, and finally proceeding along the cycle
C>|m/2|, we obtain a red path of length at least

5[ 5 e

contradicting the maximality of Py.
In the latter case, if I' contains a blue copy of K,,_o, then we can find a blue K, in Hg. Indeed, since
x and y are the two end vertices of Py, all edges between {z,y} and the vertices of K,,_ must be blue.

Consequently, the blue K,,_5 together with x and y forms a blue K, contrary to our assumption. [J

Let V1 denote the set consisting of the first L%J — 1 vertices of P, starting from the end vertex x,
and let V5 denote the set consisting of the first L%J — 1 vertices of P, starting from the other end
vertex y.

Recall that Claim 1 says that £ = m — 1. If m is even, then there is exactly one vertex of P, that
belongs to neither Vi nor Va; we denote this vertex by v.. If m is odd, then there are exactly two
vertices of P, that belong to neither Vj nor Va; we denote them by v, and v.. We proceed with the

following claims.
Claim 2. T contains no red cycle of length at least |m/2].

Proof. Suppose, to the contrary, that I" contains a red cycle C' with |C| > |m/2]. Since Hp is
connected, there exists a red path w@z joining C' to the red path Py, where w € V(F;) and z € V(C).
Note that the longer of the two subpaths zPyw and yPyw contains at least [m/2] vertices (with w
counted twice when considering both subpaths). Extending this longer subpath through w@z and

then along C, we obtain a red path P,,, contradicting the assumption. O

Claim 3. If 6 < m < 7, then I' contains n — 3 pairwise vertex-disjoint red edges, that is, n — 3

copies of P,. Denote the corresponding vertex sets of these copies of P, by V3,...,V,_1. Then each
of V1,Va, ..., V,_1 induces a red clique, and every edge between any two distinct sets among them is
blue.

Proof. Suppose that I' contains a red P;. Since Hpg is connected, there exists a red path w@z joining
Py to this Py, where w € V(Fy) and z € V(P;). The longer of the two subpaths zPyw and yPyw
contains at least [m/2] vertices, and clearly P4 contains a red P3 with z as an endpoint. Hence we
can extend along w@z and then through this P; to obtain a red Py 1, contradicting the maximality of
P;. Therefore, I' contains no red path on at least four vertices. Furthermore, by Claim 2, I contains

no red cycle. Consequently, every nontrivial red component of I' is a star.

https://dx.doi.org/10.22108/toc.2026.144868.2264
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Assume that I' contains ¢ nontrivial red components. Delete the t centers of these stars from TI'.

The remaining vertices then form an independent set in Hg, and thus a clique in Hp, of size
T —t=2(n—3)—t.

On the other hand, the maximum blue clique in I' has size at most n — 3; otherwise, together with z

and y it would form a blue K,,, contrary to our assumption. Therefore,
n—3>2n-3)—t,

which implies ¢t > n — 3. In particular, I' has exactly n — 3 nontrivial red components, so the red
subgraph induced by I' is a perfect matching consisting of n — 3 vertex-disjoint copies of P». Recall
that V7 and V5 correspond to the two end-edges of Py. By the maximality of Py, every edge between
ViuVs and Va3 U---UV,_1 must be blue.

It remains to show that all edges between Vi and V5 are also blue. Since Hp is connected, there
is at least one red edge between P; and I'. By the discussion above, the endpoint of such an edge on
P; must be either v, or v.; assume it is v.. If there were a red edge between V; and Vs, then within
the subgraph induced by V' (FP;) we could always find a red path of order £ — 1 = m — 2 with endpoint
v.. Because v, has at least one further red neighbor in I', and the red edges in I' form a perfect
matching, we could then extend this path through I' to obtain a red path on at least m vertices, a

final contradiction. O

Claim 4. Let m > 8. If I' contains a red cycle C|,, /2|1, then any red path between C|,, 51 and
Py consists of exactly one red edge. Denote this edge by wz, where w € V(P;) and z € V(C’me_l).
Then w € {v,v.}, and the successor 21 of z on the cycle is joined by blue edges to every vertex

outside V(CLm/2J—1) U {ve, v}

Proof. Suppose that there is a red path w@Qz between the red cycle C|,, /21 and the red path P,
where w € V(F) and z € V(Ctm/gJ,l). Since ¢ = m — 1, the two subpaths xPyw and yP,w together
contain m vertices, counting w twice. Hence the longer one has at least [m/2] vertices. Extending
this subpath along w@)z to z and then continuing along the cycle C|,, /21 yields a red path with at
least m — 1 vertices; denote it by P’. By the maximality of P,, the path P’ must have exactly m — 1
vertices. Consequently, w@z must be a single red edge.

Since P’ has exactly m — 1 vertices, the longer of the two subpaths zPyw and yP,w has exactly
[m/2] vertices. If w € Vj, then yPyw has at least [m/2] 4+ 1 vertices; if w € V3, then zPyw has at
least [m/2] + 1 vertices. Therefore, w ¢ V3 U Vs, and hence w € {v., v.}.

Let 2™ be the successor of z on C|m/2)—1- By choosing an appropriate direction along the cycle, we
may assume that z* is an endpoint of P’. From the above, every edge between 2z and V (P) \ {ve, v.}
is blue. Moreover, since P’ is also a longest red path, 2™ is joined by blue edges to every vertex outside
V(C'Lm/gj_l) U {ve, v.}. O

https://dx.doi.org/10.22108/toc.2026.144868.2264
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Claim 5. If m > 8, then I' contains n — 3 pairwise vertex-disjoint red cycles C|,,/2)_1. Denote the
corresponding vertex sets of these copies of C|,,/2j—1 by V3,...,V,—1. Then each of V1, Va,..., V;1

induces a red clique, and every edge between any two distinct sets among them is blue.
Proof. Note that

ID|=N-1-1¢

=(=3)([3] -1)

>(n=3)(5]-2)+1.

By Lemma 1, I' contains either a red cycle C|,,/2)—1 or a blue K;_o. In the latter case, together
with x and y this yields a blue K, by Claim 1, a contradiction. In the former case, by Claim 2, T’
must contain a red C|,,,/2)—1 as a subgraph.

Let V3 denote the vertex set of this red cycle C),,/2)-1, and let I't = I' — V5. By Claim 4, every
edge between V3 and Vi U Vs is blue. Moreover, there exists a vertex in V3, denoted by z; , such that
all edges between zgr and I'; are blue.

Note that |I'y| > (n —4)(|m/2] — 2) + 1. Applying Lemma 1 again, I'; contains either a red cycle
C>|m/2)—1 or a blue K;,_2. In the latter case, together with z, y, and z; this yields a blue K,, a
contradiction. In the former case, by Claim 2, I'y must contain a red C|,, /3|1 as a subgraph.

Let Vj be the vertex set of this red cycle C|,,/2)-1, and let I'y = I't — V4. By Claim 4, every edge
between V; and Vi U V5 is blue. Furthermore, there exists a vertex in V4, denoted by zzr, such that
all edges between zj and I's are blue. Repeating the above procedure inductively, we obtain n — 3
pairwise vertex-disjoint red cycles C|,, /2] _1-

Next we show that for 3 <i < j < n — 1, every edge between V; and Vj is blue. Suppose, to the
contrary, that there exists a red edge between V; and V. By Claim 4, there is a red edge between V;
and P,. Consequently, starting from the red cycle in V; we can reach P, by a red path of length at
least 2, which contradicts Claim 4. This proves that every edge between V; and Vj is blue.

Next, we further show that all edges between Vi and V5 are also blue. Since Hp, is connected, there
is at least one red edge between P, and I'. By the discussion above, the endpoint of such an edge on
P; must be either v, or v); assume it is v..

If there were a red edge between Vi and Vb, without loss of generality let vjv, be a red edge with
vj € V7 and v, € Vo, Starting from v., go along the red path P to v;, then traverse the edge v;vy, and
finally follow Py to y; this yields a red path, denoted by v.Pyv;vi Ppy. Similarly, we obtain another red
path v.Ppugvj Ppx. It is easy to see that at least one of these two paths contains at least [m/2] + 1

vertices. From its endpoint v., we can further extend the longer path by a red edge into I'. Note that

https://dx.doi.org/10.22108/toc.2026.144868.2264
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every vertex of I' lies on a red cycle C|;,/2)_1; hence we can continue along such a cycle to obtain a
red path P,,, contradicting our assumption. This proves that every edge between V; and V5 is blue.
For each i € [n — 1], we regard V; as a partite set; together these sets form a blue complete (n —1)-
partite graph. If some V; contains a blue edge, then this edge together with one arbitrary vertex
from each of the other Vj yields a blue copy of K,,, contradicting our assumption. Therefore, every V;

induces a red clique. U

Now we consider the whole graph G. Recall that vy is adjacent to exactly (n — 3)(lm/2] — 1) +
[m/2] + 2 vertices in K_1. Moreover, in the present case, vy is incident with at most one red edge.
Hence there are at least (n — 3)([m/2] — 1) + [m/2] + 1 blue edges between vy and Ky_;. Note
that if m is even, then v, is the only vertex of K _1 that does not belong to Vi U---UV,,_q; if m is
odd, then v, and v/, are the only such vertices. Therefore, the number of blue edges between vy and
ViU---UV,_ is at least (n —2)(|m/2] —1) + 1. By the pigeonhole principle, for each i € [n — 1], the
vertex vg has at least one blue neighbor in V;. By Claims 3 and 5, choosing one such blue neighbor

from each V; and together with vy yields a blue copy of K,,, a final contradiction.
Case 2. v is incident to at least two red edges.

In this case, there exists a red path P; with vy as an internal vertex. Let P, be the longest blue
path with vg as an internal vertex, and denote its endpoints by v; and vs. If £ > m, then we already
obtain a red P,,. Hence, we may assume that ¢ < m — 1.

We claim that vive is a blue edge. Otherwise, the path v Pyvov; forms a red cycle Cyp. Since the
subgraph induced by the red edges is connected, there must exist a vertex w ¢ V(Cy) and a vertex
v € V(Cy) such that wov is a red edge. Let v~ and v denote the predecessor and successor of v on
the cycle Cy, respectively. Note that at least one of v~ and v™ is not vy. If v~ # wp, then the path
v_<C_'ng is a longer red path with vy as an internal vertex. If v # vg, then the path v+6_>‘ng is a
longer red path with vy as an internal vertex. In either case, this contradicts the maximality of F;.
Therefore, v1v9 must be a blue edge.

Let G’ denote the subgraph G — V(P;). Then

Gl=N-t=@m-2)(F|-D+|

m
2

m

]+1—(m71):(n73)qﬂ )41

According to Lemma 1, the graph G’ either contains a red cycle of length at least |m/2]| or a blue
clique K, 5. In the latter case, by the maximality of the red path P, all edges between {vy,v2} and
V(K;,—2) must be blue, which yields a blue K,. Hence, we may assume the former holds, that is, G’
contains a red cycle of length at least |m /2], denoted by Cx |y, /2)-

Since the subgraph induced by red edges is connected, there exists a shortest red path between the

red path P and the cycle Cs |, 2], denoted by Q. Let v be the common vertex of @) and P. Then

https://dx.doi.org/10.22108/toc.2026.144868.2264
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the vertex vg lies either on the segment v; Pyvs or on the segment vo Pyvg. Without loss of generality,
we assume the former holds.

If the segment ve Pjus contains at least [m/2] vertices, then there exists a red path that includes
this segment together with all vertices on the cycle Cs |2 (i.e., starting from vq, following P to
v3, then along @ to the cycle Cs |, 2|, and finally traversing the entire cycle). The total number of
vertices in this red path is at least [m/2] + |m/2]| = m.

If the segment vo Ppvs contains at most [m/2]| — 1 vertices, and noting that the vertex vs belongs
to both segments, then the segment v Pyvs contains at least £ — [m/2] + 2 vertices. Then there exists
a red path that includes the segment v; Pyvz and all vertices on the cycle C |, /o) (i.e., starting from
vy, following P to vg, then along @ to the cycle Cs |, 2], and finally traversing the entire cycle). This
red path contains vy as an internal vertex and has at least £ — [m/2] + 2 4+ |m/2] > £ + 1 vertices,

which contradicts the maximality of P,. This contradiction completes the proof.

3. Stars versus complete graphs

Recall that when m > 4 and n > 4, we have 7¢(Kim,, K,) = (n —1)(m — 1) + 1. Let N =

(n—1)(m—1)+1, and denote by K — e the graph obtained from the complete graph Ky by deleting
an arbitrary edge. To show that r} (K m, K;,) = (n — 1)(m — 1), it suffices to establish that

Ky —e #_co n.) (Kl,van)'

FIGURE 2. The graph G for the lower bound of r} (K 1, Ky)

Consider n — 1 pairwise disjoint copies of the complete graph K,,_1, with their vertex sets denoted
by Ui,...,Un—1. Let v;,v] € U; for each i € [n — 1]. For each i € [n — 2], we add an edge between v;
and v ;. Additionally, we introduce a new vertex vy and connect it to every vertex in Uy \ {v1}. Let G
denote the resulting graph (see Figure 2). It is easy to verify that G is connected and A(G) < m — 1.

We color all the edges of G red. In its complement G, we color all edges blue except for the edge
vov1. Clearly, the blue edges induce a connected spanning subgraph. Suppose there exists a blue

copy of K,. By the pigeonhole principle, this K,, must contain at least two vertices from one of the

https://dx.doi.org/10.22108/toc.2026.144868.2264
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sets among Uy U {vo},Us,...,U,—1, which is impossible. Hence, we have constructed a connected

2-coloring of Ky — e that contains neither a red K ,, nor a blue K,,. Therefore,

Ky — e =% (K1 m, Kn).
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