
https://toc.ui.ac.ir

Transactions on Combinatorics

ISSN (print): 2251-8657, ISSN (on-line): 2251-8665

Vol. xx No. x (202x), pp. xx–xx.

© 202x University of Isfahan

https://www.ui.ac.ir

ON THE REFLEXIVE EDGE STRENGTH IN ZIGZAG GRAPHS

MUHAMMAD IBRAHIM , MUHAMMAD JAVED AZHAR KHAN , ROSLAN HASNI ∗ KOOI KUAN YOONG

AND IKA HESTI AGUSTIN

Abstract. Let G be a simpple graph. The total k-labeling of G is the assignments of a non-negative

integer from the set {0, 2, . . . , 2⌊k/2⌋} to the vertices and a positive integer from the set {1, 2, . . . , k} to

the edges of a graph G. It is called an edge irregular reflexive k-labeling of the graph G if the weights of

any two different edges are distinct, where the edge weight is the sum of the label of the edge itself and

the labels of its two end vertices. The minimum value k for which the graph G has an edge irregular

reflexive k-labeling is called the reflexive edge strength of G. In this paper, we determine the exact

value of the reflexive edge strength for the zigzag graph Zn
m, where n ≥ 2 and m ≥ 3.

1. Introduction

Over the past 60 years, graph labeling has experienced rapid development, resulting in over 200

graph labeling methods that have been explored in more than 3000 papers, see Gallian [10]. This

captivating field holds great potential and finds application in diverse areas such as astronomy, com-

munication networks, circuit design, coding theory, radar technology, X-ray crystallography, and more.

In the following, all graphs considered are finite, undirected, and simple.

In 1988, Chartrand et al. [9] introduced the concept of irregular labeling to challenge the notion

that a simple graph is impossible to become irregular (which is possible only in multigraphs) and
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they proved that it is achievable in the simple graph by replacing the multiple edges incident on every

vertex of a multigraph with a positive integer set on the edges of a simple graph of order at least 3.

The minimum of maximal values is known as the irregularity strength of the graph G, denoted as

s(G) [9].

Moreover, Bača et al. [6] proposed irregular total labelings, namely an edge irregular total labeling

and a vertex irregular total labeling, which consider the weights of edges and vertices, respectively.

For a comprehensive survey of the latest and most relevant studies on irregular labeling and irregular

total labelings, please refer to Gallian [10].

The following definition is taken from [6].

Definition 1. [6] For a graph G = (V,E), a labeling ξ : V (G) ∪ E(G) → {1, 2, . . . , k} is a total

k-labeling. The total k-labeling is an edge irregular total k-labeling if every two different edges xy

and x′y′ have distinct weights, wtξ(xy) ̸= wtξ(x
′y′), where wtξ(xy) = ξ(x) + ξ(xy) + ξ(y). Likewise,

the total k-labeling is called a vertex irregular total k-labeling if every two different vertices x and y

have the distinct weights, wtξ(x) ̸= wtξ(y), where wtξ(x) = ξ(x) +
∑

xy∈E(G) ξ(xy). The minimum

k for which such labelings exist is called the total edge irregularity strength of G, denoted by tes(G)

(resp. the total vertex irregularity strength of G, denoted by tvs(G)).

Inspired by the concepts of irregular labeling and irregular total labelings, Ryan et al. [15] in-

troduced the concept of edge irregular reflexive labeling, where the vertex labels are represented as

the vertex degrees contributed by the loops. They made two observations: (a) the vertex labels are

non-negative even integers, which indicate that each loop contributes twice to the vertex degree, and

(b) the vertex label 0 is allowed to represent a vertex without any loops [15].

Definition 2. [16] A total k-labeling f is a combination of an edge labeling fe : E(G) → {1, 2, . . . , ke}
and a vertex labeling fv : V (G) → {0, 2, . . . , 2kv}, where k = max{ke, 2kv}. The total k-labeling f

is called an edge irregular reflexive k-labeling of G if any two different edges xy and x′y′ of G have

the distinct edge weights wtf (xy) ̸= wtf (x
′y′), where wtf (xy) = fv(x) + fe(xy) + fv(y). The smallest

value k for such a labeling exists is called the reflexive edge strength of G, denoted by res(G).

Furthermore, Tanna et al. [16] also proved a lower bound for the reflexive edge strength of any

graph G as follows.

Lemma 1. [16] For a graph G,

res(G) ≥


⌈
|E(G)|

3

⌉
, if |E(G)| ̸≡ 2, 3 (mod 6),⌈

|E(G)|
3

⌉
+ 1, if |E(G)| ≡ 2, 3 (mod 6).

https://dx.doi.org/10.22108/toc.2026.146523.2322

https://dx.doi.org/10.22108/toc.2026.146523.2322


Trans. Comb. xx no. x (202x) xx–xx M. Ibrahim, M. J. A. Khan, R. Hasni, K. K. Yoong and I. H. Agustin 3

Bača et al. [4] provided a conjecture for the reflexive edge strength of any graph. Additionally,

they determined the exact value of the reflexive edge strength for generalized friendship graphs in [4],

cycles, the Cartesian product of two cycles, and the join of a path or a cycle with 2K1 in [5].

Conjecture 1. [4] Any graph G with maximum degree ∆(G) satisfies

res(G) = max

{⌈
|E(G)|

3
+ r

⌉
,

⌊
∆+ 2

2

⌋}
where r = 1 for |E(G)| ≡ 2, 3 (mod 6), and zero otherwise.

In addition, Basher studied an edge irregular reflexive labeling of circulant graphs in [7] and toroidal

fullerence in [8]. Yoong et al. investigated the exact values of the reflexive edge strength for several

graphs, including the corona product of two paths and corona product of a path with isolated vertices

in [17], certain convex polytopes and corona product of a cycle with path in [18], and some classes of

plane graphs in [19]. Besides, Irfan et al. [12] conducted a study on this variant of graph labeling on

generalized prism graphs. Recently, the authors [3] examined the reflexive edge irregularity strength

of the mt-graphs (t = 1) of the cycle graph. For more existing studies on this type of graph labeling,

please refer to [1, 11, 13, 14, 20]. The term “zigzag grid graph” is not a single, universally defined graph

in graph theory, but rather a description that relates to two main concepts. First concept is zigzag

structure, i.e., a data model that generalizes a standard grid or spreadsheet to allow for more irregular

and complex connections. Second concept is zigzag product, i.e., a specific operation in graph theory

used to construct new graphs with desirable properties (especially in complexity theory). Realizing

the importance of properties of zigzag structures, in this paper we investigate edge irregular reflexive

labeling in zigzag graphs and establish the precise value of their reflexive edge strength. The findings

provide additional evidence for the validity of Conjecture 1.

2. Reflexive edge strength of zigzag graph Zn
m

Ahmad et al. [2] denoted the zigzag graph as Zn
m for m ≥ 3 and n ≥ 2 (see Figure 1), with m

columns and n rows, with vertex set and edge set for Zn
m are defined as

V (Zn
m) = {xa,b : 1 ≤ a ≤ m, 1 ≤ b ≤ n}

and

E(Zn
m) = {xa,bxa+1,b : 1 ≤ a ≤ m− 1, 1 ≤ b ≤ n} ∪ {xa,bxa−1,b+1 : 2 ≤ a ≤ m, 1 ≤ b ≤ n− 1},

respectively, with |V (Zn
m)| = mn and |E(Zn

m)| = 2mn− 2n−m+ 1.
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Figure 1. Zigzag graph Zn
m

We establish the reflexive edge strength for Zn
m in the following result.

Theorem 1. For Zn
m where m ≥ 3, n ≥ 2, we have

res(Zn
m) =

 ⌈2mn−m−2n+1
3 ⌉+ 1, if (2mn−m− 2n+ 1) ≡ 2, 3(mod 6)

⌈2mn−m−2n+1
3 ⌉, if (2mn−m− 2n+ 1) ̸≡ 2, 3(mod 6).

Proof. We know that Zn
m has (2mn−m− 2n+ 1) edges. Applying Lemma 1 gives

res(Zn
m) ≥ k =


⌈
2mn−2n−m+1

3

⌉
+ 1, if 2mn− 2n−m+ 1 ≡ 2, 3 (mod 6),⌈

2mn−2n−m+1
3

⌉
, if 2mn− 2n−m+ 1 ̸≡ 2, 3 (mod 6).

Next, we will show that

res(Zn
m) ≤ k =


⌈
2mn−2n−m+1

3

⌉
+ 1, if 2mn− 2n−m+ 1 ≡ 2, 3 (mod 6),⌈

2mn−2n−m+1
3

⌉
, if 2mn− 2n−m+ 1 ̸≡ 2, 3 (mod 6).

We define a total f -labeling of Zn
m as bellow:

Case 1. When m ≡ 0 (mod 6),
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f(xa,b ) =



0, for a ∈ [1,m]; b = 1;

l − 2, for a ∈ [1, 2]; b = 2;

l, for a ∈ [3,m]; b = 2;

l, for a ∈ [1,m]; b ∈ [4, n]; t ≡ 1, 2 (mod 3), l even;

l − 1, for a ∈ [1,m]; b ∈ [3, n]; t ≡ 0 (mod 3), l odd.

f((xa,b)(xa+1,b)) =



a, for a ∈ [1,m− 1], b = 1;

4− a, for a ∈ [1, 2], b = 2;

a− 2, for a ∈ [3,m− 1], b = 2;

2(m− 1)( b−2
3 )− 2 + a for a ∈ [1,m− 1], b ∈ [3, n], b ≡ 2 (mod 3)

2(m− 1)( b3)− (4m3 − 2) + a for a ∈ [1,m− 1], b ∈ [3, n], b ≡ 0 (mod 3)

2(m− 1)( b−1
3 )− (2m3 ) + a for a ∈ [1,m− 1], b ∈ [4, n], b ≡ 1 (mod 3).

f((xa,b+1)(xa+1,b)) =



a+ 1, for a = 1, 2, b = 1;

a− 1, for a ∈ [3,m− 1], b = 1;

m
3 + 2, for a = 1, b = 2;

m
3 + a, for a ∈ [2,m− 1], b = 2;

2(m− 1)( b3)− (m− 1) + a for a ∈ [1,m− 1], b ∈ [3, n], b ≡ 0(mod 3)

2(m− 1)( b−1
3 )− (m3 + 1) + a for a ∈ [1,m− 1], b ∈ [4, n], b ≡ 1 (mod 3)

2(m− 1)( b−2
3 ) + (m3 − 1) + a for a ∈ [1,m− 1], b ∈ [5, n− 1], b ≡ 2 (mod 3).

Case 2. When m ≡ 1 (mod 6),m ≥ 3, n ≥ 2 and for n[1,m],

f(xa,b ) =

 0, for b = 1;

l, for b ∈ [2, n], for a ∈ [1,m− 1];

f((xa,b)(xa+1,b)) =

 a, for b = 1;

2(m−1
3 )b− 4(m−1

3 ) + a for b ∈ [2, n], a ∈ [1,m− 1];

f((xa,b+1)(xa+1,b)) =

 a, for b = 1;

2(m−1
3 )b− (m− 1) + a for b ∈ [2, n− 1].

Case 3. When m ≡ 2 (mod 6),
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f(xa,b ) =



0, for 1 ≤ a ≤ m, b = 1;

l − 2, for a ∈ [1, 2], b = 2;

l, for a ∈ [3,m], b = 2;

l, for a ∈ [1,m], b ∈ [3, n], b ≡ 2, 3 (mod 3), l even;

l − 1, for a ∈ [1,m], b ∈ [4, n], b ≡ 1 (mod 3), l odd;

f((xa,b)(xa+1,b)) =



a, for a ∈ [1,m− 1], b = 1;

4− a, for a ∈ [1, 2], b = 2;

s− 2, for a ∈ [3,m− 1], b = 2;

2(m− 1)( b3)− 4(m−2
3 )− 2 + a for a ∈ [1,m− 1], b ∈ [3, n], b ≡ 0 (mod 3);

2(m− 1)( b−1
3 )− 2(m−2

3 ) + a for a ∈ [1,m− 1], b ∈ [4, n], b ≡ 1 (mod 3);

2(m− 1)( b−2
3 )− 2 + a for a ∈ [1,m− 1], b ∈ [5, n], b ≡ 2 (mod 3);

f((xa,b+1)(xa+1,b)) =



a+ 1, for a ∈ [1, 2], b = 1;

a− 1, for a ∈ [3,m− 1], b = 1;

m−2
3 + 2, for a = 1, b = 2;

m−2
3 + a, for a ∈ [2,m− 1], b = 2;

2(m− 1)( b3)− (m− 1) + a for a ∈ [1,m− 1], b ∈ [3, n− 1], b ≡ 0 (mod 3);

2(m− 1)( b−1
3 )− (m−2

3 + 1) + a for a ∈ [1,m− 1], b ∈ [4, n− 1], b ≡ 1 (mod 3);

2(m− 1)( b−2
3 ) + (m−2

3 − 1) + a for a ∈ [1,m− 1], b ∈ [5, n− 1], b ≡ 2 (mod 3).

Case 4. When a ∈ [1,m] where m ≡ 3 (mod 6)

f(xa,b ) =

 0, for b = 1;

l, for b ∈ [2, n];

for 1 ≤ a ≤ m− 1,

f((xa,b)(xa+1,b)) =



a, for b = 1;

2(m− 1)( b3)−
4m
3 + a for b ∈ [3, n], b ≡ 0 (mod 3);

2(m− 1)( b−2
3 ) + a for b ∈ [2, n], b ≡ 2 (mod 3);

2(m− 1)( b−1
3 )− (2m3 + 2) + a for b ∈ [4, n], b ≡ 1 (mod 3);

for 1 ≤ a ≤ m− 1,
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f((xa,b+1)(xa+1,b)) =



a, for b = 1;

2(m− 1)( b−2
3 ) + (m3 − 1) + a for b ∈ [2, n− 1], b ≡ 2 (mod 3);

2(m− 1)( b3)− (m+ 1) + a for b ∈ [3, n− 1], b ≡ 0 (mod 3);

2(m− 1)( b−1
3 )− (m3 + 1) + a for b ∈ [4, n− 1], b ≡ 1 (mod 3).

Case 5. When m ≡ 4 (mod 6),

f(xa,b ) =



0, for a ∈ [1,m], b = 1;

l − 2, for a ∈ [1, 2], b = 2;

l, for a ∈ [3,m], b = 2;

l, for a ∈ [1,m]; b ∈ [1, n];

f((xa,b)(xa+1,b)) =



a, for a ∈ [1,m− 1], b = 1;

4− a, for a ∈ [1, 2], b = 2;

a− 2, for a ∈ [3,m− 1], b = 2;

(2(m−4
3 ) + 2)j − (4(m−4

3 ) + 6) + a for a ∈ [1,m− 1], b ∈ [3, n];

f((xa,b+1)(xa+1,b)) =



a+ 1, for a ∈ [1, 2], b = 1;

a− 1, for a ∈ [3,m− 1], b = 1;

m−4
3 + 2, for a = 1, b = 2;

m−4
3 + a, for a ∈ [2,m− 1], b = 2;

2(m−1
3 )b− (m+ 1) + a for a ∈ [1,m− 1]1 ≤ a ≤ m− 1, b ∈ [3, n− 1].

Case 6. When m ≡ 5 (mod 6) and for a ∈ [1,m].

f(xa,b ) =

 0, for b = 1;

l, for b ∈ [2, n];

for a ∈ [1,m− 1],

f((xa,b)(xa+1,b)) =



a, for b = 1;

2(m− 1)( b−2
3 ) + a for b ∈ [2, n], b ≡ 2 (mod 3);

2(m− 1)( b3)− 4(m+1
3 ) + a for b ∈ [3, n], b ≡ 0 (mod 3);

2(m− 1)( b−1
3 )− 2(m+1

3 ) + a for b ∈ [4, n], b ≡ 1 (mod 3);

for a ∈ [1,m− 1],
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f((xa,b+1)(xa+1,b)) =



a, for b = 1;

2(m− 1)( b−2
3 ) + m−5

3 + a for b ∈ [2, n− 1], b ≡ 2 (mod 3);

2(m− 1)( b3)− (m+ 1) + a for b ∈ [3, n− 1], b ≡ 0 (mod 3);

2(m− 1)( b−1
3 )− (m−5

3 + 2) + a for b ∈ [4, n− 1], b ≡ 1 (mod 3).

Calculating the edges weights gives

”wt((xa,b)(xa+1,b)) =
{

2(m− 1)b− 2(m− 1) + a, for a ∈ [1,m− 1], b ∈ [1, n]

wt((xa,b+1)(xa+1,b)) =
{

2(m− 1)b− (m− 1) + a, for a ∈ [1,m− 1], b ∈ [1, n− 1]. ”

Hence, any two edges have different weights. Hence, f is an edge irregular reflexive labeling for Zn
m

with m ≥ 3 and n ≥ 2. Therefore, we obtain the required result. □

One can check Figure 2 gives the edge irregular reflexive 16-labeling of Z6
5 and edge weights of the

edges in this graph is given in Figure 3.

0 1 0 0 0 02 3 4

1 2 3 4

4 1 4 2 4 3 4 4 4

1 2 3 4

8

10

12

16 16 1616 16

12 1212 12

1010 1010

88881 2 3 4

43 5 6

8

87 9 10

9

9 10

10

5 6 7

11 12

12

1211

11109

Figure 2. The edge irregular reflexive 16-labeling of Z6
5
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1 02 3 4

5 6  7 8

9 10 11 12

13 14 15 16

17 18 19 20

2221 23 24

28

3029 31 32

33

41 42

34

25 26 27

35 36

40

4443

393837

Figure 3. The edge weights of the edges in Z6
5

3. Conclusion

The labeling of graphs has garnered significant attention due to its numerous applications in real life,

particularly in networking and network communications. The optimal utilization of infrastructures

and achieving connectivity can be obtained through these labelings. Therefore, this paper successfully

determined the exact value of the reflexive edge strength of zigzag graph Zn
m for m ≥ 3 and n ≥ 2,

which could potentially be further studied and has practical applications in real-life scenarios. This

obtained result provided additional support to Conjecture 1.
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