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ABSTRACT. Since the classification theorem of finite simple groups was declared proved in the early
1980s, many group theorists have been attempting to delve deeper into the structure of simple groups
from the perspective of group invariants, resulting in a series of research topics on the quantitative
characterization of simple groups, such as spectral characterization, two-order characterization, and OD-
characterization. In 2018, Moreté proposed a new conjecture for the characterization of finite simple
groups by the group order and the number of elements of the largest prime order. A simple group whose
order is divisible by exactly three distinct prime numbers is called a simple K3-group. These groups form
a simple class of finite non-abelian simple groups. This paper establishes a characterization of L2(8)
and L3(3) by combining the group order with the number of elements of the largest prime order, which
shows that the conjecture holds for all simple Ks-groups except L2(7), Us(3) and Us(2). In addition,
we also characterize L2(7), Us(3) and U(2) under additional condition of non-solvability. Furthermore,
we prove that a conjecture of Li and Shi holds for the alternating groups As, Ao, and L2(7). Thus the
conjecture of Li and Shi is valid for sporadic simple groups, for alternating groups A,(n > 5), and for

all simple K3-groups except Us(3) and U4(2).

MSC(2010): Primary: 20D05, 20D60.

Keywords: Simple K3-groups; Number of elements of prime order; Quantitative characterization.

Article Type: Research Paper.

Communicated by Alireza Moghaddamfar.

*Corresponding author.

Received: 16 April 2025, Accepted: 02 January 2026, Published Online: 27 January 2026.

Cite this article: L. Liu, Y. Chen and S. Jia, On characterization of simple K3-groups by the number of elements of prime order,

Int. J. Group Theory, 15 no. 4 (2026) 207-214. https://dx.doi.org/10.22108/ijgt.2026.144924.1955 .

207


https://ijgt.ui.ac.ir/
https://www.ui.ac.ir
https://orcid.org/0009-0004-1372-8997
https://orcid.org/0009-0009-8729-4112
https://orcid.org/0000-0002-1827-7994
https://dx.doi.org/10.22108/ijgt.2026.144924.1955

208 Int. J. Group Theory, 15 no. 4 (2026) 207-214 L. Liu, Y. Chen and S. Jia
1. Introduction

In this paper, the finite simple groups mentioned are non-abelian. For a finite group G, let |G| be
the order of G and 7(G) denotes the set of prime divisors of the order of G. For a positive integer
k, G(k) denotes the set of elements in G with order k. The number of elements in G with order k is
denoted by |G (k).

As is well established, the order of a group, the orders of its elements, and the number of elements
of each order are important group invariants. In 2018, Moreté proposed the following Conjecture 1.1
and proved in [9] that it holds for A, with p a prime that is neither Wilson nor a near Wilson prime of

order 2, and for Ly(p) with p a prime that is not Mersenne.

Conjecture 1.1. Let S be a finite simple group, and p be the largest prime divisor of |S|. If a finite

group G has the same number of elements of order p and the same order as S, then G = §.

In 2021, Li and Shi proved that Conjecture 1.1 holds for all sporadic simple groups and alternating
groups Ap(n > 5 and n # 8,10) in [7]. Meanwhile, Li and Shi provided some counterexamples to the
conjecture, such as L4(2) and L3(4); O7(3) and S¢(3); Us(2) and 2-Frobenius group ((B x C') x D) x A,
where A is a cyclic group of order 4, B is an elementary abelian group of order 24, C'is an elementary
abelian group of order 3%, and D is a cyclic group of order 5. These pairs of groups have the same
number of the largest prime order elements and group order, yet they are distinct.

Although the conjecture proposed by Moreté cannot be universally established, it still inspires us to a
certain extent. In this paper, we prove that simple Ks-groups L3(3) and Lo(8) satisfy the conditions of
Conjecture 1.1, and also characterize Lo(7), Us(3) and Uy(2) with the addition of insoluble constraints.

To address the gaps in Conjecture 1.1, Li and Shi further strengthened its assumptions and proposed

the following Conjecture 1.2 in [7].

Conjecture 1.2. Let G be a finite group and S be a finite simple group. Then G = S if and only if
|G| = [S] and npe(G) = npe(S), where npe(G) = {|G(p)|| p € 7(G)}.

We prove that Conjecture 1.2 holds for the alternating groups Ag and Ajg, and for the simple K3-
group Lo (7), which means that the conjecture is valid for sporadic simple groups, for alternating groups
Ap(n >5), and for all simple K3-groups except Us(3) and Uy (2).

For the sake of convenience, we shall establish the following terms and notations. For a finite group
G, we define its prime graph T'(G) as follows: the vertex set of G is the set of all prime divisors
of the order of G. Two vertices p and ¢ are connected by an edge if and only if G contains an
element of order pg (see [10]). The number of connected components in the prime graph of G is
denoted as t(G). The set of connected components in the prime graph of G is denoted by T'(G), i.e.
T(G) = {m(G)li = 1,2,...,t(G)}, where 7;(G) is the vertex set of the i-th component. When G is a

group of even order, we assume that the prime number 2 is included in 1 (G). In addition, if a group
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G has a normal series 1 < H < K < G such that both K and G/H are Frobenius groups with kernels
H and K/H, respectively, then we call G a 2-Frobenius group. The remaining undefined notation is

standard and can be found in reference [4].

2. Preliminary

In this section, we present some basic lemmas needed in the proofs of our theorems.

Lemma 2.1. If G is a simple K3-group, then G is isomorphic to one of the following groups:
As, As, L2(7), L2(17), L3(3), Us(3), Us(2) or La(8).
Proof. For detailed proof, see reference [5]. O

Lemma 2.2. If G is a finite group and t(G) > 1, then one of the following cases holds:

(i) t(G) =2, G is a Frobenius group or a 2-Frobenius group;

(ii) G has a normal series 1 A H I K <G, where H is a nilpotent w1 -group, K/H is a non-abelian
simple group and G/K is a m-group such that |G/K| divides the order of the outer automorphism
group of K/H. Additionally, when i > 2 , m;(G) also belongs to the prime graph of K/H.

Proof. The proof can be directly obtained from [10, Lemmas 1-3|, [1, Lemma 1.5], and [3, Lemma
7). O

Lemma 2.3. Let G be an even-order Frobenius group with H and K being the Frobenius kernel and
Frobenius complement of G respectively. Then t(G) = 2, T(G) = {n(H),n(K)}, and the structure of
G is one of the following:

(i) If 2 € 7(H), then all Sylow subgroups of K are cyclic;

(ii) If 2 € w(K), then H is abelian. When K is a solvable group, the odd-order Sylow subgroups of

K are cyclic, and the Sylow 2-subgroups of K are cyclic or generalized quaternion groups.
Proof. The proof can be directly obtained from [2, Theorem 1]. O

Lemma 2.4. Suppose G is a 2-Frobenius group of even order. Then t(G) = 2, and G has a normal
series 1 < H I K <G such that 1(K/H) = m(G) and 7(H) Un(G/K) = m(G). Both G/K and
K/H are cyclic groups. The order of G/K divides the order of the automorphism group of K/H. In
particular, |G/K| < |K/H| and G is solvable.

Proof. The proof can be directly obtained from [2, Theorem 2]. 0

3. Main results and proofs

Theorem 3.1. Let G be a finite group, S be a simple Ks-group other than Lo(7), Us(3) and Uy(2),
and p be the largest prime divisor of |S|. Then G = S if and only if |G| = |S| and |G(p)| = |S(p)|.
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Proof. The necessity is obvious, we only need to prove the sufficiency.

Suppose that the groups G and .S satisfy the conditions of Theorem 3.1. We can calculate the number
of elements of order p denoted as |G(p)|, where p is the largest prime in 7(G) and 7(S). Let P be a
p-Sylow subgroup of G, then the order of P is p and

|G(p)|

G Na(P)| = L

The order of the normalizer N (P) can be easily determined. From [7, 9], we know that when S is A5,
Ag or Ly(17), and G satisfies the conditions of Theorem 3.1, then G = S. Next, we will continue our
proof by considering the cases of L3(3) and La(8).

(1) If S = L3(3), then G = S.

From the hypothesis, we know that |G| = 2% -33 .13 and |G(13)] = 2°-33. Let P be a Sylow 13-
subgroup of G. Then |N¢(P)| = 3-13. Since C(P) < Ng(P), we have Ng(P) = Cq(P) or Cg(P) is
a cyclic group of order 13. Suppose Ng(P) = Ci(P). Then G is a p-nilpotent group and has a normal
13-complement K. Let @ be a Sylow 2-subgroup of K such that PQ is a Hall subgroup of G, and let
N be a minimal normal subgroup of PQ. If |[N| = 13, then P is normal in PQ and Q < Ng(P), but
2 does not divide the order of Ng(P), which is a contradiction. If N is an elementary abelian 2-group,
assume that the action of P on N is non-trivial, the order of P divides |Aut(N)|, which is obviously
not true. Therefore, the action of P on N is trivial and N < Cg(P), which is impossible. So we have
Ca(P) = P.

Consequently, I'(G) is disconnected and {13} is an isolated point of I'(G). By Lemma 2.2, G is a
Frobenius group, a 2-Frobenius group or satisfies case (ii) in Lemma 2.2.

If G is a Frobenius group, then G = HK, where H is the Frobenius kernel and K is the Frobenius
complement. By Lemma 2.3, we obtain T(G) = {n(H),n(K)}. Suppose 2 € w(H), since H is a
nilpotent group, we have H = Hy X Hs , where Hy and Hj3 are Sylow 2-subgroup and Sylow 3-subgroup
of H, respectively. Obviously H; is a normal subgroup of G for i = 2,3. Because of 13 { |Aut(Hs)|,
P can act trivially on Hs, and so Hy < Cg(P), a contradiction. Suppose 2 € 7w(K), P is a normal
subgroup of G, then Ng(P) = G, a contradiction.

If G is a 2-Frobenius group, by Lemma 2.4, we know that ¢(G) = 2 and G has a normal series
1<H <K <G such that 7(H)Un(G/K) = m1(G) and n(K/H) = m2(G). Thus, 13 € m2(G). Consider
the action of a 13-order element of K on a Sylow 2-subgroup or a Sylow 3-subgroup of H. Since the
action is trivial, a contradiction occurs.

Thus, G has a normal series 1 < H < K < G, where H is a nilpotent m-group, K/H is a non-
abelian simple group, and G/K is a m-group such that |G/K| | |Out(K/H)|. In addition, when i > 2,
mi(G) is also contained in the prime graph of K/H. Therefore, 13 divides |K/H|. By [11, Table 1],
K/H = L3(3). G must be isomorphic to L3(3).

(2) If S = Lo(8), then G = S.
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By [4], we have |G| = 23-3%2 .7 and |G(7)| = 2%-33. Let P be a Sylow 7-subgroup of G. Then
INag(P)| = 2-7. We have Cg(P) = P as case (1). Therefore, {7} is an isolated point of I'(G). By
Lemma 2.2, if G is a Frobenius group, then G = HK, where H is the Frobenius kernel and K is the
Frobenius complement. With Lemma 2.3 we know T(G) = {n(H),n(K)}. Suppose 7 € w(H), then
|K| divides |H| — 1, a contradiction. Suppose 7 € 7(K), then |H| = 23 - 32, and obviously the Sylow
3-subgroup Hj of H is also a Sylow 3-subgroup of G. Since H is nilpotent, H3 is a normal subgroup
of G. The action of P on Hs is trivial, which means there exists a Hall subgroup of order 32-7 in G, a
contradiction. G is not a Frobenius group.

If G is a 2-Frobenius group, by Lemma 2.4, we know that ¢(G) = 2 and G has a normal series
1 <9 H 9K <G such that n(H) Un(G/K) = m(G) and 7(K/H) = m3(G). Thus, 7 € m(G). Let an
element of order 7 in K act on the Sylow 3-subgroup of H. It is easy to see the action is trivial, a
contradiction.

Therefore, G is a group as in (ii) of Lemma 2.2, 7 | |K/H|. By [11, Table 1], K/H = Ls(8) or La(7).

If K/H = Ly(7), we know |K/H| = 2%-3-7 and the order of G/K is a factor of |Out(K/H)|. Then
3| |H|. Let Hs be a Sylow 3-subgroup of H. We know that P acts trivially on Hgs, so 3 | |Cq(P)|, a
contradiction. Hence, K/H = Ly(8), therefore G = Lo(8). O

By [9], we know that Conjecture 1.1 holds for Lo(p) when p is a non-Mersenne prime. Hence it is
interesting to investigate whether Conjecture 1.1 holds for Lo(7) because 7 is a Mersenne prime. The

following theorem provides a negative answer.

Theorem 3.2. Let G be a finite group. If |G| =23-3-7 and |G(7)| = 2* - 3, then G is isomorphic to
one of the following groups: ((Zg X Zg X ZLg) X L) X L3, ((Ze X Zg X L) X Zz) X L3 or La(7).

Proof. Let P be a Sylow 7-subgroup of G. By |G| =23-3-7 and |G(7)| = 2 - 3, we know that |P| = 7,
|G(7)]

and so the number of conjugate subgroups of P is |G : Ng(P)| = 1= 8. Thus, G has 8 subgroups
of order 7. From [8], G is isomorphic to one of ((Za X Za X Za) X Z7) X L3, ((Za X Za X Za) X Z7) X L3
or Ly(7). O

Remark 3.3. Theorem 3.2 gives a complete classification of groups G satisfying |G| = 23 -3 -7 and
|G(7)| = 2*-3. The classification suggests that adding a non-solvability condition may allow us to
break through the obstacles in characterizing Us(3) and Us(2). Based on this, we obtain the following

conclusion.

Theorem 3.4. Let G be a finite non-solvable group, S be one of La(7), Us(3) or Uy(2), p be the largest
prime divisor of |S|. Then G = S if and only if |G| = |S| and |G(p)| = |S(p)|.

Proof. We only need to prove the sufficiency. And the proof will be made through a case-by-case
analysis.
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(1) If S = Lo(7), then G = S.

By Theorem 3.2, we know that G is isomorphic to one of ((Zg X Zg X Za) X Zz) X L3, ((Zo X Zga X
Z) X Z7) X Zg or Lo(7). Because G is a non-solvable group, G must be isomorphic to La(7).

(2) If S = Us(3), then G = S.

By hypothesis, we know that |G| = 2°-3% -7 and |G(7)| = 2°-33. Let P be a Sylow 7-subgroup of
G. Then |[Ng(P)| =3-T.

Since Cg(P) < Ng(P), we have Cg(P) = Ng(P) or Cg(P) = P. If Cq(P) = Ng(P), then G is a
solvable group, a contradiction. Hence Cg(P) = P. Therefore, I'(G) is not connected and {7} is an
isolated point of I'(G). And thus G is either a Frobenius group, a 2-Frobenius group or G is a group
as in (ii) of Lemma 2.2.

If G is a Frobenius group, then G = HK, where H and K are the Frobenius kernel and Frobenius
complement of G, respectively. By Lemma 2.3, we know T(G) = {n(H),n(K)}. Suppose 7 € 7(H),
then | K| divides |H|—1, a contradiction. Suppose 7 € 7(K), then |H| = 2°-3% | and obviously the Sylow
3-subgroup Hs of H is also a Sylow 3-subgroup of GG. Since H is nilpotent, H3 is a normal subgroup of
G. The action of P on Hj is trivial, which means that there exists a nilpotent Hall subgroup of order
3%.71in G, a contradiction, so G is not a Frobenius group.

If G is a 2-Frobenius group, G is a solvable group by Lemma 2.4, a contradiction.

Thus, by Lemma 2.2, G has a normal series 1 < H < K <G, where H is a nilpotent m-group, K/H
is a non-abelian simple group, and G/K is a m-group such that |G/K| divides the order of Out(K/H).
Besides, when ¢ > 2, m;(G) is also contained in I'(K/H), so 7 | | K/H]|. According to [11, Table 1], K/H
can be Ly(7), La(8) or Us(3).

If K/H = Ly(7), then |G/K]| | 2 and 2 divides the order of H. Let Hy be the Sylow 2-subgroup of H.
Then Hs < Cg(P), a contradiction. Similarly, it can be proven that K/H is not isomorphic to La(8).

Therefore K /H is isomorphic to Us(3), and so G is isomorphic to Usz(3).

(3) If S = Uy(2), then G = S.

In this case, we have |G| = 26-3%.5 and |G(5)| = |S(5)| = 26-3%. Let P be a Sylow 5-subgroup of G.
Then |[Ng(P)| = 22-5. Let K be a maximal normal solvable subgroup of G. Since G is non-solvable,
K is a proper subgroup of G.

Furthermore, we assert that 5 ¢ n(K). If 5 € n(K), let P be a Sylow 5-subgroup of K, then
G = Ng(P)K. By the order of Ng(P), Ng(P) is a solvable group, further G is also solvable, a
contradiction.

Let N be a minimal normal subgroup of G/K. Then N is a direct product of nonabelian simple
groups. Of course 5 € w(N), N is a simple group. According to [11, Table 1], we see that N is
isomorphic to one of the following groups: As, Ag, Uy(2).

By the order of the group G, N is the unique minimal normal subgroup of G/K.

Let N = H/K, then |G/H| divides |Out(H/K)| from the maximality of K.

https://dx.doi.org/10.22108/ijgt.2026.144924.1955
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If N = As, then 3 divides the order of K, so one can deduce that 3 divides |Ng(P)|, a contradiction.
If N = Ag, then 32 || |G|, since |Out(4g)| = 4, a contradiction.
If N = Uy4(2), then G = Uy(2) as well. O

Next, we summarize the existing results on Conjecture 1.2 and prove that it holds for the alternating
groups Ag and Ajp, and for the simple K3-group Ly(7). Thus, Conjecture 1.2 is valid for sporadic
simple groups, alternating groups A, (n > 5), and all simple K3-groups except Us(3) and U4(2).

Theorem 3.5. Let G be a finite group and S be one of sporadic simple groups, alternating groups
Ap(n > 5) and simple K3-groups other than Us(3) and Us(2). Then G = S if and only if |G| = |S| and
npe(G) = npe(S).

Proof. From [6, Theorem 3.2], [7, Theorem 1.6] and Theorem 3.1, it follows that Conjecture 1.2 obvi-
ously holds for sporadic simple groups, for alternating groups A4,, (n > 5 and n # 8,10), and for all
simple K3-groups except Lo(7), Us(3) and Ug(2). Therefore, what we need is to prove Theorem 3.5
follows for Ag, A1g and Lo(7).

If S = Lo(7), then by Theorem 3.2, G is isomorphic to ((Zg X Zg X Za) X Z7) X L3, ((Za X Za X Zg) X
Zr) X Zg or La(7). From |G(3)| = |S(3)|, we get G = ((Za X Za X Za) X Z7) X Z3 or Ly(7). Furthermore,
it follows that G = Lo(7) by |G(2)| = |S(2)].

If S = Ag, then G = Ag or L3(4) by [7]. We compare the number of 5-order elements of Ag and
L3(4). According to [4], the number of 5-order elements in Ag is 2° - 3 - 7, while the number of 5-order
elements in L3(4) is 27 - 3% - 7. From this, we can conclude that G = Ag.

If S = Ajg, then G = Ajg or G = Jy x Z(G), where Z(G) is a cyclic group of order 3 by [7]. Similarly,
we can get G = Ajg by comparing the number of 5-order elements of Ap and Jo x Z(G). O

Remark 3.6. We note that this paper does not confirm whether Conjecture 1.2 holds for the simple
Ks-groups Us(3) and Uy(2). Therefore, its validity for these groups remains an open question and will

be discussed further.
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