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A GROUP WITH EXACTLY ONE NONCOMMUTATOR

OMAR HATEM * AND DAOUD SINIORA ™~

ABSTRACT. The question of whether there exists a finite group of order at least three in which every
element except one is a commutator has remained unresolved in group theory. We address this open
problem by developing an algorithmic approach that leverages several group theoretic properties of
such groups. Specifically, we utilize a result of Frobenius and various necessary properties of such
groups, combined with Holt and Plesken’s list of finite perfect groups, to systematically examine all
finite groups up to a certain order for the desired property. The computational core of our work is
implemented using the computer system GAP. We discover two nonisomorphic groups of order 368,640
that exhibit the desired property. Our investigation also establishes that this is the smallest order of
such a group. This study provides a positive answer to Problem 17.76 in the Kourovka Notebook. In
addition to the algorithmic framework, this paper provides a structural description of one of the two

groups found.

1. Introduction

Ore proved that every element of the alternating group A, is a commutator for n > 5, and he
conjectured the same holds for all nonabelian finite simple groups [11]. Ore’s conjecture was then
proved by Liebeck, O’Brien, Shalev, and Tiep [9]. Thus, every element of every finite nonabelian
simple group is a commutator. MacHale asked if there exists a finite group of order at least 3 that

has exactly one noncommutator. This is Problem 17.76 of the Kourovka Notebook [8].
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Fite showed that the smallest finite group where the commutator subgroup contains noncommu-
tators has order 96, see [1]. Macdonald showed that if G is a group and if |G : Z(G)|* < |G’|, then
there exists elements in G’ which are not commutators [10]. Isaacs also showed that a certain wreath
product of an abelian group with a nonabelian group has a commutator subgroup with noncommuta-
tors [6]. More examples of groups where the set of commutators is a proper subset of the commutator
subgroup can be found in a survey by Kappe and Morse [7]. In this paper, we give a positive answer
to MacHale’s question. Using the computer algebra system GAP [3], we found two nonisomorphic
groups of order 2% - 360 which have exactly one noncommutator. Moreover, this is the smallest order
of a group with this property. In this paper, we describe the structure of one of them.

We now recall the definitions of the terms used in this paper. Let G be a group and let g, h € G.
The commutator of g and h is [g,h] = ghg~*h™!. An element c of G is a commutator if there exist
g € G and h € G such that ¢ = [g, h]. An element of G is a noncommutator if it is not a commutator.
The commutator subgroup G’ of G is the subgroup generated by all the commutators of G. It is the
smallest normal subgroup of G such that the quotient of the original group by this subgroup is abelian.
A group is perfect if it equals its own commutator subgroup. For instance, every nonabelian simple
group is perfect.

We learned in November 2025, after this work was accepted for publication, that Skresanov [13]
has also recently solved this problem. He gives an infinite family of groups, each having precisely one
noncommutator. The smallest group in his family has order 16,609,443,840. He asks for the smallest
order of such a group: here we show that it is 368,640.

2. Computational Search

We search for a finite group which has exactly one noncommutator. The first such example is the
cyclic group of order 2. Are there any others? We used GAP to search for such a group. We first
state some key properties about such a group and its unique noncommutator element that speed up

the search.

Proposition 2.1. Let G be a finite group with |G| > 3 that has exactly one noncommutator element
u € G. Then the following hold.

The order of u is 2.
The element u belongs to the center Z(G) of G.
G is a perfect group.

The element u s the product of two commutators. Consequently, the commutator length of G

15 2.

Proof. Let u be the unique noncommutator element of G.
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e The inverse of a commutator is a commutator, and so the inverse of a noncommutator is a
tator. Si is uni it Is its i Thus, u? =1
noncommutator. Since u is unique, it equals its inverse. Thus, u .

1

e Since conjugation by g € G is an automorphism of G, it follows that gug™" must be a non-

L' =4 for any g € G.

commutator as well. Since u is the only noncommutator it must be gug™
Therefore, for any g € G, we have gu = ug, which means u € Z(G).

e Let S be the set of all commutators of G, so |S|+ 1 = |G|. Since G’ = (S) C G we get that
|G'| > |S] = |G|—1 > 2 and either G’ = S or G’ = G. But |G| divides |G|, and thus |G| = |G’
implying that G = G’ showing that G is perfect.

e Since |G| > 2, we can choose some nontrivial commutator g € G. Then u = (ug)g~'. Since

l'is a commutator as well. If ug were a noncommutator, then

g is a commutator, we know g~
ug = u because u is the only noncommutator, and so g = 1 contradicting that g is nontrivial.
So ug is a commutator too. Therefore, u is a product of two commutators, and thus the

commutator length of G is 2.

O

The third point above is more general. Let GG be a group of order n with exactly kK noncommutators;
if n —k > 5, then G is perfect. Proposition 2.1 tells us that we need to search in the class of finite
perfect groups. In GAP we used Holt and Plesken’s list of finite perfect groups [5]. We use the
properties of Proposition 2.1 together with Frobenius’ characterization (see below) of commutator

elements via character theory to conduct an efficient search.

Theorem 2.2 (Frobenius [2]). Let G be a finite group with identity element 1 and let Irr(G) be the
set of all irreducible characters x : G — C of G. Then g € G is a commutator if and only if
> X9 L.

X€Elrr(G) X(l)

When a group satisfies the properties of Proposition 2.1, we compute its character table and use the
above theorem to count the number of commutators in the group. In Figure 1, we present pseudocode
for our algorithm. The reader may also run the entire GAP code in a Juypter Notebook [4]. Our
algorithm detected two perfect groups of order 368640 which have exactly one noncommutator. These
are PG368640.31 and PG368640.33 in the GAP library of perfect groups. We learn from GAP that
PG368640.31 is a semidirect product Zi° X, Ag for some group homomorphism ¢ : Ag — Aut(Z39)

and PG368640.33 is a series of semidirect products and non-splitting extensions of Zs and Ag.

3. Description of the group Z%O X, Ag

We first recall the definition of the semidirect product of groups. Given groups N and H together
with a group homomorphism ¢ : H — Aut(N), their semidirect product N x4, H with respect to ¢

https://dx.doi.org/10.22108/ijgt.2025.146052.1975
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is the group whose underlying set is the cartesian product N x H and where for elements (n,h) and
(n/,h') in N x H their product is defined to be

(n’ h) (nlv h/) = (n¢h(n1) ’ hhl)

where ¢y, = ¢(h).

Pseudocode for the search algorithm

setm=1
whilem > O
for group G in perfect groups of order m
check if commutator length is 2
check if center is of even order
if both pass
Get CharacterTable tbl of G

Get the conjugacy classes of G

setn =0

# n is the number of commutators

#Iterate through every cojugacy class
for conjugacy class C do:

set sum = 0

for every irreducible character chi in tbl
sum = sum + (chi[C] / chil1]);
End loop;

if sum != O then
n=n+ [Cl;

End loop;

if n+1 = |G| (group found!).

Terminate.

FIGURE 1. Pseudocode for the algorithm.
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To describe the group structure of Z3° X, Ag found by the algorithm we need to present its group
homomorphism ¢ : Ag — Aut(Z1°). Recall that the operation of the group Zs = {0,1} is addition
modulo 2, and Ag is the alternating group of degree 6 under function composition. Observe that Z1°
is an abelian group of exponent 2, so we view it as a vector space over the field Fo. We think of
elements of Z" as column vectors of Os and 1s of length 10. Moreover, every automorphism of Z2" is
represented by an invertible 10 x 10 boolean matrix. Let this be expressed by the group isomorphism
¥ Aut(Z3%) — GLjo(F2) which sends an automorphism to the matrix whose columns are the images
of the standard basis of Z" under that automorphism.

Furthermore, to understand the group homomorphism ¢ : Ag — Aut(Zi?) we only need to know
its action on a generating set of Ag to get a complete description of ¢. Given a € Ag, we let
M, = (¢ o ¢)(c) be the invertible 10 x 10 boolean matrix that represents the automorphism ¢(«a) €
Aut(Zi%). The two cycles o = (1,2,3,4,5) and n = (4,5,6) generate Ag. Using GAP, we compute

their corresponding matrices:

and M, =

SO O O O O O O = O =
O O O O O =B = O O =
SO O O O O O = = ==
O O 0O O O R R O - R
O O O O O H = = = o=
SO O B O O O O o o o
S O O = = O O O o o
S = = O O O o o o o
= o = O = O O O o o
O O O O O O O o o
O O O O O O = O +~= O
SO O O O O O O = = =
SO O O O O o = o o o
O O O O O O = = O O
SO O O O O = O = = o=
SO O O O = O O o o o
SO O = O = O O O o o
O B O O O O o o o O
SO O O = = O O O ©oO o
— O O O O O o o o o

Since o and 7 generate Ag, we can thus compute M, for o € Ag. We can now describe the group

operation of Z3® x, Ag. Choose (s,a) and (¢, 3) in Z3° x, Ag. Their product is
(s, @) (t, B) = (s+ Mat , af).

It remains to get M, to find the product. We can compute M, using the matrices M, and M, above.
Towards this, we express a as a product of the generators ¢ and 1 of Ag and their inverses. For

example, when o = 072503, we get

Mo = (Yop)(a) = (Yop)(o*no’) = (My) 2 My(M)°.

Moreover, the inverse of an element (s, ) in Z3° x, Ag is (My-15,a~1). We now give a formula for

the commutator in Z3® x, Ag. The commutator is

(3.1) [(s, @), (8, P)] = (s + Mat + Maga-15 + Mig gt , [, f]).

https://dx.doi.org/10.22108/ijgt.2025.146052.1975
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This is shown below.

[(87 a) ’ (tv 6)] - (37 a)(t7 /8)(37 a)71<t7 6)71

= (s+ Myt , af)(My-1s, ail)(MB—lt , B7Y

= (s+ Mat , af)(My-15+ My-15-1t, a tg™h

= (s+ Myt + Mag(MaAS + Maﬂﬁ—lt) , Ozﬁaillﬁfl)
= (8 + Mat + Maﬁa—ls + Maﬁa—lﬁ—lt 5 04,80471,871)
= (8 + Mt + Malga—lS + M[a,ﬁ}t , [a, ﬁ])

Next, we search for the unique noncommutator element u of Z3° X, Ag which we know is in the
center. Pick (c,~) in the center of Z1° X, Ag. Clearly, v must be in the center of Ag, which is centerless,
and thus, v is the identity permutation € of Ag. Furthermore, the vector ¢ is an eigenvector of M,
with eigenvalue 1 for all o € Ag. To see this, let (¢, ) be an element in Z3° x, Ag. Since (c,e) is

central,

(c,e)(t,a) = (t,)(c, )
(c+ Mt , ea) = (t + Myc, ae)

(c+t, a)=(t+ Mac, a)

Thus, ¢ = M, ¢, and so c¢ is an eigenvector of M, for every o € Ag. Observe that a common eigenvector
of the generators M, and M,, is an eigenvector of every M,. This characterization of central elements
was used to determine the center of Z1° X, Ag. Using GAP, we compute the intersection of the
eigenspaces of M, and M,,. The center of 73° X, Ag has 4 elements and one of them is the unique

noncommutator u = (g, &) where
q=1010111111}.

More information on Z%O X, Ag appears in [5, Section 5.3.13]. For an independent proof establishing
that u = (g, ) is the unique noncommutator of Z3° x, Ag, we suggest using [12, Proposition 25] where,
using the method of “little groups” of Wigner and Mackey, Serre describes the irreducible characters
of a group that is a semidirect product of an abelian normal subgroup A with a subgroup H. In our
setting A = Z1% and H = Ag.
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