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TOTAL AND PAIRED DOMINATION NUMBERS OF SOME WHEEL-RELATED
GRAPHS

PANNAWAT EAKAWINRUJEE ™ AND NANTAPATH TRAKULTRAIPRUK *

ABSTRACT. Let G be a graph without isolated vertices. A total dominating set of G is a set D C V(G)
such that every vertex of GG is adjacent to some vertex in D. A paired dominating set of G is a total
dominating set whose induced subgraph has a perfect matching. The total (paired) domination number
of G is the minimum cardinality of a total (paired) dominating set of G. In this paper, we determine
the total and the paired domination numbers of some wheel-related graphs. We also give upper bounds
on the total and the paired domination numbers of closed helm graphs and web graphs. Moreover,
we determine the paired domination numbers of Jahangir graphs and correct some results on the total

domination numbers presented by Mtarneh et al. (Malays. J. Math. Sci., 13(S) (2019) 113-121).

1. Introduction

Let G be a graph without isolated vertices with vertex set V(G) and edge set E(G). For a vertex
v € V(G), the neighborhood of v is the set N(v) = {u € V(G) : wv € E(G)}. If v is adjacent to a
vertex of degree one, then it is called a support vertex. For a set D C V(G), the neighborhood of D
is the set N(D) = U,ep NV(v). The induced subgraph G[D] is the graph whose vertex set is D and
whose edge set consists of all edges in F(G) having both endpoints in D.
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A total dominating set of G, defined by Cockaye et al. [3], isaset D C V(G) such that N (D) = V(G).
A paired dominating set of G, introduced by Haynes and Slater [8], is a set D C V(G) such that
N(D) = V(G) and G[D] contains a perfect matching. If D is a paired dominating set with a perfect
matching M, then two vertices u and v are said to be paired if the edge uv € M. The minimum
cardinality of a total dominating set (respectively, paired dominating set) of G is called the total
domination number v (G) (respectively, paired domination number v, (G)). A v(G)-set is a total
dominating set with cardinality 7:(G); a v, (G)-set is defined analogously. Note that 7,,(G) is an
even integer, and v, (G) > 7(G) since a paired dominating set of G is also a total dominating set of
G.

Let D be a total (paired) dominating set of G. Then we say that a vertex v € D dominates every
vertex in N (v). We note that a vertex of degree one must be dominated by its support vertex, so we

can easily get the following lemma.
Lemma 1.1. Every support vertex of a graph G belongs to every v,(G)-set and vy, (G)-set.

A path and a cycle with p vertices are denoted by P, and Cp, respectively. Henning [9] determined
the total domination numbers of paths and cycles in Lemma 1.2. In [8], the authors calculated the
paired domination numbers of paths and cycles in Lemma 1.3. There are also many research articles
on total domination numbers or paired domination numbers of some graph operations [1, 2, 12, 13, 21]
and some families of graphs, for example, lollipop graphs [5], windmill graphs [6], 3-regular Knodel
graphs [18], Jahangir graphs [16, 19], hexagonal grids [15, 17], Cartesian products of two paths [7, 14],

Cartesian products of two cycles [11], and Cartesian products of paths and cycles [4, 10].
. 2 3

Lemma 1.2. [9] For any integer p > 3, w(P,) = 7(Cp) = |22 ] + | 222].

Lemma 1.3. [8] For any integer p > 3, Ypr(Pp) = 7pr(Cp) = 2[4].

We next give the definitions of wheel graphs and its related graphs. Let ¢ > 3 be an integer. Then

(1) the wheel graph W, is is obtained by connecting the vertex ¢ to all vertices of C,, where
V(Cy) = {u1,ug,...,uq},

(2) the helm graph H, is obtained from the wheel graph W, by adding the vertices vy, v, ..., 74
and the edge w;v; for all i € {1,2,...,q},

(3) the flower graph Fl, is obtained from the helm graph H, by adding the edge cv; for all
i€{l,2,...,q}, and

(4) the sunflower graph Sf, is obtained from the helm graph H, by adding the edges v;u;41 for
alli e {1,2,...,¢— 1} and vgu;.

The wheel graph W, and the helm graph H, are shown in Figure 1, while the flower graph F'lg and

the sunflower graph S fg are shown in Figure 2.

https://dx.doi.org/10.22108/toc.2025.145488.2286
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FIGURE 2. The flower graph Flg (left) and the sunflower graph Sfs (right)

Let p > 1 and ¢ > 3 be integers. Let Cp, be the cycle with V(Cpq) = {u;; : 1 <i <p,1 <j <gq}
and F(Cpq) = {uijuir1j 1 <i <p—1,1<j < qtU{upjuijp 1 <j < g—11U{upquin}
The Jahangir graph J, 4 is obtained from the cycle C), by adding the vertex ¢ and the edge cu, ; for
all j € {1,2,...,q}. We note that J; ; is the wheel graph W, and Jy, is known as the gear graph.
Figure 3 illustrates the Jahangir graphs Js 4 and J3 4.

Ul,q Ul,q
U2,q—-1 U2,q
Ul,q—1 u1,1 Ul,q-1 u1,1
; ;
H u2,1 !
4 4
5\ kN
\ \
ui,4 ui,2 U4 u1,2
u2,3 ug2,2
u1,3 u1,3

FIGURE 3. The Jahangir graphs J; , (left) and J5 4 (right)

The Cartesian product of graphs G and H, denoted by GUH, is the graph with vertex set V(G) x
V (H) whose vertices (u,v) and (u/,v") are adjacent if u = v’ and vv’ € E(H), orv =v" and uu’ € E(G).
Let P, :1,2,...,p be the path with p vertices and Cy : 1,2, ..., ¢ be the cycle with g vertices. We
use u; ; to denote the vertex of P,[1C, corresponding to the vertex (i,j). For any integers p > 1 and
q =3,
(1) the closed helm graph CH) 4 is obtained from P,0C, by adding the vertex ¢ and the edge cuy ;
for all j € {1,2,...,q}, and
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(2) the web graph Wy, is obtained from CH, , by adding the vertices vq,vs,...,v, and the edge
up jv; for all j € {1,2,...,q}.
We observe that CH; 4 = W, and W; , = H,. The closed helm graph C'H, , and the web graph W, ,

are illustrated in Figure 4.

FIGURE 4. The closed helm graph CH,, , (left) and the web graph W, , (right)

This paper is organized as follows. Section 2 presents the total and the paired domination numbers
of wheel graphs, flower graphs, helm graphs, and sunflower graphs. In Section 3, we first revise some
results on the total domination numbers of Jahangir graphs given in [19], and we then compute the
paired domination numbers. The total and the paired domination numbers of some closed helm graphs
and web graphs are provided in Section 4 where we also give some upper bounds for the other cases.

Finally, we provide some open problems in Section 5.

2. Wheel, Flower, Helm, and Sunflower Graphs

Note that {c,u1} is a minimum total (paired) dominating set of wheel graphs and flower graphs, so

we obtain the following obvious result.
Theorem 2.1. For any integer q¢ > 3, (W) = vpr(Wy) = 1 (Fly) = ypr(Fly) = 2.
Theorem 2.2. For any integer q > 3,

q if q is even;
V:(Hg) = q and vpr(Hg) =
qg+1 ifqis odd
Proof. By Lemma 1.1, the vertices uj, ug, ..., u, are in every ~(Hy)-set. Hence, y¢(H,) > ¢. Since
D = {uy,ug,...,uq} is a total dominating set of H,, 1(H,) < |D| = ¢. It follows that v.(H,) = ¢.

Moreover, D is a paired dominating set of H, if ¢ is even, and DU{c} is a paired dominating set of H,
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if ¢ is odd. Thus, vy, (Hy) < q if ¢ is even, and v, (Hy) < g+ 1 if ¢ is odd. Since v, (Hy) > v(Hy) = ¢
and 7, (Hy) is even, we get v, (H,) = ¢ if q is even, and v, (H,) = ¢ + 1 if ¢ is odd. O

Theorem 2.3. For any integer q > 3,

2 if ¢ =3; q
V(S fq) = , and Ypr(Sfq) = 2[51

[41+1 ifg>4
Proof. Clearly, v¢(Sf3) = 2. Let ¢ > 4 and D be a (S f;)-set. To dominate vy, vs,...,v4, D contains
at least [4] vertices from {u1,us, ..., us}. If |D| = [{], then without loss of generality, D = {u; : i =1
(mod 2)}. We can see that there is some vertex in D that is not dominated. This contradicts the
fact that D is a total dominating set, so |D| > [2] + 1. Since {¢} U{u; : i = 1 (mod 2)} is a total
dominating set with cardinality [4] + 1, we get that v(Sfy) = [4] + 1.

We note that any two adjacent vertices can dominate at most three vertices in {vy,va,...,v4},
50 Ypr(Sfy) > 2[4]. If ¢ = 0,2 (mod 3), let D = {us,uir1 : ¢ = 1 (mod 3)}; otherwise, let D =
{ui,ujx1 : i =1 (mod 3),7 # q} U{ug—1,uq}. Then D is a paired dominating set with cardinality
2741, 50 7pr(S,) = 2[4]. 0

3. Jahangir Graphs

This section discusses the total and the paired domination numbers of Jahangir graphs. The total
domination number of Jahangir graph J,, for ¢ > 3 is determined by Mojdeh and Ghameshlou [16]
when p = 2 and by Mtarneh et al. [19] when p > 3.

Lemma 3.1. For any integer q > 3,
(1) [16] %(J2,q) = [4]+ 1 and
(2) [19] (J3,q) =q+1 and v (Jpq) = L%J + L%J for any integer p > 4.

Consider the Jahangir graph J7 3. Lemma 3.1(2) gives that v¢(J73) = 11, but {c, u1 1, u4,1, us 1, u1 2,
U4,2,Us52,U1,3,Us3,Us 3} is a total dominating set of J7 3 with cardinality 10. It seems that, for p =
1,2,3 (mod 4), the value v(Jpq) = L#J + L%J does not hold for some value q. We correct this

mistake in the next theorem.

Theorem 3.2. Let p > 4 and q > 3 be integers. Then
& if p=0 (mod 4);
Ve(Jp,g) = w +2 ifp=1 (mod 4);
[@W-ﬁ-l if p=2,3 (mod 4).

Proof. If p =0 (mod 4), then v(J,4) = L#j + L%J seems to be correct and it can be simplified
)=12

https://dx.doi.org/10.22108/toc.2025.145488.2286
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Let p = 4k + 1 for some & > 1 and D = {c,u1,1} U {u;j,uit1j : i = 3 (mod 4),1 < j < ¢}.
Then D is a total dominating set of J,, with |D| = w + 2. Moreover, |D| < |S| for every
total dominating set S with ¢ € § and |[{u11,u12,...,u14} NS| = 1. We claim that among all
total dominating sets containing the vertex ¢, D is minimum. Suppose that D’ is a total dominating

set containing ¢ with |D’| < |D|. Then [{u1,1,u12,...,u14} N D'| > 2. Without loss of generality,

we may assume that ui1,u1; € D’ for some j € {2,3,...,¢q}. Note that D’ contains at least 2k
vertices from {ug j_1,u3-1,...,up -1}, and at least 2k vertices from {us j,u3;, ..., up;}. Thus, D" =
(D' \ {u -1,y Up i1, U1, U2 s - -5 Up i }) U {51, Wig1,j—1, Uij, Uit1,j - ¢ = 3 (mod 4)} is a total

dominating set of .J, ; with |D"| < |D’| and [{u1,1,u12,...,u1,¢}ND"| < {u11,u12,...,u14tND’'|. We
can repeat this process until we obtain that [{u; 1,u12,...,u14} N D"| = 1. We have a contradiction
since |D| < |D"| < |D’'| < |D|, so the claim holds. Next, we show that D is a v:(Jpq)-set. Assume
that D is a total dominating set with |D| < |D|. Then ¢ ¢ D and D is also a total dominating set of
Cpgs 50 |D| > (Cpy) = [ P42 | + | 22E | by Lemma 1.2. Then

;

8kl +20 > 8kl +2 = 2200 L o — || ifq=4l,1>1;

8kl+2k+20+1>8ki+2k+2=2 49— |D| ifqg=4l+1,1>1;
2

Bkl + 4k +20+2> 8kl +4k+2=211 10— |D| ifg=4l4+2,1>1;

8kl + 6k +20+2 > 8kl + 6k +2=©19 1 90— |D| ifg=4143,0>0;

which contradicts with |D| < |D|. Therefore, Ye(Jpq) = w + 2.

Let p = 4k + 2 for some k > 1 and D = {c} U{u1; : j = 1 (mod 2)} U {w;j,uit1; : i =0
(mod 4),j =1 (mod 2)}U{u;j,uit1,; 1t =3 (mod 4),j =0 (mod 2)}. Then D is a total dominating
set of Jpq with |D| = (@W + 1. We show that among all total dominating sets containing the
vertex ¢, D is minimum. Suppose that D’ is total dominating set with ¢ € D’ and |D'| < |D|. If
u; € D' for all j € {1,2,...,q}, then |{ugj,usj,...,up;} N D'| > 2k, so [D'| > 1+ q+ 2kq =
1+ (1+2k)g=1+ (@] > 1+ [%1 =1+ [%1 = |D|, a contradiction. Thus, u;; ¢
D' for some j € {1,2,...,q}. If uiji1 ¢ D', then |{ugj,us;j,...,up;} N D'| > 2k + 1. Hence,
D" = (D' \ {ugj,u3;,...,up;}) U{tij,uit1; : @ = 3 (mod 4)} U {uy 41} is a total dominating
set of J,4 with |D”| < |D’[, so we can assume that if u;; ¢ D’, then u; ;41 € D’. This implies
that [{u11,u12,...,u14 N D'| > [2] and [{ugj,us,...,up;} ND'| > 2k for each j € {1,2,...,q}.
Therefore, |D'| > 14 [3] +2kq=1+[4 + @1 =1+ [@1 = |D|, a contradiction. The claim
follows. Next, we prove that D is a y¢(Jp 4)-set. If D is a total dominating set with |D| < |D|, then
¢ ¢ D. Note that [D| > v¢(Cpq) = 2472 | + | 242 ]. Then

Bl > Akl 420 > 4kl + 1+ 1 = [®519] 1 = |D| if g =21,1> 2
Akl 2k 22> ARl 2k + 1 +2 =[N L1 = D] ifg=20+1,0>1;
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which is a contradiction. It follows that v¢(Jp4) = [%] + 1

Let p = 4k + 3 for some k > 1 and D = {c} U{u1;: 1 <j <q}U{uij,uiy1,:9=0 (mod 4),1 <
Jj < q}. Then D is a total dominating set of J,, with |D| = [@1 + 1. Note that among all
total dominating sets containing ¢ and uy 1, u1,2,...,u1,q, D is minimum. If D’ is a total dominating
set containing ¢ and |D’| < |D|, then w;; ¢ D’ for some j € {1,2,...,q}. We can check that
D’ contains at least 2k + 1 vertices from {ug j,u3j,...,up;} if u1j41 € D', and at least 2k + 2
vertices from {ug j,ug j,...,up;} if uyjy1 ¢ D'. i uyjy1 € D', let D" = (D' \ {ugj,u3j,...,up;})U
{uij}U{uij,uiv1; 11 =0 (mod 4)}; otherwise, let D” = (D' \ {ugj,usj,...,up;}) U{uij,uijt1} U
{wij,uiy1; : i =0 (mod 4)}. Now, we conclude that D" is a total dominating set with |D"| < |D’|
and [{ui1,u1,2,...,u1gt N D"| > {ui1,u1,2,...,u1,4} N D'|. We repeat this process until we obtain
that [{wi1,u12,...,u1q} N D"| = q. We see that |D| < |D"”| < |D'| < |D|, a contradiction. This
follows that among all total dominating sets containing ¢, D is minimum. We next prove that D is
a Y(Jp,q)-set. If D is a total dominating set with |[D| < |D|, then ¢ ¢ D. We have a contradiction
because D] > 7 (Cpg) = [P42] + [P42] > PG 4 PLE | — 1 > B > B -4 1) = |05 41 =
[@1 + 1 =|D|. This completes the proof. 0

It is straighforward to observe that, for all p > 4, the results in Theorem 3.2 give the smaller values
than the results in Lemma 3.1(2) when p =1 (mod 4) and ¢ > 5, p =2 (mod 4) and ¢ > 3, and p = 3
(mod 4) and ¢ > 3.

Next, we compute the paired domination number of J, , for all p > 2 and ¢ > 3.

Theorem 3.3. Let p > 2 and q > 3 be integers. Then
211 if p=0,2 (mod 4);
Yor(Jp,q) = w +2 if p=1 (mod 4);
2(@1 if p=3 (mod 4).

Proof. We first determine ~,,(Jp4) for p = 0,1 (mod 4). By the fact that v, (Jpq) > 14(Jpq) and
Theorem 3.2, we immediately obtain the lower bound of 7, (Jp4) for p=0,1 (mod 4). For the upper
bounds, we observe that {u;j, ui41; : 4 =1 (mod 4),1 < j < ¢} is a paired dominating set of J, 4
with cardinality 2[51] if p = 0 (mod 4), and {c,u1,1} U {usj,ui11; : i =3 (mod 4),1 < j < ¢} isa
paired dominating set of J, , with cardinality w +2ifp=1 (mod 4).

Let p = 4k + 2 for some k > 0. Then {u; j,usj,us;,ue; : j = 1 (mod 2)} U {usj,us; : j =0
(mod 2)} is a paired dominating set of .J, ; with cardinality 2[ 2], so ypr(Jpq) < 2[5B]. Next, we show
that ypr(Jpq) > 2[B]. Let D be a vy (Jpq)-set. If ¢ ¢ D, then D is also a paired dominating set of Cpq,
and thus [D| > v,,(Cpq) = 2[%]. Next, without loss of generality, we assume that the pair {c,u11} C
D. Then [{ug1,u41,...,up1} N D| > 2k. To dominate ugaj, ..., Up2j, U1,2j4+1,U2,2j4+1; - - -, Up,2j+1 fOr
each 1 < j < ng—QJ, D contains at least 4k + 2 vertices from them. If ¢ = 2/ for some [ > 2, then
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[{u2,q: U3,gs - - - » Up—1,¢} N D| > 2k, and hence |D| > 2+ (2k) + [ 152 | (4k +2) + (2k) = 4kl + 21 = 2[21].
If ¢ =20 +1 for some [ > 1, then [{usg—1,...,Upg—1,U1,q,U2,q,---,Up—1,4} N D| > 4k +2, so |D| >
2+ (2k) + | 52 ] (4k +2) + (4k + 2) = 4kl + 20 + 2k + 2 = 2[21].

Let p = 4k + 3 for some k > 0. Define the set £ = {c} U {u;,uit1; : 9 =3 (mod 4),i <p,j =0
(mod 3)} U{up; : 7 =0 (mod 3)} U{ur; : j =1 (mod 3)} U{uj,uiy1; : ¢ =0 (mod4),j =1
(mod 3)} U{u;j,uiy1,; : i =1 (mod 4),j = 2 (mod 3)}. If ¢ = 1,2 (mod 3) (respectively, ¢ = 0
(mod 3)), then D = E (respectively, D = E U {up_14}) is a paired dominating set of J,, with
|D| = 2[@1. We claim that among all paired dominating sets containing ¢, D is mini-

mum. Let D’ be any paired dominating set of .J,, containing ¢. Without loss of generality, let

c and wu;; be paired in D’. Then [{ug1,...,up1,u12,u22,...,up2} N D'| > 4k + 2. To dominate
. —3 /

U235, - -+ 5 Up 37, UL 3j41> U235 15 - - > Up,3j 41, UL 3542, U2,3j42, - - -, Up3j42 for each 1 < j < |45=2], D' con-

tains at least 6k + 4 vertices from them. If ¢ = 3[ for some | > 1, then [{ug g, u3q, ..., Up—14} N D'| >

2% + 2, and hence [D'| > 2 + (4k + 2) + (952 |(6k + 4) + (2k + 2) = 6kl + 41 + 2 = 2[P 5]y,
If ¢ =30+ 1 for some I > 1, then [{ugg—1,...,Upg—1,U24,-..,Up—14} N D'| > 4k + 2, so |D'| >
24 (4k +2) + |2 (6k +4) + (4k +2) = 6kl + 2%k + 41 +2 = 2[5 1r g = 3142 for
some [ > 1, then |[{ugg—2,...,Upg—2,U24-1,.. ., Upg—1,U2q,---,Up—1,4} N D'| > 6k +4, so |[D'| >
2+ (4k+2)+ {%J (6k+4) + (6k+4) =6kl +4k + 4+ 4 = 2[@] Now, the claim holds. We
next prove that D is a ypr(Jpq)-set. If D" is a paired dominating set with |[D”| < |D|, then ¢ ¢ D".
Note that D" is also a paired dominating set of Cpq, s0 |D”| > 4, (Cpq) = 2[ 5] > 2[@1 =|D|,
a contradiction. We conclude that vy, (Jpq) = 2[%]. O

4. Closed Helm Graphs and Web Graphs

In this section, we determine the total and the paired domination numbers of a closed helm graph
CH, , and a web graph W, , for some p and q. We also provide their upper bounds for other values
of p and gq.

Throughout this section, for each i € {1,2,...,p}, let C* = {u;; : 1 < j < ¢} be the set of vertices
in 4 th cycle of CH) 4 and W, ,.

4.1. Total and Paired Domination Numbers of Some Closed Helm Graphs. Before we
present the total and the paired domination numbers of some closed helm graphs, we recall some
useful results.

The total and the paired domination numbers of P,[JC, were determined by Hu et al. [10] for p > 2
and ¢ € {3,4} and by Eakawinrujee [4] for p € {2,3,4} and ¢ > 5.
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Lemma 4.1. [10] For any integer p > 2,

W (P,OIC) = [2]+1 ifp=0,1(mod 5);
. =
: [%”1 if p=2,3,4 (mod 5);
and
[%ﬂ if p=0 (mod 5);
Vor(Pp0C3) = [ +1 if p=1,3 (mod 5);
(%ﬂ if p=2,4 (mod 5).

Lemma 4.2. [10] For any integer p > 2,

p+1 ifpis odd,
Y (PpBCs) = vpr (PpUCY) =
p+2 if pis even.

Lemma 4.3. [4] For any integer q > 5, v (P0C,) = v (P20C,) = 2[4].
Lemma 4.4. [4] For any integer q > 5,
1(P30C,) = q

and
o (PsOIC,) = q if q is even;

q+1 ifqis odd
Lemma 4.5. [4] For any integer ¢ > 5,

L@J —1 ifqg=0 (mod 5);

Y (PAOCq) = vpr (P4OC,) = L@J ifq=1,2,4 (mod 5);
LGﬁSJ +1 ifg=3 (mod 5).
Next, we compute the total and the paired domination numbers of CH,, 4, where the values of p

and ¢ are divided as follows: p > 2 and¢g=3;p>2andg=4; p=2and ¢ > 5; p=3 and ¢ > 5;
p=4and q > 5.

Theorem 4.6. For any integer p > 2,

[
[

1+1 ifp=0,1(mod 5);
1 if p=2,3,4 (mod 5);

%(CHP,?)) =

al s

and
(4{1 +2 ifp=0 (mod 5);

Vor(CHpz) = ¢ [2]+1 ifp=1,3 (mod 5);
[%p} if p=2,4 (mod 5).
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Proof. Let D be a v (CHp3)-set. If ¢ € D, then, without loss of generality, u;; € D to dominate c.
It follows that ug 1 ¢ D; otherwise, D \ {c} is a total dominating set of CHj, 3 with cardinality less
than D. Hence, D' = (D \ {c}) U{u21} is a total dominating set of CHj 3 with |D’| = |D|, so we can
assume that ¢ ¢ D. Then D is also a total dominating set of P,(JC3, and thus |D| > v(P,00C3). By

Lemma 4.1, we get

[%p} +1 ifp=0,1(mod 5);
Ed if p=2,3,4 (mod 5).

1(CHp) = |D| = 7(P,0C3) =

~

Since vp(CHp3) > v(CHpz) and v (CHp3) is even, v, (CHps) > [45—17} if p = 2,4 (mod 5),
Yor(CHp3) > [%p] +1ifp=1,3 (mod 5), and v, (CHp3) > [%p] +2if p=0 (mod 5).
To obtain the upper bounds of v,(CHp3) and v, (CHp3), we let

D ={u;»:i=1,2 (mod 5)} U{u;1,u;3:1=4 (mod 5)}.

If p=2,4 (mod 5), then D is a total dominating set of CHp3, so v(CHp3) < |D| = [45—1’] If
p =3 (mod 5), then D U {up2} is a total dominating set of CH, 3, so v (CHp3) < |D|+1 = (%p]
If p=0,1 (mod 5), then DU {u,_12} is a total dominating set of CHp 3, so v (CHp3) < |D|+ 1=
[%p] + 1. Now, the theorem holds for v+ (CH, 3).

If p = 2,4 (mod 5), then D is a paired dominating set of CHp,3, so v, (CHp

w
~—
IA
I
IS

S|
J—
—
—

p =1 (mod 5), then DU {uy3} is a paired dominating set of CHp 3, so vy (CHp3) < [%p] +1. If
p=0,3 (mod 5), then DU {up1,up3} is a paired dominating set of C'H, 3, 50 Ypr(CHpz) < [£]+2
if p=0 (mod 5), and v, (CHp3) < (%p} +1if p=3 (mod 5). The theorem follows. O

Theorem 4.7. For any integer p > 2,

p+1 ifpis odd;
’Yt(CHpA) - ’VPT(CHp,AL) =

p+2 ifpis even.
Proof. Let D be a v (CHpa)-set. If ¢ € D, then, without loss of generality, u;; € D, and thus
u12 ¢ D. Therefore, D' = (D \ {c}) U{ui2} is a total dominating set of CH, 4 with |D’| = |D|, so we
can assume that ¢ ¢ D. Then D is also a total dominating set of P,00C4. By Lemma 4.2, we have

p+1 if pis odd;
Y(CHpa) = |D] = 7(BHC) =

p+2 if pis even.
Note that v, (CHp4) > v (CHp4). To complete this theorem, we only determine the upper bound of
Yor(CHp4). Let D = {u;1,u;2 : ¢ =1 (mod 4)} U {u;3,ujs : i =3 (mod 4)}. Then D is a paired
dominating set of CH), 4 with cardinality p+ 1 if p is odd, and D U{up 1, up2} is a paired dominating
set of CHp 4 with cardinality p + 2 if p is even. O
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Theorem 4.8. For any integer ¢ > 5,

4 if ¢ = 6;
1 (CHzq) = 2[(1173} if ¢ =0,1 (mod 4);
2[%}—1 if ¢ =2,3 (mod 4) and q # 6;

and

if ¢ = 6;

2 [qi—?ﬂ otherwise.

Ypr (CHaq) =

Proof. Obviously, {u1,1,u21,u1,4,u24} is a v(CHag)-set and a 7, (CHag)-set, so let ¢ # 6. If ¢ =
0,1 (mod 4), let D = {c,u11} U{uzj,uz 1 : j = 3 (mod 4)}; otherwise, let D = {c,ui1,u21} U
{ugj,uzjr1 : 7 = 0 (mod 4)}. Then D is a total dominating set of CHy, with |D| = 2(%3] if
g = 0,1 (mod 4), and |D| = 2[‘11—31 —11if ¢ = 2,3 (mod 4). We first show that among all total
dominating sets containing ¢, D is the minimum. Suppose on the contrary that there is a total
dominating set D’ containing ¢ such that |D’| < |D|. By the construction of D, we have |D| < |S| for
every total dominating set S with ¢ € S and |SNC!| = 1. Without loss of generality, we assume that
D’ contains at least two vertices u1 1 and uy; of C* for some [ # 1. Hence, D” = (D'\ {uy,})U{ug 41}
is a total dominating set with |D”| < |D'| and |D” N C'| < |D’ N C!|. We can repeat this process
until we obtain a total dominating set D" with |D” N Cl| = 1. Therefore, |D| < |D"| < |D’'| < |D|, a
contradiction.

Next, we claim that D is a v;(CHa4)-set. Suppose that D is a total dominating set with |D| < |D.
Then ¢ ¢ D, and thus D is a total dominating set of P,0OC,. By Lemma 4.3, |D| > 7 (POC,) = 2[1].
Then

2[4 =2(k + [§]) > 2(k +1) = 2[ %] = |D| if ¢ = 4k, k > 2;
B> 2[4 = 2(k + [E1]) > 2(k + 1) = 2[42] = |D| if g =dk+1,k>1;
|22 =2k + [EE2)) > 2(k 4+ 2) —1=2[T3] —1=|D| ifg=4k+2,k>2;
2[4E3) = 2(k + [EE3]) > 2(k +2) —1=2[12] 1= |D| ifq=4k+3,k > L;

contradicting the assumption |D| < |D|, so our claim holds.

Since v (CHayq) > v(CHayq) and vp(CHazq) is even, we get v, (CHayq) > 2[%3] If g =0,1
(mod 4), let D = {c,u1,1} U{ugj,uz 41 : j = 3 (mod 4)}; otherwise, let D = {c,u1,1,u2,1,u22} U
{ugj,u2j41:7 =0 (mod 4)}. Then D is a paired dominating set of C'Hj 4 with cardinality 2 [q+31

and thus 7, (CHag) = 2[ 2], O

)
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Theorem 4.9. For any integer ¢ > 5,

W(CHy,) = 2[42 2] if ¢=0,2,3 (mod 6);
2[%] 1 otherwise;
and
r(CHyg) = 211201
Proof. Let By = {c,u1,1} U{ugj,u3; : 7 =0 (mod 3)}, By = {c,ui,1} U{ugj,u3; : j =2 (mod 3)},
and B3 = {c,u1,1,u21} U {ugj,u3 ;41 :j =3 (mod 6)} U {ugj,uzj41:j =0 (mod6)}. If ¢g=0,3
(mod 6) (respectively, ¢ = 2 (mod 6) and ¢ = 1,4,5 (mod 6)), then D = FEj (respectively, D = F,

and D = Ej3) is a total dominating set of C'Hs, with cardinality 2(%2] (respectively, 2(%2] and
|D| = 2[%1 —1). We show that among all total dominating sets containing the vertex ¢, D is the
minimum. Assume that D’ is a total dominating set with ¢ € D" and |D’| < |D|. Let S = {v: v ¢
N(c)}. Then the induced subgraph C'Hs 4[S] contains P,00C,; and the vertex c¢. Thus, D’ contains at
least 2[4] vertices to dominate P,[C, by Lemma 4.3 and one vertex of C! to dominate c. Hence,
D' >2[3]+2= 2(%—3} > |D|, a contradiction.

We next show that D is a ¢ (CHs3 4)-set. Suppose that D is a total dominating set with |D| < |D].
Then ¢ ¢ D, and hence D is also a total dominating set of P;0C,. By Lemma 4.4, ID| > 1 (P0C,) =

q. Then

6k > 4k +2 = 2(2k + 1) = 2[42] = |D| if g =6k, k>1;
6k +1>4k+3=202k+2) -1 =242~ 1=|D| ifq=6k+1k>1;
B> 6k +2 > 4k +4 = 2(2k + 2) = 2[L2] = |D| if g =6k+2,k>1;
| 6k 43> 4k +4 =202k +2) = 2[%2] = | D if g = 6k+3,k > 1;

—1=2[3]—1=|D| ifq=06k+4,k>1;

3
6k +5>4k+5=2(2k+3) — 1 =2[%2] —~ 1 =|D| if g=6k+5k>0;

~—  ~— ~— ~— =

(
(

6k +4 > 4k +5 = 2(2k + 3
(

which contradicts with our assumption |D| < |D|.

Note that y,-(CHsg) > 7(CHsg). If ¢ = 0,2,3 (mod 6), then 7,,(CHsy) > 2[42] = 2[452].
Since v, (CHsq) is even, vp,(CH3 q) > 2(%3} for ¢ =1,4,5 (mod 6). Consider the sets Ei, E2, and
Es5 defined above. We observe that F; (respectively, Fs) is a paired dominating set with cardinality

2[%} = 2[%} if ¢ = 0,3 (mod 6) (respectively, ¢ = 2 (mod 6)). If ¢ = 1,4,5 (mod 6), then

Es3U{us3;} is a paired dominating set with cardinality 2[%1. This completes the proof. O
Theorem 4.10. For any integer ¢ > 5,
6 if g =5;
Y (CHygq) =
q+2 ifq=6;
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and
6 if ¢ =5;
Yor(CHug) = S q+2 if q is even;
q+3 ifqisodd and q#5.

Proof. If ¢ = 5, then it is clear that {u21,us1,u13,u14,Us3,us4} is both a 1 (CHygq)-set and a
Ypr (CHy q)-set, so we let ¢ > 6. Let D = {c,u1 4} U{uz;:1<j<gq}. Then D is a total dominating
set of CHy 4 with [D| = ¢+ 2. Let D’ be a total dominating set containing c¢. Then the induced
subgraph CHy4[{v : v ¢ N(c)}] consists of Ps00C, and the vertex c¢. By Theorem 4.4, D’ contains
at least ¢ vertices to dominate P3[1C,. Also, it contains one vertex of C! to dominate ¢. Hence,
|D’| > ¢+ 2. We conclude that among all total dominating sets of C'Hy 4 containing ¢, D is minimum.

Next, we show that D is a v (CHy q)-set. If D is a total dominating set with |D| < |D|, then ¢ ¢ D,
so D is also a total dominating set of P,LJC,. Lemma 4.5 gives that

L(WE’——FSJ —1 ifg=0 (mod 5);

|D| > 3 (P0C,) = | 5448 | if g=1,2,4 (mod 5);
[958 11 if ¢ =3 (mod 5).

It is easy to check that |D| > |D| for all ¢ > 6, a contradiction. Therefore, Y(CHyyg) = q+2.

Since Ypr(CHayq) > 7(CHyyq) and 7, (CHyyg) is even, vy (CHyq) > g + 2 if ¢ is even, and
Yor(CHyyq) > q+ 3 if ¢ is odd. Note that D (respectively, D U {u2;}) defined above is a paired
dominating set if ¢ is even (respectively, odd). The theorem follows.

[l

4.2. Upper Bounds of v(CHp ) and v, (CH,4). Recently, we determined the values of v (CHpq)
and 7, (CHp4) for some values of p and g. We next present their upper bounds for p,q > 5. Before

we can achieve these bounds, we need the following results.

Lemma 4.11. [10] For any integer p > 4,

-
J—

W (POCS) < if p=4 (mod T);
t\4Lp 5) >

~E e

—

—
+
—_

otherwise;

and

-
J—

if p=1 (mod 3);
if p=2 (mod 3);
if p=0 (mod 3).

’YpT(PpDCE)) <

ﬁ
S sl wlE
JR—

+ o+
[N R
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Lemma 4.12. [4] For any integer ¢ > 6,

Y (Ps0C;) < ¢ |3

and

'Ypr(PE)DCq) S J

]

SIS Ry

+3
+2

|
]
|
Lemma 4.13. [4] For any integer ¢ > 6,

%(Pﬁmcq) < VPT(Pﬁmcq) <

The following lemma shows the upper boun
and q > 6.

P. Eakawinrujee and N. Trakultraipruk

if q=6;
if ¢ =0 (mod 4);
if q=1,2,3 (mod 4) and q # 6;

if ¢ = 6;

if ¢ =0 (mod 4);
ifg=1,2 (mod 4) and q # 6;
if g =3 (mod 4).

13 if ¢ =0 (mod 7);
1222 +3 ifg=1,2 (mod 7);
1229] 41 ifg=3 (mod 7);
L%QJ +2 ifg=4,6 (mod T);
1229 + 4 ifg=5 (mod 7).

ds of v (P,0C,) and ~,,(P,00C,) for arbitrary p > 7

Lemma 4.14. [4] For any integers p > 7 and q > 6,

p+1

1(P0Cy) < 7 (BOC,) < 2[*2=1T51.

For some special values of p and ¢, Lemmas 4.15 and 4.16 provide better bounds than ones in

Lemma 4.14.
Lemma 4.15. [4] If 7<p=1 (mod 2) and 9

Lemma 4.16. [4] If8 <p=0 (mod 2) and q
(P0G <

and

<g¢=1 (mod 4), then v(P,0C,) < W.

> 6, then

Qﬂ%&ﬁ_g if g=1,3 (mod 4);
W_zl if g =2 (mod 4);

(P+2)(g+3) _ » if =1 (mod 4);

4
)

Ypr (PpC,) < (p+2)(a+2) _ 4 if ¢ =2 (mod 4);

4
)

(P+2)(a+l) _ o if =3 (mod 4).

4
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Let H be the graph obtained from C'H,, 4 by deleting the vertices ¢ and u; ; for all j € {1,2,...,q}.
Note that the union of {c,u;1 1} and a v (H)-set (respectively, a 7, (H)-set) is a total dominating set

(respectively, a paired dominating set) of CHy, ;. Then we have the following lemma where we replace
H by P,10C,.

Lemma 4.17. If p > 2 and q¢ > 3 are integers, then v(CH, q) < v(Pp—10Cy) + 2 and vp (CHp4) <
Vor (Bp-10C,) + 2

By using Lemma 4.17 together with Lemmas 4.11, 4.5, 4.12, 4.13, 4.14, 4.15, 4.16, we can easily get
Theorems 4.18, 4.19, 4.20, 4.21, 4.22, 4.23, 4.24, respectively.

Theorem 4.18. For any integer p > 5,

(=)

[(p7_1)w+2 if p=5 (mod 7);

[

fYt(CHpﬁ) S

O

(pgl)w +3  otherwise;

and

-1
IS
=
Z

_IW—FS if p=0 (mod 3);
Ypr (CHyp5) < [4@3_1)1 +4 ifp=1(mod 3);
[ (p;l)-‘ +2 ifp=2(mod 3).

W~

Theorem 4.19. For any integer q > 6,
J +1 ifg=0 (mod 5);

RS
Y (CHsq) < ypr(CHs ) < 4 |8 5+ |+2 ifqg=1,2,4 (mod 5);
E +J+3 if ¢ =3 (mod 5).

Theorem 4.20. For any integer q > 6,
12 if ¢ = 6;

1 (CHeq) < {2 +2 ifg=0 (mod 4);
L%QJ+4 if ¢=1,2,3 (mod 4) and q # 6;

and
(12 if ¢ = 6;
o (CHy ) < 13 +2 ifg=0 (mod 4);
|5 +5 ifg=1,2 (mod 4) and q # 6;
13 +4 ifg=3 (mod 4).
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Theorem 4.21. For any integer q > 6,

120149 ifg=0 (mod 7);

|+5 ifg=1,2 (mod 7);
|+3 ifg=3 (mod 7);
]
]

I
1=

¥(CHrg) < ypr(CHzg) < 120
[ +4 if ¢=4,6 (mod 7);
I

+6 ifqg=5(mod 7).
Theorem 4.22. For any integers p > 8 and q > 6, v(CHpq) < vpr(CHpq) < 2[51[4] + 2.

The next two theorems give better bounds than ones in Theorem 4.22 for some special values of p

and gq.

Theorem 4.23. If§ <p=0 (mod 2) and 9 < ¢g=1 (mod 4), then +(CH,,) < p(qjl) + 2.

Theorem 4.24. If9 <p=1 (mod 2) and q > 6, then

W if g=1,3 (mod 4);
W(CHpa) 9 ngrn)
PEatE) 2 if g=2 (mod 4);
and
W_Q if =1 (mod 4);
vor(CHy ) < Mﬁ —2 ifq=2 (mod 4);
W if =3 (mod 4).

4.3. Total and Paired Domination Numbers of Some Web Graphs. We present the total and
the paired domination numbers of a web graph W), ,, where the values of p and ¢ are divided as follows:
pe{2,3tand ¢ >3; p>4and g € {3,4}; p € {4,5,6} and ¢ > 5.

Theorem 4.25. For any integer q¢ > 3,

qg+1 ifqis odd,
1 (Wayq) = g+ 1 and vpr(Waq) =
q+2 if qis even.

Proof. Note that each (W5 4)-set must contain the ¢ support vertices and one vertex of C" to domi-
nate ¢, so v (Waq) > g+ 1. Since vy (Waq) is even, v, (Waq) > ¢+1if g is odd, and . (Waq) > ¢+2
if ¢ is even. Note that {u11} U C? is a total dominating set with cardinality ¢ + 1, and it is also a
paired dominating set if ¢ is odd. If ¢ is even, then {c,uj;} U C? is a paired dominating set with
cardinality g + 2. O
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Theorem 4.26. For any integer q > 3,

7t (Wag) = q+2 and ypr(Wag) = { ° F2 s even
q+3 ifqis odd.
Proof. Note that all ¢ support vertices of C® are in every vt(W3,4)-set. Then the induced subgraph
Wi g[{v:v ¢ N(C3)}] =2 W,. Since v(W,) =2, %(Ws,4) > g+ 2. We also get that v,,(Ws4) > ¢+ 2
if ¢ is even, and v, (W3,) > q + 3 if ¢ is odd. We note that D = {c,u; 1} U C? is total dominating
set. If ¢ is even, then D is also a paired dominating set; otherwise, D U {u 1} is a paired dominating
set. ]

Before we prove the other results, we need the following lemma which shows that the total (paired)

domination numbers of W), ; can be calculated from the total (paired) domination numbers of CHj,_o .

Lemma 4.27. For any integers p > 4 and q > 3,

Yt (Wp,g) = v(CHp24) +q

and
(W) = Yor(CHp—24) + ¢ if q is even;
Yor(CHp—24) +q+1 if q is odd.
Proof. Note that the union of a v, (CHp_2 4)-set and C? is a total dominating set of W), ;. Futhermore,
if |CP| = ¢ is even, then the union of a ~,,(CHp_24)-set and C? is a paired dominating set of W 4;
otherwise, the union of a 7, (CHp_2 4)-set and C? U{v1} is a paired dominating set of W}, ;. Then we
get the upper bounds of v;(W), 4) and v, (W q)-

We know that all ¢ support vertices of CP are in every (W), 4)-set and every v, (W) 4)-set. Then
the induced subgraph W ,[{v : v ¢ N(CP)}]| is CHp_24. Therefore, v(Wp4) > (CHp—24) + q.
Similarly, vpr(Wp.q) = Ypr(CHp—24) + q if ¢ is even, and vp (W q) > Ypr(CHp—24) + q+ 1 if ¢ is
odd. ]

By Lemma 4.27 together with Theorems 4.6 - 4.10, we obtain Theorems 4.28 - 4.32, respectively.

Theorem 4.28. For any integer p > 4,

(4(195_2)1 +3 ifp=0,1,4 (mod 5);

Y (Wp3) =
: (4(7’;2)]4—4 if p=2,3 (mod 5);

and
(421 15 ifp=0,3 (mod 5);

Yor(Wp,3) = [@1 +4 ifp=1,4 (mod 5);
[@1 +6 ifp=2 (mod 5).
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Theorem 4.29. For any integer p > 4,

p+3 if pis odd,
’Yt(WpA) = ’YpT(WpA) -
p+4 ifpis even.

Theorem 4.30. For any integer ¢ > 5,

10 if ¢ =6;
N (Wag) = 2[22] + ¢ if ¢=0,1 (mod 4);
2[%3W+q—1 if g=2,3 (mod 4) and q # 6;
and
10 if g = 6:
Yor Wag) = 2[%% +4q if q is even and q # 6;
2[%1 +q+1 ifqisodd.

2[5 +q if ¢=0,2,3 (mod 6);
Yt (Wsq) = 5
2(%1 +q—1 otherwise;
and
2(%31 +4q if q is even;
Yor (W g) = +3
2(%1 +q+1 ifqisodd.
Theorem 4.32. For any integer q > 5,
11 if ¢ =5;
Y (We,q) =

2¢g+2 ifq>6;

and
12 if ¢ =5;
Yor(We.q) = 2q+2 if q is even;
2q+4 if q is odd and q # 5.

4.4. Upper Bounds of v(W, ) and 7,.(W, ). Previously, we showed the exact values of v,(WW)4)
and 7y, (W, 4) for some small values of p and q. We now present the upper bounds of v(W),,) and
Yor(Wpq) for p > 7 and ¢ > 5. By using Lemma 4.27 together with Theorems 4.18 - 4.24, we easily
get Theorems 4.33 - 4.39, respectively.

https://dx.doi.org/10.22108/toc.2025.145488.2286


https://dx.doi.org/10.22108/toc.2025.145488.2286

Trans. Comb. 15 no. 4 (2026) 251-272 P. Eakawinrujee and N. Trakultraipruk

Theorem 4.33. For any integer p > 7,

(9(7777_?’)} +7 ifp=0 (mod 7);

'Vt(Wp,S) <
(9(p7_3)1 + 8 otherwise;

and

(427410 ifp=0 (mod 3);
Yor(Wps) < [@1 +8 ifp=1(mod 3);
[74(1)3_3)1 +9 ifp=2(mod 3).

Theorem 4.34. For any integer ¢ > 6,

| BB 41 ifg=0 (mod 5);
Y(Wrg) < 1HEE 42 ifg=1,2,4 (mod 5);

A

|48 ) 13 ifg=3 (mod 5);

and

+1 ifg=0 (mod 10);

+3 ifq=1,7,8,9 (mod 10);
Yor(Wrq) <

=5

| ]

|18 12 ifg=2,4,5,6 (mod 10);
| ] +4 ifqg=3 (mod 10).

Theorem 4.35. For any integer ¢ > 6,

(W) <[5 +2 ifqg=0 (mod 4);
1] +4 ifg=1,2,3 (mod 4) and q # 6;

and

18 if ¢ = 6;

L%J +2 ifg=0 (mod 4);

%] +6 ifg=1 (mod 4);

1] +5 ifg=2,3 (mod 4) and g # 6.

’YpT(WS,q) <
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Theorem 4.36. For any integer q > 6,

[24]+2 ifq=0 (mod 7);
119 45 ifg=1,2 (mod 7);
N(Woq) < [124] +3 if¢=3 (mod 7);
1224 +4 ifg=4,6 (mod 7);
12%4] +6 ifg=5 (mod 7);

and

Y4142 ifg=0 (mod 14);
Y446 ifg=1,9,12 (mod 14);
99) 45 ifq=2,811,13 (mod 14);
B9 44 ifq=3,4,6 (mod 14);
99) 47 ifg=5 (mod 14);

X 9] 4+3 ifq=7,10 (mod 14).

I
|
Yor(Woq) < t
I
I

Theorem 4.37. For any integers p > 10 and g > 6,

(W) < 2722110 4 g 42

and

L2194 +q+2 if q is even;

Yor(Wp,g) < 32 ! o
2[5=1[41 +q+3 ifqis odd.

The next two theorems provide some better bounds of v;(W) 4) and (W) 4) than those in Theo-
rem 4.37 for some special values of p and gq.
Theorem 4.38. If10 <p=0 (mod 2) and 9 < ¢=1 (mod 4), then v (W, 4) < w + 1.

Theorem 4.39. If 11 <p=1 (mod 2) and q > 6, then

w_1 if ¢=1,3 (mod 4);

Y (Whpq) < w — 4 ifg=2 (mod 4);
and
@) _ 4 if g =1 (mod 4);
(W) 3 95242 (mod )
%}qﬂ) if =3 (mod 4).
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5. Open Problems

We have obtained upper bounds of v,(CHp, 4) and 7, (CHy 4) for p,q > 5 in Subsection 4.2 and the
upper bounds of v,(W), 4) and v, (W) ) for p > 7 and ¢ > 5 in Subsection 4.4. To approach the exact

values for these parameters, we provide the following problems.

e Determine lower bounds of v(CH) ) and v, (CH, ) for p,q > 5.
e Determine lower bounds of (W) ,) and v, (W) for p > 7 and g > 5.
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