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CIRCULANT MATRICES OF EACH RANK OVER FINITE FIELDS

YANGJIANG WEI~ AND YI MING ZOU "~ *

ABSTRACT. We consider the enumeration of circulant matrices over a finite field with ¢ elements, and
we provide formulas to compute the number of these circulant matrices for each rank. We also consider
the computation of the orders of ¢ in multiplicative groups of integers modulo n that are needed in the
enumeration, and we give a reduction method to compute these orders. We then use these results to

derive explicit formulas for the enumerations of infinite sequences of circulant matrices of some special

types.

1. Circulant matrices and their ranks

Circulant matrices have been studied in many publications due to their practical importance (see for
examples [3, 4, 5, 6, 7, 9, 11]). In particular, the rank problem of a circulant matrix over a field was
considered in [5] (over the field of complex numbers) and in [4] (over an arbitrary field). It was briefly
mentioned in [4] how one might be able to enumerate the circulant matrices over a finite field F,, for each
rank by applying the result of [2], but no formula was given. Indeed, such formulas would depend on the
computation of the orders of ¢ in multiplicative groups of integers modulo n for certain n (see definition
later), but there is no formula to compute these orders in general. For example, in the formula for the
number of nonsingular circulant matrices over I, given by some later publications (see [11] and the

references therein), a minimizing procedure to compute the orders of ¢ in these multiplicative groups
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of integers modulo n was built into the formula. To use this formula, it is necessary to compute these
orders of ¢ first by applying the minimizing procedure to each modulo case. In this paper, we will first
discuss how to compute the number of circulant matrices over F, for each rank. Then, we provide a
procedure to help us to compute the needed orders of gq. Our procedure reduces the general computation
to the base prime number modulo cases. By using our results, we will be able to derive enumeration
formulas (in the forms of integer sequences) for many special sequences of circulant matrices.

Let F be a field and let n > 1 be an integer. Given a row vector a = (ag,a1,...,a,—1) of size n,
where a; € F, 0 < i < n — 1, the corresponding n x n circulant matriz defined by a (the generating

vector) is the following matrix

ap  ap - ap_1
(1.1) circ(a) = o=t o o=
al az - ago
The following polynomial
(1.2) falz) = 12"Vt an_ox™ 2+ -+ a1z + ag

is called the associated polynomial of the circulant matrix circ(a). The name came from the following

fact. If C' is the permutation matrix corresponding to the cyclic permutation (n,n —1,...,1) given by
01
0
C= ;
1
1 0
then

circ(a) = fa(C) = an_1C™" ' + ap_20™" 2 + - + a1C + agl.

With the above notation in hand, we can recall the following theorem due to Ingleton [5] and Daykin
[4]:

Theorem 1.1. (Ingleton-Daykin) Let F be a field. For any given a = (ag,ai,...,an—1), where a; € F,
0<i<n-—1, we have

(1.3) rank(circ(a)) = n — deg(ged(fa(x),z"™ — 1)).

In particular, circ(a) is nonsingular if and only if

ged(fa(z), 2™ — 1) = 1.

https://dx.doi.org/10.22108/toc.2025.138779.2097
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Remark 1.1. Ingleton [5] proved this theorem for the field of the complex numbers, but the proof does

not apply to a general field. Daykin [4] gave a proof which works for an arbitrary field. We provide a

somewhat different proof below.

Proof. Since the rank of a matrix over F remains the same in any field extension of F, we can assume

that F contains all the roots of ™ — 1, and consider the Jordan form of the circulant matrix C. Let

J1

(1.4) J= &

Ji

be the Jordan form of C' with the Jordan blocks J; (upper triangular), 1 < ¢ < k. The rank of the

circulant matrix circ(a) = fa(C) is the same as the following matrix

fa(Jl)

a Jé
(1.5) falJ) = Rl

fa(Jk)

Thus the rank of circ(a) is equal to the sum of the ranks of the matrices fa(J;), 1 < i < k. For any
1 < i < k, let the eigenvalue of J; be A;. Then the eigenvalue of fa(J;) is fa(Ai). Thus, if A; is not a root
of fa(z), then fa(J;) has full rank, since it is an upper triangular matrix with fa(\;) on the diagonal.
To find the rank of fa(J;) when J\; is a root of fa(z), consider the structure of fo(J;). Suppose that J;

is of size d x d. By induction on m > 1, it is easy to obtain the following formula:

AP OPATTL opaAmtE L o At
AT Tt :
" = oo o |
Clm)\lmfl
A
where the C}"’s are the binomial coefficients. Write the first row of the matrix fa(J;) as (b1, ba,. ..
then
bl bQ b3 e bd
bl b2
(1.7) falJi) = SR
b2
b
where
n—1
k k—j+1 .
bj = Z arCi_ N 7T, 1< g <d.
k=j—1
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It is clear from (1.7) that if b; is the first nonzero element, then the rank of fa(J;) is d — j + 1; and if

all b; = 0, then the rank is 0. Using derivative notation, we can write
20
G-’

Note that all notation make sense even if F has positive characteristic. We want to show that if

(1.9) fa(x) = (z = X)'g(),

where t > 1 and g(\;) # 0, then b; =0, j = 1,...,¢, and byy1 # 0. This implies that the rank of fa(J;)

is d — t, and thus implies the theorem. Since the size of J; is d, if ¢ > d, then

fa(Ji) = (Ji = Ia\i)'g(Ji) = 0- g(J;) = 0.

(1.8) b = 1<j<d

That is, in all cases where t > d, the ranks of f,(J;) are always 0. So we can assume t < d. To help us

see things better, we make a change of variables in (1.9) by letting z = y + A;, and write
(1.10) h(y) = faly + X)) = oy 4+ ey, o #0.

Then for k£ > 1,

and f¥Y(\;) = H71(0). So by (1.8),

hU=1(0)
1.11 b= ——2 1<j<d.
( ) J (] _ 1)!
But from (1.10), it is clear that by, = h*=D(0)/(k —1)! = 0 for all 1 < k < t, and b,y = h(0)/t! =
Ct 75 0. []

In the next section, we will consider the enumeration of n x n circulant matrices over a finite field

for each rank.

2. Circulant matrices of each rank

From now on we assume that F, is a finite field of ¢ elements, where ¢ = p© for a prime integer p and
an integer ¢ > 0. Given integers n > 1 and 0 < r < n , let N(g,n,r) be the number of n x n circulant
matrices of rank 7 over F,. According to Theorem 1.1, to find N(g,n,r), we can count the number of

a € Fy such that
(2.1) deg(ged(fa(x),2" = 1)) =n—r.

Define a function ¢g, : Fy[z] — Z>¢ as follows. If f is a nonzero polynomial, then ¢q,(f) counts
the polynomials g of degrees less than r such that ged(f,g) = 1; and ¢4,(0) = 0. If n is the degree of
[y @gn(f) is just the usual Euler function that counts the number of polynomials g of degrees less than
the degree of f such that ged(f,g) = 1, which is usually denoted by ¢4(f). Assume that 0 < r < n,
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and let g, 1(x),...,grk. () be distinct monic factors of ™ — 1 in Fy[z] of degree n — r. Then we have

the following theorem.
Theorem 2.1. If 2™ — 1 has no factor of degree n — r, then N(q,n,r) = 0; otherwise

1 if r =0;

(2.2) N(g,n,r) =
kr¢q,r(xn - 1) if?" > 0,

where k, is the number of distinct monic factors of ™ — 1 of degree n — .

Proof. Notice that since ¢ (2" — 1) = 0, we need to separate (2.2) into two cases. We only need to
prove the last case, since the other parts are clear. Assume r > 0 and " — 1 has factors of degree n—r.
If (2.1) holds, then fa(z) = h(z)g,i(x) for a unique 1 < i < k, and a unique h(x) of degree less
than r such that ged(h(z),2™ — 1) = 1. Conversely, given an h(x) of degree less than r such that
)gr.i(z) that satisfies (2.1). Thus,

there is a bijection between the set of pairs of polynomials (h(x), gr;(x)) such that deg(h(x)) < r and
ged(h(z), 2™ — 1) = 1 and the set of polynomials f(x) such that deg(f(z)) < n and deg(ged(f(z),z™ —
1)=n—r. O

ged(h(x),2™ —1) = 1 and a g,;(x), we obtain a unique fa(x) := h(z

Example 2.1. Over the field Fy, the irreducible factorization of x° —1 = x® + 1 is
1=+ +23+22+ 2 +1).
Thus there is no rank 2 nor rank 3 circulant 5 x 5 matrix over Fo.

Next, we consider the computations of k, and ¢, (2™ — 1) in (2.2). For integers u,v, let p(u,v) =
max{u — v,0}. Let f € F,[z] be a polynomial of degree n > 0 and fix an irreducible factorization
1,m2

f=9g{"gy? g, in Fy[z], where the g;’s are distinct and irreducible. Let the degree of g; be n;
(1<i<k).

Lemma 2.1. We have

k
(2.3) bgr(f) = ¢ — Z ghrm) 4 Z gt na)
i=1 1<i<j<k
_ Z qu(r,m+nj+nz) N (_Dkqu(r,z}f:l ni).
I<i<j<t<k

Proof. The number of polynomials of degrees less than r is ¢". If h(z) is one of these polynomials and
ged(f, h) # 1, then there is an ¢ such that g;|h. The polynomials of degrees less than r that are divisible
by g; are exactly the multiples of g; of degrees less than r. Since the degree of g; is n;, if r < n;, then
only the zero polynomial 0 satisfies the requirement; and if » > n;, then the multiples of g; of degrees
less than r are kg; such that deg(k) < r — n;. There are ¢"~™ such polynomials. Thus the number

of polynomials of degrees less than r that are divisible by g; is ¢max{r—740} — ¢u(rni) - Similarly, the

https://dx.doi.org/10.22108/toc.2025.138779.2097
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number of polynomials of degrees less than r that are divisible by g;g;, 1 <i < j < k, is gHrmmitng)

etc.. Thus, the lemma follows from the inclusion-exclusion principle. 0

To use Lemma 2.1 for f = 2™ — 1, we recall some known facts about the factorization of =™ — 1. If
n = p®m, where p { m, then 2" — 1 = (2™ — 1)P". Thus to find the distinct irreducible factors of 2™ — 1,
we only need to work with 2™ — 1. This polynomial has m distinct roots in its splitting field, and all
its irreducible factors in F,[z] have multiplicity 1. Let £ be a primitive mth root of unity (could be in

an extension of Fy) and define the mth cyclotomic polynomial over F, by

(2.4) gm(@) =[] @-€)

It is well-known (see e.g. [8]) that deg(gm(z)) = ¢(m), where ¢ is the Euler totient function on integers,
the coefficients of g,,(z) belong to the prime subfield of F,, and 2™ —1 factors into the following product

of cyclotomic polynomials in Fg[z]:

(2.5) 2™ —1 =] [gr().

k|m

The following theorem is well-known (see [8, Theorem 2.47]).

Theorem 2.2. Under the assumption that p t m, the mth cyclotomic polynomial gn,(x) factors into
¢(m)/d distinct monic irreducible polynomials in Fy[x] of the same degree d, where d is the order of

(the residue of ) the integer q in the multiplicative modulo group Z,.

Denote the order of ¢ in the multiplicative group Z; by ord(q), where k > 0 and p { k. For a positive
integer m, let the set of the divisors of m be D(m), that is
D(m)={d|1<d<mandd|m},
and let (assume p{m)

D(m)(q) = {orda(q) | d € D(m)}.

Then we have the following corollary of Theorem 2.2:

Corollary 2.1. Assume that ptm. The set D(m)(q) provides the degrees of the irreducible factors of

™ — 1 in Fy[z]. For each k € D(m)(q), ™ — 1 has ng(k) distinct monic irreducible factors of degree

k, where
1
(2:6) ng(k) =+ >, @ld).
deD(m)
ordg(g)=k
Proof. This follows from formula (2.5) and Theorem 2.2. O

https://dx.doi.org/10.22108/toc.2025.138779.2097
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Let
M= Z Z ordk
keD(m)(Q)
Then M is the number of monic irreducible factors of ™ — 1 in F,. Let n(m);, 1 < i < M, be the
degrees of these irreducible factors arranged in a nondecreasing order: n(m); < n(m)J if i < j. The

next corollary gives a formula for ¢, (2™ — 1) for an arbitrary positive integer n.

Corollary 2.2. Notation as above. Let n > 0 be an integer and let n = p*m, where p{ m. Given any
integer r = 0, the number of polynomials in Fy[x] of degrees < r and are relatively prime to ™ — 1 is
given by the following formula:

M
(2.7) bgr(z™ —1) = ¢ — 2 g me) Z gk +n(m)y,)
k=1 1<ki<ko<M
. Z q“(rxn(m)kl +n(m)k2+n(m)k3)

1<k <ko<ks<M

4o+ (*1)1‘/1(]#(7"7211:1:1 "(m)k)'

Proof. This follows from Lemma 2.1 and the fact that under the assumption, 2" — 1 = (™ — 1)*" (so

the distinct irreducible factors are all from ™ — 1). O

The integer coefficient k, in formula (2.2), i.e. the number of distinct monic factors of z” — 1 in
Fy[z] of degree n — r, can be computed by using a partition function as follows. Again, let n = p®m,
where p t m. Then the multiplicities of the irreducible factors of 2™ — 1 = (2™ — 1)P* are all equal to
p®. Recall that M is the number of monic irreducible factors of 2™ — 1 in F,. Let

M
(2.8) Py(n,r) = {(ma,...,mun) € Z¥% | mi; < p” and Z min(m); =n—r},
i=1

and let | Zy(n,r)| = py(n,r). Then

(2.9) kr = pq(n, 7).
We give an example to explain the notation and the formulas.

Example 2.2. Let the field be Fo and let n = 60 = 4 x 15. Then q = 2 and m = 15. Since the factors
of 15 are 1,3,5,15, by Theorem 1.1, the degrees (ordg(q)) of the irreducible factors of x> — 1 are

ord;(2) = 1,0rd3(2) = 2,0rd5(2) = 4, ord;5(2) = 4,

and the corresponding numbers of these distinct irreducible factors are
o), 3 _, 6B) _, o05)
1 T2 T4 T4

Thus the numbers of irreducible factors of degrees 1,2,4, respectively, are

= 2.

na(1) =1, na(2) =1, nao(4) = 3,

https://dx.doi.org/10.22108/toc.2025.138779.2097
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and the total number of distinct irreducible factors is M = 5. So the sequence of degrees of the irreducible

factors of ' — 1 is (see the paragraph before Corollary 2.2)
n(15); = 1, n(15)y = 2, n(15)3 =4, n(15)4 = 4, n(15)5 = 4.

With the above information, we can compute the number of 60 x 60 circulant matrices of any given
rank. Consider for example, the case v = 4. To obtain the number of distinct factors of %0 — 1 of

degree n — r = b6, we solve the following integer equation
m1 + 2msg + 4ms + 4dmy + dms = 56
subject to 1 < m; <4, 1<4<5. There are 5 solutions:
(2,3,4,4,4), (4,2,4,4,4), (4,4,3,4,4), (4,4,4,3,4), (4,4,4,4,3).

So p2(60,4) = 5.
For r = 4, the exponents p(4,s) of ¢ = 2 in formula (2.7) are all equal to O except for the following
3 cases:

and n(15); + n(15)y = 3, n(4,3) = 1.
Therefore by (2.7) we have
Poa(x® —1) =2t — (22 +22+3)+ (2+9) - 10+5—1=6.
Thus, by Theorem 2.1, the number of 60 x 60 rank 4 circulant matrices over Fo is

N(2,60,4) = p2(60,4) x ¢o4(2% —1) =5 x 6 = 30.

Consider the nonsingular n x n circulant matrices. In this case, 7 = n, py(n,n) = 1, and all exponents

of ¢ in formula (2.7) satisfy p(n,s) = n —s. Thus by Theorem 2.1 and Corollary 2.2, we have

https://dx.doi.org/10.22108/toc.2025.138779.2097
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(2.10) N(g,n,n) = pg(n,n)dgn(z™ —1)
= Pgn(z" —1)
M
— Z n— ”(m)k Z q"—("(m)k1+7l(m)k2)
k=1 1<ki<ko<M
_ Z qn—(n(m)kl+n(m)k2+n(m)k3)

1<ki<ko<ks<M

4+ (fl)Mq”*Ziuzl n(m)g

M
_ q"(l _ Z q_"(m)k + Z q_(n(m)kl +n(m)r,)
k

1<ki<ko<M
_ Z q—(”(m)kl +n(m)gy +n(m)e,)

1<k <ko<ks<M

4+ 4 (_]_)M *Zklen(m)k)

M
1:1

The above formula can also be derived by using known results directly, for example, by [8, Lemma 3.69]. By

changing the notation, we obtain the following known formula (see [11] and the references therein):

Corollary 2.3. Let p be a prime integer, and let n = p®m, where m > 0 and p t m. The number of n X n

(&

nonsingular circulant matrices over F,, where ¢ = p°, can be computed by the following formula:

¢ (k)
(211) N(q7n’ n) = an(l — _Ordk(q))oxdk(q)
klm

N Gt

klm

Proof. The first equality follows from Theorem 2.2 and formula (2.10). The second equality follows from the fact
that 3, ¢(k) = m. O

Example 2.3. By using the information in Example 2.2 and formula (2.11), we get the number of nonsingular

60 x 60 circulant matrices over IFy:

N(2,60,60) = 2%° . (2 —1)- (22 —1) - (2* —1)3 =275 .3% .53,

Example 2.4. Consider the field Fs2 and n = 60 = 5 x 12. Then q = 25 and m = 12. The factors of 12 are
2,3,4,6,12, and ordi(25) =1 for all k = 1,2,3,4,6,12. Since

¢(1) + ¢(2) + ¢(3) + 6(4) + $(6) + $(12) = 12,
by formula (2.11), the number of nonsingular 60 x 60 circulant matrices over Fs2 is
N(52,60,60) = 25 . (25 — 1)12 = 2518 . 2412,

https://dx.doi.org/10.22108/toc.2025.138779.2097
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We consider another special case: 7 = n — 1. Keep the notation of Cor. 2.3 and suppose that 2™ — 1 has ¢
roots (distinct since p { m) in Fy. Then py(n,n — 1) = ¢, the number of distinct monic linear factors of 2™ — 1
(see (2.8)). There are two cases to be considered for ¢g,—1(z™ — 1).

If @ > 0, then since

M
n—1l=p'm—-1=2m= Zn(m)k,
k=1

all exponents of ¢ in formula (2.7) satisfy p(n —1,s) =n —1 —s. Thus similar to (2.10), we have
M
bama & 1) = [ (1= g0,
i=1

Ifa=0,thenn=m = 22/[:1 n(m)g, so the exponents of ¢ in formula (2.7) satisfy p(n —1,8) =n—-1—s

except the last term, which is

(~DM gt R ) = (M0 = (—1)M.

So by adding and subtracting the following term
(_1>qu—1—2£,/1:1 n(m)rp _ (—I)Mq_l

to formula (2.7), we have

(=g ™)+ (=)M(1—q ")

=

Pgm—r(a” —1) =¢""!
i=1

Summarizing our discussion, we have the following corollary.

Corollary 2.4. Let p be a prime integer, and let n = p*m, where m > 0 and p t m. The number of n x n

C

circulant matrices of rank n — 1 over Fy, where g = p°, can be computed by the following formula:

(2.12) N(g,n,n—1)
(k)
_ t(qn71 n(l o qfol'dk(q))ordk(q) + 50,a(_1)M(1 _ qfl))
k|m
n—m—1 ordg (q) 2B M -1
= g [ J@ O )T+ 5 (1M1 - g7,
klm
where t is the number of roots of ™ — 1 in Fy, M = Zk‘m %, and 0o, = 1 or 0 according to a = 0 or not.

Proof. The corollary follows from Theorem 2.1, Theorem 2.2, and the discussions just before the corollary. [

Example 2.5. Consider 60 x 60 circulant matrices of rank 59 over Fy. Since ' — 1 has one linear factor over
Fo, t = 1. Inputing the information in Example 2.2 into formula (2.12) (¢ =2, n =60, m =15, a =2 #0), we

have
N(2,60,59) = 200715=1(2 —1)(22 —1)(2* — 1)3 = 2. 3. 5%

Consider 60 x 60 circulant matrices of rank 59 over Fs2. Since x'2 —1 factors into linear factors over Fs2 (c.f.
Ezample 2.4), t = 12. By formula (2.12) (¢ =25, m =12, a =1 # 0), we have

N(5%,60,59) = 12-25%7 . (25 — 1)!? = 12. 2547 . 2412,

https://dx.doi.org/10.22108/toc.2025.138779.2097
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The formulas on the number of circulant matrices of a given rank all depend on the variable ordg(q), so we
will consider the computation of ordy(g) in the next section. Our result will enable us to give the enumerations

of the numbers of certain infinite sequences of circulant matrices of given ranks in the forms of integer sequences.

3. Computing ordg(q)

The computation of ordy(q) can be reduced to the prime power cases by using the following lemma.

Lemma 3.1. Let b > 0 be an integer and suppose its prime factorization is b = p{' ---pS, where the p; are
prime integers and each e; = 1. Let n > 1 be an integer such that ged(b,n) = 1. Iford,ei(n) = h;, 1 <i<s,
then

(3.1) ordp(n) =lem(hy, ..., hs).

Proof. Tt is a basic fact in group theory that if g = (g1,...,9x) € G1 X - -+ x G}, (a direct product of groups), and
each ¢; has finite order, then the order of g is the least common multiple of the orders of g1,...,gx. Therefore,
the lemma follows from the fact that Zj =~ Zy., x -+ x Zz... O

As for the prime power cases, due to the structure differences of the groups Zy. according to p = 2 or not, we
shall treat the cases p = 2 and p > 2 separately. We first consider the odd prime cases. The following lemma

reduces the computation of ord e (n) to the base cases.

Lemma 3.2. Let p be an odd prime, let n > 1 be an integer such that pt n, and let h be a positive integer such
that h|(p — 1). Suppose that the order of n in Z;i is h for 1 <1i < t, and the order of n in Z;f“ is ph. Then for

any positive integer e = t, the order of n in Z;’je is p¢~th.

Proof. The case e = t + 1 is included in the statement of the lemma, so we can assume that e > ¢+ 1 (> 2) in
our discussion. It is well-known that Z;e is a cyclic group of order p°~!(p — 1) for any odd prime p (see e.g. [1,
Theorem 8.9]). So the order, say k, of n in Z%. is a factor of p~Y(p—1). Let k =p"s, where 0 < r < e—1 and
s|(p —1). Let g be a generator of Zy.. Then by the properties of cyclic groups, there is a positive integer b such
that

(1) n = g® + vp® for some integer v, and
(2) ged(b,p*H(p — 1)) = p*"'a, where a = (p — 1)/s.

e—r—1

By (2), we can write b = p au, where u is a positive integer. Then ged(u,p(p — 1)) = 1, thus g“ is

e—r

also a generator for Z.. Since n = (g*)? Tla gy vp®, change the generator g if needed, we can assume that

n=g" "4 pp°. We need to show that r = e — ¢t and s = h.

Since for each 1 < i < e, Z;’;- is cyclic of order p'~!(p — 1), Z*, is a quotient of Zy.. Hence g is also a generator

< )
P - ‘
of Z:’i for all 1 < i < e. Notice also that for any 1 <i<e, n= glf?ril@ (mod p*) and g*" -1 =1 (mod p?).

e—r—1 e—r—1

= g (mod p). Hence n = g

a —

To see that s = h, we observe that since gpk = g (mod p) for k > 0, gP
g® (mod p). Thus the order of n in Z} is s = (p — 1)/a, which is equal to h by assumption.

If r > e—t, then e —7 —1 <t — 1. Since the order of Z% is p'~'(p — 1), the order of n = g*" "' (mod pt)
in Z% is p'=t(p—1)/p°~""ta = p’h for some j > 0. This is a contradiction to the assumption.

If r <e—t thene—7—1 >t Thus ged(p "ta,p!(p — 1)) = p'a. Hence the order of n in L%y is

pt(p — 1)/pta = h, which is also a contradiction to the assumption. So we must have r = e — t. |
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Next, we consider the case p = 2. The structure of Z. depends on e, and it is not cyclic for e > 3:

{1}, ife=1,
(3.2) Zse = % Zo, if e = 2;

Zo x Tge—s, ife>3.

Furthermore, for e > 3, Z%. is generated by the residues of —1 and 5, and it can be viewed as the direct product
of the cyclic subgroups (—1) and (5) (see e.g. [10, Theorem 2.43]):

(3.3) Z;e >~ (—1) x (5) = {il} % {175’527537. . .’52%2_1}.

The order of any given odd integer n in Z3 is 1, and its order in Z3, is either 1 or 2. For other powers of 2,
we have a result that is similar to Lemma 3.2. Notice that Z;‘a >~ 7o X Zso, so the order of n in Z’Q"3 must also be
either 1 or 2. This is the reason for the assumption that ¢ > 3 in the following lemma. Also, notice that for e

large enough, the order of a given odd integer n > 1 in Z%. will be > 2.

Lemma 3.3. Let n > 1 be an odd positive integer. Assume that for some t > 3, the order of n is 2 in Z3, and

is 4 in Zy,... Then for all e > t, the order of n in Z3. is ge—tt+l,

Proof. Though the proof is similar to the proof of Lemma 3.2, some modifications are needed, so we give a
detailed proof here. Since the order of the noncyclic group Zj. is 27!, we can assume that the order of n in Z3.
is 2" for some 0 < 7 < e — 1. According to (3.3), n = (—1)25° + k2¢, where a € {0,1}, and 0 < b < 2°72 — 1 such
that ged(b,2°72) = 27277, Let b = 2°727"y, and let g = 5“. Then g also generates the cyclic subgroup (5) for
any Z% (e >3), and n = (—1)%¢2" " + k2¢. The factor (—1)® does not matter since ((—1)%)2 = 1, so we need
to show that r = e — ¢t + 1. The case that e =t is part of the assumption, so we assume that e > ¢.
Ifr>e—t+1,then0<e—2—r<t—3s0t—2—(e—2—r)>1 Thus from n=(—1)%2>" " (mod 2!),
we see that the order of n in Z;t is 2t_2/25_2_r > 2. This is a contradiction to the assumption.
Ifr<e—t+1,thent—1—e+7r<0,andsot—1—(e—2—r) <2 Thus fromn = (—1)?¢2" " (mod 2!+1)
(notice that e > t), we see that the order of n in Z%,, is 2071/2¢727" < 22 — 4. This is also a contradiction.

Thus we must have r = e — ¢ + 1. O

Example 3.1. Consider the orders of 3 in Z3., Z¥., and Z5,..

Some simple computations show that
orda(3) =1, ordy2(3) =2, ordss(3) =2, and ords(3)=4.

So by Lemma 3.3, ordae(3) = 2672 for all e = 3.
Since ords(3) = 4 and ords2(3) = 20, by Lemma 3.2, ordse(3) = 4571 for all e > 1.

Now by Lemma 3.1, we have

ordip(3) = lem(2,4) =4,
ordip2(3) = lem(2,20) = 20,
ordyp3(3) = lem(2,100) = 100,
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and for e = 4,
ordge (3) = lem(2°72,4 x 5°71) = 2672571 = 5. 10°72.

We finish this section by giving an example on using the lemmas in this section in the computation of the

numbers of n x n nonsingular and rank n — 1 circulant matrices over the field of 9 elements.

Example 3.2. Let the field be Fs2 and let n = 32-52-7%. According to the notation of Corollary 2.3, ¢ = 3% and
m =5%-72. We have

ords(3?) = 2, ords2(3%) =25, and
ord7(3%) = 3, ord;2(3*) =3 7.

So, ords.7(3%) =23 =6, etc.. We summarize the information in the table below, where k stands for the factors

of m arranged in ascending order:

k 1 5 7 5% 5.7 72 52.7 5.7 52.7%

ordg(q) 1 2 3 10 6 21 30 42 210

(k) fordp(q) |1 2 2 2 4 2 4 4 4

Thus by formula (2.11), the number of nonsingular circulant matrices of size 3% - 52 - 7% over Fg is

N(3%,3%.5%.7%,3%.5% . 7%)

= 932 (gl 7). (92 _1)2. (9% — 1)2. (9'° — 1)2
(98 = 1) (97 = 1) (97 = )T (97 = )T (970 - 1),

and by formula (2.12), the number of rank 32 - 5% - 72 — 1 circulant matrices over Fg is (only one linear factor,
t=1)

N(3%,3%.5%.7%,3%.5°. 77 — 1)

= 9¥Pl 9t 1) (92 —1)*-(9° —1)%- (9" — 1)
(9% =19 =12 (9 - )T (9 - 1)t (97 - 1)t

4. Over the field F,

In this section, we restrict our attention to the field Fo and consider nonsingular and rank n — 1 circulant
matrices of prime power sizes. We start with some general comments. Let n = 2%m, where m > 1 and 2 { m.
Assume that the prime factorization of m is known. According to formulas (2.11) and (2.12), to obtain the
numbers of nonsingular and rank n — 1 circulant n x n matrices over Fy, we need to compute the orders of 2 in
Z3; for the factors k of m. By using the two lemmas in section 3, we need to find the ¢ such that ord,:(2) changes
its values after ord,:(2). However, even ord,(2) is unknown in general. For example, if p = 2" — 1 is a Mersenne
prime, then ord,(2) = u, which is much smaller than p—1 (the order of the group Z). On the other hand, 2 can

also be a generator of Z;. For example, in the case a = 19, 2 generates Z7,. Nevertheless, for any given prime p,
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the desired ¢ can be computed easily, and then we can enumerate these matrices of sizes p* x p* for all integers

k > 0. We list the formulas for primes < 20 in the theorem below.

Theorem 4.1. The formulas below give the numbers of nonsingular and rank n—1 circulant n x n matrices over

Fy, where n = p® (b= 1) for primes p < 20:

(p=2) N(2,2°,2%) = 22" N(2,2%,2" — 1) = 22"72.
b .

(p=23) N(2,3°,3") = []@** " ~1),
i=1

(p =5) N(2,5%5%) =[] - 1),
N(2,5%,5" — 1) = %(ﬁ(z“" oD+ ()Y
(p=") N(@2,7°,7) = ﬁ(f 12,

b .
(p=11) N2 11,117 = []@" 1),
1=1
1 b i—1
N(2,11°,11° — 1) =5 H 210 1) 4 (=)',
b i—1
(p =13) N(2,13°,13%) = [ [(2"*** ),
i=1
1 b i—1
N(2,13%,13" — 1) =5 H 21213 1)+ (=)',
b i—1
(p=17) N1y =[] - 1)?,
i=1
1 b i—1
N(2,17°,17° = 1) = 3 ]_[ 2817 )2 —1).
b i—1
(p = 19) N(2,19°,19%) H 218197 ),
1 b i—1
N 1919~ 1) = 1_[ 21819 )+ (1)),

Proof. For the case n = 2°, notice that according to the notation in Corollary 2.3, p = 2 and m = 1. So for the
orders ord(2), the only k we need to consider is 1 (there is only one term in the product part of formulas (2.11)

and (2.12)). Since ord;(2) =1 and ¢(1)/ord;(2) = 1, by the first formula of (2.11), we have
1 ooy
5) =2°""
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Since ™ — 1=z —1,t = 1. Thus
1) —_ 92"-2
5 .

The other cases can be derived from (2.11), (2.12), and Lemma 3.2. As an example, we consider the case

N(2,20,20 —1) = 22"~1(1 —

n = 7°. In this case, m = n = 7 and @ = 0 in Cor. 2.3 and Cor. 2.4.
The divisors of m to be considered are 7,0 < i < b. We have ord;(2) = 1, ord;(2) = 3, and ord;2(2) = 21.
Thus by Lemma 3.2, for i > 0, ord;:(2) = 3 - 7!, For i =0, ¢(1)/ord;(2) = 1; and for 1 <i < b,
4.1 —— = — = 2.
( ) 3.7:—1 3.7:—1

So by the second formula of (2.11), the number of nonsingular 7% x 7% matrices over Fy is

b
N(277b,7b) _ 275—7*' H (2% Tt
=1

- ﬁ(zi’"?"‘l ~1)2

i=1
As for the rank n — 1 ones, since 2™ — 1 has only one root in [y, in formula (2.12), ¢ = 1; and since a = 0, the

added term exists. From what we have computed and (4.1), we have

M = =1+ 2b.
Z OI‘dk +
k|7t

Therefore, by the second formula of (2.11), the number of n x n (n = 7°) rank n — 1 matrices over Fy is

=

N(2,7b77b - 1) — 27b77b 1 H 23 7=t . + (71)14*21)(1 _ 271)

i=1

@377 —1)2 - 1),

[
—
~.
I o
,_.:

3
The proofs are similar for other cases. O

Given a general n, if the factorization of n is known, then we can compute the number of n x n circulant
matrices of any given rank by using the formulas derived in this paper. We finish this paper by listing the

numbers (N) of nonsingular circulant matrices over Fo of sizes 1 < n < 31 in the table below.

n|l 2 3 4 5 6 7 8 9 10 11 12 13 14 15

N|1l 2 3 8 15 24 49 128 189 480 1023 1536 4095 6272 10125

n 16 17 18 19 20 21 22 23 24

N | 32768 65025 96768 262143 491520 583443 2095104 4190209 6291456
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n 25 26 27 28 29 30 31
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