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CIRCULANT MATRICES OF EACH RANK OVER FINITE FIELDS

YANGJIANG WEI AND YI MING ZOU ˚

Abstract. We consider the enumeration of circulant matrices over a finite field with q elements, and

we provide formulas to compute the number of these circulant matrices for each rank. We also consider

the computation of the orders of q in multiplicative groups of integers modulo n that are needed in the

enumeration, and we give a reduction method to compute these orders. We then use these results to

derive explicit formulas for the enumerations of infinite sequences of circulant matrices of some special

types.

1. Circulant matrices and their ranks

Circulant matrices have been studied in many publications due to their practical importance (see for

examples [3, 4, 5, 6, 7, 9, 11]). In particular, the rank problem of a circulant matrix over a field was

considered in [5] (over the field of complex numbers) and in [4] (over an arbitrary field). It was briefly

mentioned in [4] how one might be able to enumerate the circulant matrices over a finite field Fq for each

rank by applying the result of [2], but no formula was given. Indeed, such formulas would depend on the

computation of the orders of q in multiplicative groups of integers modulo n for certain n (see definition

later), but there is no formula to compute these orders in general. For example, in the formula for the

number of nonsingular circulant matrices over Fq given by some later publications (see [11] and the

references therein), a minimizing procedure to compute the orders of q in these multiplicative groups
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of integers modulo n was built into the formula. To use this formula, it is necessary to compute these

orders of q first by applying the minimizing procedure to each modulo case. In this paper, we will first

discuss how to compute the number of circulant matrices over Fq for each rank. Then, we provide a

procedure to help us to compute the needed orders of q. Our procedure reduces the general computation

to the base prime number modulo cases. By using our results, we will be able to derive enumeration

formulas (in the forms of integer sequences) for many special sequences of circulant matrices.

Let F be a field and let n ě 1 be an integer. Given a row vector a “ pa0, a1, . . . , an´1q of size n,

where ai P F, 0 ď i ď n ´ 1, the corresponding n ˆ n circulant matrix defined by a (the generating

vector) is the following matrix

circpaq “

¨

˚

˚

˚

˚

˚

˝

a0 a1 ¨ ¨ ¨ an´1

an´1 a0 ¨ ¨ ¨ an´2

...
...

. . .
...

a1 a2 ¨ ¨ ¨ a0

˛

‹

‹

‹

‹

‹

‚

.(1.1)

The following polynomial

fapxq “ an´1x
n´1 ` an´2x

n´2 ` ¨ ¨ ¨ ` a1x ` a0(1.2)

is called the associated polynomial of the circulant matrix circpaq. The name came from the following

fact. If C is the permutation matrix corresponding to the cyclic permutation pn, n ´ 1, . . . , 1q given by

C “

¨

˚

˚

˚

˚

˚

˝

0 1

0
. . .

. . . 1

1 0

˛

‹

‹

‹

‹

‹

‚

,

then

circpaq “ fapCq “ an´1C
n´1 ` an´2C

n´2 ` ¨ ¨ ¨ ` a1C ` a0I.

With the above notation in hand, we can recall the following theorem due to Ingleton [5] and Daykin

[4]:

Theorem 1.1. (Ingleton-Daykin) Let F be a field. For any given a “ pa0, a1, . . . , an´1q, where ai P F,
0 ď i ď n ´ 1, we have

rankpcircpaqq “ n ´ degpgcdpfapxq, xn ´ 1qq.(1.3)

In particular, circpaq is nonsingular if and only if

gcdpfapxq, xn ´ 1q “ 1.
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Remark 1.1. Ingleton [5] proved this theorem for the field of the complex numbers, but the proof does

not apply to a general field. Daykin [4] gave a proof which works for an arbitrary field. We provide a

somewhat different proof below.

Proof. Since the rank of a matrix over F remains the same in any field extension of F, we can assume

that F contains all the roots of xn ´ 1, and consider the Jordan form of the circulant matrix C. Let

J “

¨

˚

˚

˚

˚

˚

˝

J1

J2
. . .

Jk

˛

‹

‹

‹

‹

‹

‚

(1.4)

be the Jordan form of C with the Jordan blocks Ji (upper triangular), 1 ď i ď k. The rank of the

circulant matrix circpaq “ fapCq is the same as the following matrix

fapJq “

¨

˚

˚

˚

˚

˚

˝

fapJ1q

fapJ2q

. . .

fapJkq

˛

‹

‹

‹

‹

‹

‚

.(1.5)

Thus the rank of circpaq is equal to the sum of the ranks of the matrices fapJiq, 1 ď i ď k. For any

1 ď i ď k, let the eigenvalue of Ji be λi. Then the eigenvalue of fapJiq is fapλiq. Thus, if λi is not a root

of fapxq, then fapJiq has full rank, since it is an upper triangular matrix with fapλiq on the diagonal.

To find the rank of fapJiq when λi is a root of fapxq, consider the structure of fapJiq. Suppose that Ji
is of size d ˆ d. By induction on m ě 1, it is easy to obtain the following formula:

Jm
i “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

λm
i Cm

1 λm´1
i Cm

2 λm´2
i ¨ ¨ ¨ Cm

d´1λ
m´d`1
i

λm
i Cm

1 λm´1
i

. . .
...

λm
i

. . . Cm
2 λm´2

i

. . . Cm
1 λm´1

i

λm
i

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,(1.6)

where the Cm
k ’s are the binomial coefficients. Write the first row of the matrix fapJiq as pb1, b2, . . . , bdq,

then

fapJiq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

b1 b2 b3 ¨ ¨ ¨ bd

b1 b2
. . .

...

b1
. . . b3

. . . b2

b1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,(1.7)

where

bj “

n´1
ÿ

k“j´1

akC
k
j´1λ

k´j`1
i , 1 ď j ď d.
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It is clear from (1.7) that if bj is the first nonzero element, then the rank of fapJiq is d ´ j ` 1; and if

all bj “ 0, then the rank is 0. Using derivative notation, we can write

bj “
f

pj´1q
a pλiq

pj ´ 1q!
, 1 ď j ď d.(1.8)

Note that all notation make sense even if F has positive characteristic. We want to show that if

fapxq “ px ´ λiq
tgpxq,(1.9)

where t ě 1 and gpλiq ‰ 0, then bj “ 0, j “ 1, . . . , t, and bt`1 ‰ 0. This implies that the rank of fapJiq

is d ´ t, and thus implies the theorem. Since the size of Ji is d, if t ě d, then

fapJiq “ pJi ´ Idλiq
tgpJiq “ 0 ¨ gpJiq “ 0.

That is, in all cases where t ě d, the ranks of fapJiq are always 0. So we can assume t ă d. To help us

see things better, we make a change of variables in (1.9) by letting x “ y ` λi, and write

hpyq “ fapy ` λiq “ cn´1y
n´1 ` ¨ ¨ ¨ ` cty

t, ct ‰ 0.(1.10)

Then for k ě 1,

dkhpyq

dyk
“ hpkqpyq “ f

pkq
a py ` λiq,

and f
pj´1q
a pλiq “ hj´1p0q. So by (1.8),

bj “
hpj´1qp0q

pj ´ 1q!
, 1 ď j ď d.(1.11)

But from (1.10), it is clear that bk “ hpk´1qp0q{pk ´ 1q! “ 0 for all 1 ď k ď t, and bt`1 “ hptqp0q{t! “

ct ‰ 0. □

In the next section, we will consider the enumeration of n ˆ n circulant matrices over a finite field

for each rank.

2. Circulant matrices of each rank

From now on we assume that Fq is a finite field of q elements, where q “ pc for a prime integer p and

an integer c ą 0. Given integers n ě 1 and 0 ď r ď n , let Npq, n, rq be the number of n ˆ n circulant

matrices of rank r over Fq. According to Theorem 1.1, to find Npq, n, rq, we can count the number of

a P Fn
q such that

degpgcdpfapxq, xn ´ 1qq “ n ´ r.(2.1)

Define a function ϕq,r : Fqrxs ÝÑ Zě0 as follows. If f is a nonzero polynomial, then ϕq,rpfq counts

the polynomials g of degrees less than r such that gcdpf, gq “ 1; and ϕq,rp0q “ 0. If n is the degree of

f , ϕq,npfq is just the usual Euler function that counts the number of polynomials g of degrees less than

the degree of f such that gcdpf, gq “ 1, which is usually denoted by ϕqpfq. Assume that 0 ď r ď n,
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and let gr,1pxq, . . . , gr,krpxq be distinct monic factors of xn ´ 1 in Fqrxs of degree n ´ r. Then we have

the following theorem.

Theorem 2.1. If xn ´ 1 has no factor of degree n ´ r, then Npq, n, rq “ 0; otherwise

Npq, n, rq “

$

&

%

1 if r “ 0;

krϕq,rpxn ´ 1q if r ą 0,
(2.2)

where kr is the number of distinct monic factors of xn ´ 1 of degree n ´ r.

Proof. Notice that since ϕq,0pxn ´ 1q “ 0, we need to separate (2.2) into two cases. We only need to

prove the last case, since the other parts are clear. Assume r ą 0 and xn ´1 has factors of degree n´r.

If (2.1) holds, then fapxq “ hpxqgr,ipxq for a unique 1 ď i ď kr and a unique hpxq of degree less

than r such that gcdphpxq, xn ´ 1q “ 1. Conversely, given an hpxq of degree less than r such that

gcdphpxq, xn ´ 1q “ 1 and a gr,ipxq, we obtain a unique fapxq :“ hpxqgr,ipxq that satisfies (2.1). Thus,

there is a bijection between the set of pairs of polynomials phpxq, gr,ipxqq such that degphpxqq ă r and

gcdphpxq, xn ´ 1q “ 1 and the set of polynomials fpxq such that degpfpxqq ă n and degpgcdpfpxq, xn ´

1qq “ n ´ r. □

Example 2.1. Over the field F2, the irreducible factorization of x5 ´ 1 “ x5 ` 1 is

x5 ` 1 “ px ` 1qpx4 ` x3 ` x2 ` x ` 1q.

Thus there is no rank 2 nor rank 3 circulant 5 ˆ 5 matrix over F2.

Next, we consider the computations of kr and ϕq,rpxn ´ 1q in (2.2). For integers u, v, let µpu, vq “

maxtu ´ v, 0u. Let f P Fqrxs be a polynomial of degree n ą 0 and fix an irreducible factorization

f “ gm1
1 gm2

2 ¨ ¨ ¨ gmk
k in Fqrxs, where the gi’s are distinct and irreducible. Let the degree of gi be ni

(1 ď i ď k).

Lemma 2.1. We have

ϕq,rpfq “ qr ´

k
ÿ

i“1

qµpr,niq `
ÿ

1ďiăjďk

qµpr,ni`njq(2.3)

´
ÿ

1ďiăjăℓďk

qµpr,ni`nj`nℓq ` ¨ ¨ ¨ ` p´1qkqµpr,
řk

i“1 niq.

Proof. The number of polynomials of degrees less than r is qr. If hpxq is one of these polynomials and

gcdpf, hq ‰ 1, then there is an i such that gi|h. The polynomials of degrees less than r that are divisible

by gi are exactly the multiples of gi of degrees less than r. Since the degree of gi is ni, if r ď ni, then

only the zero polynomial 0 satisfies the requirement; and if r ą ni, then the multiples of gi of degrees

less than r are kgi such that degpkq ă r ´ ni. There are qr´ni such polynomials. Thus the number

of polynomials of degrees less than r that are divisible by gi is qmaxtr´ni,0u “ qµpr,niq. Similarly, the
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number of polynomials of degrees less than r that are divisible by gigj , 1 ď i ă j ď k, is qµpr,ni`njq,

etc.. Thus, the lemma follows from the inclusion-exclusion principle. □

To use Lemma 2.1 for f “ xn ´ 1, we recall some known facts about the factorization of xn ´ 1. If

n “ pam, where p ∤ m, then xn ´ 1 “ pxm ´ 1qp
a
. Thus to find the distinct irreducible factors of xn ´ 1,

we only need to work with xm ´ 1. This polynomial has m distinct roots in its splitting field, and all

its irreducible factors in Fqrxs have multiplicity 1. Let ξ be a primitive mth root of unity (could be in

an extension of Fq) and define the mth cyclotomic polynomial over Fq by

gmpxq “

m
ź

s“1
gcdps,mq“1

px ´ ξsq.(2.4)

It is well-known (see e.g. [8]) that degpgmpxqq “ ϕpmq, where ϕ is the Euler totient function on integers,

the coefficients of gmpxq belong to the prime subfield of Fq, and xm´1 factors into the following product

of cyclotomic polynomials in Fqrxs:

xm ´ 1 “
ź

k|m

gkpxq.(2.5)

The following theorem is well-known (see [8, Theorem 2.47]).

Theorem 2.2. Under the assumption that p ∤ m, the mth cyclotomic polynomial gmpxq factors into

ϕpmq{d distinct monic irreducible polynomials in Fqrxs of the same degree d, where d is the order of

(the residue of) the integer q in the multiplicative modulo group Z˚
m.

Denote the order of q in the multiplicative group Z˚
k by ordkpqq, where k ą 0 and p ∤ k. For a positive

integer m, let the set of the divisors of m be Dpmq, that is

Dpmq “ td | 1 ď d ď m and d|mu,

and let (assume p ∤ m)

Dpmqpqq “ torddpqq | d P Dpmqu.

Then we have the following corollary of Theorem 2.2:

Corollary 2.1. Assume that p ∤ m. The set Dpmqpqq provides the degrees of the irreducible factors of

xm ´ 1 in Fqrxs. For each k P Dpmqpqq, xm ´ 1 has nqpkq distinct monic irreducible factors of degree

k, where

nqpkq “
1

k

ÿ

dPDpmq

orddpqq“k

ϕpdq.(2.6)

Proof. This follows from formula (2.5) and Theorem 2.2. □
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Let

M “
ÿ

kPDpmqpqq

nqpkq “
ÿ

k|m

ϕpkq

ordkpqq
.

Then M is the number of monic irreducible factors of xm ´ 1 in Fq. Let npmqi, 1 ď i ď M , be the

degrees of these irreducible factors arranged in a nondecreasing order: npmqi ď npmqj if i ă j. The

next corollary gives a formula for ϕq,rpxn ´ 1q for an arbitrary positive integer n.

Corollary 2.2. Notation as above. Let n ą 0 be an integer and let n “ pam, where p ∤ m. Given any

integer r ě 0, the number of polynomials in Fqrxs of degrees ă r and are relatively prime to xn ´ 1 is

given by the following formula:

ϕq,rpxn ´ 1q “ qr ´

M
ÿ

k“1

qµpr,npmqkq `
ÿ

1ďk1ăk2ďM

qµpr,npmqk1
`npmqk2

q(2.7)

´
ÿ

1ďk1ăk2ăk3ďM

qµpr,npmqk1
`npmqk2

`npmqk3
q

` ¨ ¨ ¨ ` p´1qMqµpr,
řM

k“1 npmqkq.

Proof. This follows from Lemma 2.1 and the fact that under the assumption, xn ´ 1 “ pxm ´ 1qp
a
(so

the distinct irreducible factors are all from xm ´ 1). □

The integer coefficient kr in formula (2.2), i.e. the number of distinct monic factors of xn ´ 1 in

Fqrxs of degree n ´ r, can be computed by using a partition function as follows. Again, let n “ pam,

where p ∤ m. Then the multiplicities of the irreducible factors of xn ´ 1 “ pxm ´ 1qp
a
are all equal to

pa. Recall that M is the number of monic irreducible factors of xm ´ 1 in Fq. Let

Pqpn, rq “ tpm1, . . . ,mM q P ZM
ě0 | mi ď pa and

M
ÿ

i“1

minpmqi “ n ´ ru,(2.8)

and let |Pqpn, rq| “ pqpn, rq. Then

kr “ pqpn, rq.(2.9)

We give an example to explain the notation and the formulas.

Example 2.2. Let the field be F2 and let n “ 60 “ 4 ˆ 15. Then q “ 2 and m “ 15. Since the factors

of 15 are 1, 3, 5, 15, by Theorem 1.1, the degrees (orddpqq) of the irreducible factors of x15 ´ 1 are

ord1p2q “ 1, ord3p2q “ 2, ord5p2q “ 4, ord15p2q “ 4,

and the corresponding numbers of these distinct irreducible factors are

ϕp1q

1
“ 1,

ϕp3q

2
“ 1,

ϕp5q

4
“ 1,

ϕp15q

4
“ 2.

Thus the numbers of irreducible factors of degrees 1, 2, 4, respectively, are

n2p1q “ 1, n2p2q “ 1, n2p4q “ 3,

https://dx.doi.org/10.22108/toc.2025.138779.2097
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and the total number of distinct irreducible factors is M “ 5. So the sequence of degrees of the irreducible

factors of x15 ´ 1 is (see the paragraph before Corollary 2.2)

np15q1 “ 1, np15q2 “ 2, np15q3 “ 4, np15q4 “ 4, np15q5 “ 4.

With the above information, we can compute the number of 60 ˆ 60 circulant matrices of any given

rank. Consider for example, the case r “ 4. To obtain the number of distinct factors of x60 ´ 1 of

degree n ´ r “ 56, we solve the following integer equation

m1 ` 2m2 ` 4m3 ` 4m4 ` 4m5 “ 56

subject to 1 ď mi ď 4, 1 ď i ď 5. There are 5 solutions:

p2, 3, 4, 4, 4q, p4, 2, 4, 4, 4q, p4, 4, 3, 4, 4q, p4, 4, 4, 3, 4q, p4, 4, 4, 4, 3q.

So p2p60, 4q “ 5.

For r “ 4, the exponents µp4, sq of q “ 2 in formula (2.7) are all equal to 0 except for the following

3 cases:

np15q1 “ 1, µp4, 1q “ 3;

np15q2 “ 2, µp4, 2q “ 2;

and np15q1 ` np15q2 “ 3, µp4, 3q “ 1.

Therefore by (2.7) we have

ϕ2,4px60 ´ 1q “ 24 ´ p23 ` 22 ` 3q ` p2 ` 9q ´ 10 ` 5 ´ 1 “ 6.

Thus, by Theorem 2.1, the number of 60 ˆ 60 rank 4 circulant matrices over F2 is

Np2, 60, 4q “ p2p60, 4q ˆ ϕ2,4px60 ´ 1q “ 5 ˆ 6 “ 30.

Consider the nonsingular nˆn circulant matrices. In this case, r “ n, pqpn, nq “ 1, and all exponents

of q in formula (2.7) satisfy µpn, sq “ n ´ s. Thus by Theorem 2.1 and Corollary 2.2, we have

https://dx.doi.org/10.22108/toc.2025.138779.2097
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Npq, n, nq “ pqpn, nqϕq,npxn ´ 1q(2.10)

“ ϕq,npxn ´ 1q

“ qn ´

M
ÿ

k“1

qn´npmqk `
ÿ

1ďk1ăk2ďM

qn´pnpmqk1
`npmqk2

q

´
ÿ

1ďk1ăk2ăk3ďM

qn´pnpmqk1
`npmqk2

`npmqk3
q

` ¨ ¨ ¨ ` p´1qMqn´
řM

k“1 npmqk

“ qnp1 ´

M
ÿ

k“1

q´npmqk `
ÿ

1ďk1ăk2ďM

q´pnpmqk1
`npmqk2

q

´
ÿ

1ďk1ăk2ăk3ďM

q´pnpmqk1
`npmqk2

`npmqk3
q

` ¨ ¨ ¨ ` p´1qMq´
řM

k“1 npmqkq

“ qn
M
ź

i“1

p1 ´ q´npmqiq.

The above formula can also be derived by using known results directly, for example, by [8, Lemma 3.69]. By

changing the notation, we obtain the following known formula (see [11] and the references therein):

Corollary 2.3. Let p be a prime integer, and let n “ pam, where m ą 0 and p ∤ m. The number of n ˆ n

nonsingular circulant matrices over Fq, where q “ pc, can be computed by the following formula:

Npq, n, nq “ qn
ź

k|m

p1 ´ q´ ordkpqqq
ϕpkq

ordkpqq(2.11)

“ qn´m
ź

k|m

pqordkpqq ´ 1q
ϕpkq

ordkpqq .

Proof. The first equality follows from Theorem 2.2 and formula (2.10). The second equality follows from the fact

that
ř

k|m ϕpkq “ m. □

Example 2.3. By using the information in Example 2.2 and formula (2.11), we get the number of nonsingular

60 ˆ 60 circulant matrices over F2:

Np2, 60, 60q “ 245 ¨ p21 ´ 1q ¨ p22 ´ 1q ¨ p24 ´ 1q3 “ 245 ¨ 34 ¨ 53.

Example 2.4. Consider the field F52 and n “ 60 “ 5 ˆ 12. Then q “ 25 and m “ 12. The factors of 12 are

1, 2, 3, 4, 6, 12, and ordkp25q “ 1 for all k “ 1, 2, 3, 4, 6, 12. Since

ϕp1q ` ϕp2q ` ϕp3q ` ϕp4q ` ϕp6q ` ϕp12q “ 12,

by formula (2.11), the number of nonsingular 60 ˆ 60 circulant matrices over F52 is

Np52, 60, 60q “ 2548 ¨ p25 ´ 1q12 “ 2548 ¨ 2412.

https://dx.doi.org/10.22108/toc.2025.138779.2097
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We consider another special case: r “ n ´ 1. Keep the notation of Cor. 2.3 and suppose that xm ´ 1 has t

roots (distinct since p ∤ m) in Fq. Then pqpn, n ´ 1q “ t, the number of distinct monic linear factors of xm ´ 1

(see (2.8)). There are two cases to be considered for ϕq,n´1pxn ´ 1q.

If a ą 0, then since

n ´ 1 “ pam ´ 1 ě m “

M
ÿ

k“1

npmqk,

all exponents of q in formula (2.7) satisfy µpn ´ 1, sq “ n ´ 1 ´ s. Thus similar to (2.10), we have

ϕq,n´1pxn ´ 1q “ qn´1
M
ź

i“1

p1 ´ q´npmqiq.

If a “ 0, then n “ m “
řM

k“1 npmqk, so the exponents of q in formula (2.7) satisfy µpn ´ 1, sq “ n ´ 1 ´ s

except the last term, which is

p´1qMqµpn´1,
řM

k“1 npmqkq “ p´1qMq0 “ p´1qM .

So by adding and subtracting the following term

p´1qMqn´1´
řM

k“1 npmqk “ p´1qMq´1

to formula (2.7), we have

ϕq,n´1pxn ´ 1q “ qn´1
M
ź

i“1

p1 ´ q´npmqiq ` p´1qM p1 ´ q´1q.

Summarizing our discussion, we have the following corollary.

Corollary 2.4. Let p be a prime integer, and let n “ pam, where m ą 0 and p ∤ m. The number of n ˆ n

circulant matrices of rank n ´ 1 over Fq, where q “ pc, can be computed by the following formula:

Npq, n, n ´ 1q(2.12)

“ tpqn´1
ź

k|m

p1 ´ q´ ordkpqqq
ϕpkq

ordkpqq ` δ0,ap´1qM p1 ´ q´1qq

“ tpqn´m´1
ź

k|m

pqordkpqq ´ 1q
ϕpkq

ordkpqq ` δ0,ap´1qM p1 ´ q´1qq.

where t is the number of roots of xm ´ 1 in Fq, M “
ř

k|m
ϕpkq

ordkpqq
, and δ0,a “ 1 or 0 according to a “ 0 or not.

Proof. The corollary follows from Theorem 2.1, Theorem 2.2, and the discussions just before the corollary. □

Example 2.5. Consider 60 ˆ 60 circulant matrices of rank 59 over F2. Since x15 ´ 1 has one linear factor over

F2, t “ 1. Inputing the information in Example 2.2 into formula (2.12) (q “ 2, n “ 60, m “ 15, a “ 2 ‰ 0), we

have

Np2, 60, 59q “ 260´15´1p2 ´ 1qp22 ´ 1qp24 ´ 1q3 “ 244 ¨ 34 ¨ 53.

Consider 60ˆ60 circulant matrices of rank 59 over F52 . Since x12 ´1 factors into linear factors over F52 (c.f.

Example 2.4), t “ 12. By formula (2.12) (q “ 25, m “ 12, a “ 1 ‰ 0), we have

Np52, 60, 59q “ 12 ¨ 2547 ¨ p25 ´ 1q12 “ 12 ¨ 2547 ¨ 2412.
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The formulas on the number of circulant matrices of a given rank all depend on the variable ordkpqq, so we

will consider the computation of ordkpqq in the next section. Our result will enable us to give the enumerations

of the numbers of certain infinite sequences of circulant matrices of given ranks in the forms of integer sequences.

3. Computing ordkpqq

The computation of ordkpqq can be reduced to the prime power cases by using the following lemma.

Lemma 3.1. Let b ą 0 be an integer and suppose its prime factorization is b “ pe11 ¨ ¨ ¨ pess , where the pi are

prime integers and each ei ě 1. Let n ą 1 be an integer such that gcdpb, nq “ 1. If ordpei
i

pnq “ hi, 1 ď i ď s,

then

ordbpnq “ lcmph1, . . . , hsq.(3.1)

Proof. It is a basic fact in group theory that if g “ pg1, . . . , gkq P G1 ˆ ¨ ¨ ¨ ˆGk (a direct product of groups), and

each gi has finite order, then the order of g is the least common multiple of the orders of g1, . . . , gk. Therefore,

the lemma follows from the fact that Z˚
b – Z˚

pe1 ˆ ¨ ¨ ¨ ˆ Z˚
pes . □

As for the prime power cases, due to the structure differences of the groups Z˚
pe according to p “ 2 or not, we

shall treat the cases p “ 2 and p ą 2 separately. We first consider the odd prime cases. The following lemma

reduces the computation of ordpei
i

pnq to the base cases.

Lemma 3.2. Let p be an odd prime, let n ą 1 be an integer such that p ∤ n, and let h be a positive integer such

that h|pp ´ 1q. Suppose that the order of n in Z˚
pi is h for 1 ď i ď t, and the order of n in Z˚

pt`1 is ph. Then for

any positive integer e ě t, the order of n in Z˚
pe is pe´th.

Proof. The case e “ t ` 1 is included in the statement of the lemma, so we can assume that e ą t ` 1 (ě 2) in

our discussion. It is well-known that Z˚
pe is a cyclic group of order pe´1pp ´ 1q for any odd prime p (see e.g. [1,

Theorem 8.9]). So the order, say k, of n in Z˚
pe is a factor of pe´1pp ´ 1q. Let k “ prs, where 0 ď r ď e ´ 1 and

s|pp ´ 1q. Let g be a generator of Z˚
pe . Then by the properties of cyclic groups, there is a positive integer b such

that

(1) n “ gb ` vpe for some integer v, and

(2) gcdpb, pe´1pp ´ 1qq “ pe´r´1a, where a “ pp ´ 1q{s.

By (2), we can write b “ pe´r´1au, where u is a positive integer. Then gcdpu, ppp ´ 1qq “ 1, thus gu is

also a generator for Z˚
pe . Since n “ pguqp

e´r´1a ` vpe, change the generator g if needed, we can assume that

n “ gp
e´r´1a ` vpe. We need to show that r “ e ´ t and s “ h.

Since for each 1 ď i ď e, Z˚
pi is cyclic of order p

i´1pp´ 1q, Z˚
pi is a quotient of Z˚

pe . Hence g is also a generator

of Z˚
pi for all 1 ď i ď e. Notice also that for any 1 ď i ď e, n ” gp

e´r´1a (mod pi) and gp
i´1

pp´1q ” 1 (mod pi).

To see that s “ h, we observe that since gp
k

” g (mod p) for k ě 0, gp
e´r´1

” g (mod p). Hence n ” gp
e´r´1a ”

ga (mod p). Thus the order of n in Z˚
p is s “ pp ´ 1q{a, which is equal to h by assumption.

If r ą e ´ t, then e ´ r ´ 1 ă t ´ 1. Since the order of Z˚
pt is pt´1pp ´ 1q, the order of n ” gp

e´r´1a (mod pt)

in Z˚
pt is pt´1pp ´ 1q{pe´r´1a “ pjh for some j ą 0. This is a contradiction to the assumption.

If r ă e ´ t, then e ´ r ´ 1 ě t. Thus gcdppe´r´1a, ptpp ´ 1qq “ pta. Hence the order of n in Z˚
pt`1 is

ptpp ´ 1q{pta “ h, which is also a contradiction to the assumption. So we must have r “ e ´ t. □
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Next, we consider the case p “ 2. The structure of Z˚
2e depends on e, and it is not cyclic for e ě 3:

Z˚
2e –

$

’

’

’

&

’

’

’

%

t1u, if e “ 1;

Z2, if e “ 2;

Z2 ˆ Z2e´2 , if e ě 3.

(3.2)

Furthermore, for e ě 3, Z˚
2e is generated by the residues of ´1 and 5, and it can be viewed as the direct product

of the cyclic subgroups ⟨´1⟩ and ⟨5⟩ (see e.g. [10, Theorem 2.43]):

Z˚
2e – ⟨´1⟩ ˆ ⟨5⟩ “ t˘1u ˆ t1, 5, 52, 53, . . . , 52

e´2
´1u.(3.3)

The order of any given odd integer n in Z˚
2 is 1, and its order in Z˚

22 is either 1 or 2. For other powers of 2,

we have a result that is similar to Lemma 3.2. Notice that Z˚
23 – Z2 ˆ Z2, so the order of n in Z˚

23 must also be

either 1 or 2. This is the reason for the assumption that t ě 3 in the following lemma. Also, notice that for e

large enough, the order of a given odd integer n ą 1 in Z˚
2e will be ą 2.

Lemma 3.3. Let n ą 1 be an odd positive integer. Assume that for some t ě 3, the order of n is 2 in Z˚
2t and

is 4 in Z˚
2t`1 . Then for all e ě t, the order of n in Z˚

2e is 2e´t`1.

Proof. Though the proof is similar to the proof of Lemma 3.2, some modifications are needed, so we give a

detailed proof here. Since the order of the noncyclic group Z˚
2e is 2e´1, we can assume that the order of n in Z˚

2e

is 2r for some 0 ă r ă e ´ 1. According to (3.3), n “ p´1qa5b ` k2e, where a P t0, 1u, and 0 ď b ď 2e´2 ´ 1 such

that gcdpb, 2e´2q “ 2e´2´r. Let b “ 2e´2´ru, and let g “ 5u. Then g also generates the cyclic subgroup ⟨5⟩ for
any Z˚

2e (e ě 3), and n “ p´1qag2
e´2´r

` k2e. The factor p´1qa does not matter since pp´1qaq2 “ 1, so we need

to show that r “ e ´ t ` 1. The case that e “ t is part of the assumption, so we assume that e ą t.

If r ą e ´ t ` 1, then 0 ď e ´ 2 ´ r ă t ´ 3, so t ´ 2 ´ pe ´ 2 ´ rq ą 1. Thus from n ” p´1qag2
e´2´r

(mod 2t),

we see that the order of n in Z˚
2t is 2t´2{2e´2´r ą 2. This is a contradiction to the assumption.

If r ă e´ t` 1, then t´ 1´ e` r ă 0, and so t´ 1´ pe´ 2´ rq ă 2. Thus from n ” p´1qag2
e´2´r

(mod 2t`1)

(notice that e ą t), we see that the order of n in Z˚
2t`1 is 2t´1{2e´2´r ă 22 “ 4. This is also a contradiction.

Thus we must have r “ e ´ t ` 1. □

Example 3.1. Consider the orders of 3 in Z˚
2e , Z˚

5e , and Z˚
10e .

Some simple computations show that

ord2p3q “ 1, ord22p3q “ 2, ord23p3q “ 2, and ord24p3q “ 4.

So by Lemma 3.3, ord2ep3q “ 2e´2 for all e ě 3.

Since ord5p3q “ 4 and ord52p3q “ 20, by Lemma 3.2, ord5ep3q “ 4 ¨ 5e´1 for all e ě 1.

Now by Lemma 3.1, we have

ord10p3q “ lcmp2, 4q “ 4,

ord102p3q “ lcmp2, 20q “ 20,

ord103p3q “ lcmp2, 100q “ 100,
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and for e ě 4,

ord10ep3q “ lcmp2e´2, 4 ˆ 5e´1q “ 2e´25e´1 “ 5 ¨ 10e´2.

We finish this section by giving an example on using the lemmas in this section in the computation of the

numbers of n ˆ n nonsingular and rank n ´ 1 circulant matrices over the field of 9 elements.

Example 3.2. Let the field be F32 and let n “ 32 ¨ 52 ¨ 72. According to the notation of Corollary 2.3, q “ 32 and

m “ 52 ¨ 72. We have

ord5p32q “ 2, ord52p32q “ 2 ¨ 5, and

ord7p32q “ 3, ord72p32q “ 3 ¨ 7.

So, ord5¨7p32q “ 2 ¨ 3 “ 6, etc.. We summarize the information in the table below, where k stands for the factors

of m arranged in ascending order:

k 1 5 7 52 5 ¨ 7 72 52 ¨ 7 5 ¨ 72 52 ¨ 72

ordkpqq 1 2 3 10 6 21 30 42 210

ϕpkq{ ordkpqq 1 2 2 2 4 2 4 4 4

Thus by formula (2.11), the number of nonsingular circulant matrices of size 32 ¨ 52 ¨ 72 over F9 is

Np32, 32 ¨ 52 ¨ 72, 32 ¨ 52 ¨ 72q

“ 98¨25¨49
¨ p91 ´ 1q ¨ p92 ´ 1q

2
¨ p93 ´ 1q

2
¨ p910 ´ 1q

2

¨p96 ´ 1q
4

¨ p921 ´ 1q
2

¨ p930 ´ 1q
4

¨ p942 ´ 1q
4

¨ p9210 ´ 1q
4,

and by formula (2.12), the number of rank 32 ¨ 52 ¨ 72 ´ 1 circulant matrices over F9 is (only one linear factor,

t “ 1)

Np32, 32 ¨ 52 ¨ 72, 32 ¨ 52 ¨ 72 ´ 1q

“ 98¨25¨49´1
¨ p91 ´ 1q ¨ p92 ´ 1q

2
¨ p93 ´ 1q

2
¨ p910 ´ 1q

2

¨p96 ´ 1q
4

¨ p921 ´ 1q
2

¨ p930 ´ 1q
4

¨ p942 ´ 1q
4

¨ p9210 ´ 1q
4.

4. Over the field F2

In this section, we restrict our attention to the field F2 and consider nonsingular and rank n ´ 1 circulant

matrices of prime power sizes. We start with some general comments. Let n “ 2am, where m ě 1 and 2 ∤ m.

Assume that the prime factorization of m is known. According to formulas (2.11) and (2.12), to obtain the

numbers of nonsingular and rank n ´ 1 circulant n ˆ n matrices over F2, we need to compute the orders of 2 in

Z˚
k for the factors k of m. By using the two lemmas in section 3, we need to find the t such that ordpip2q changes

its values after ordptp2q. However, even ordpp2q is unknown in general. For example, if p “ 2u ´ 1 is a Mersenne

prime, then ordpp2q “ u, which is much smaller than p´1 (the order of the group Z˚
p ). On the other hand, 2 can

also be a generator of Z˚
p . For example, in the case a “ 19, 2 generates Z˚

19. Nevertheless, for any given prime p,
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the desired t can be computed easily, and then we can enumerate these matrices of sizes pk ˆ pk for all integers

k ą 0. We list the formulas for primes ă 20 in the theorem below.

Theorem 4.1. The formulas below give the numbers of nonsingular and rank n´1 circulant nˆn matrices over

F2, where n “ pb (b ě 1) for primes p ă 20:

pp “ 2q Np2, 2b, 2bq “ 22
b´1, Np2, 2b, 2b ´ 1q “ 22

b´2.

pp “ 3q Np2, 3b, 3bq “

b
ź

i“1

p22¨3i´1

´ 1q,

Np2, 3b, 3b ´ 1q “
1

2
p

b
ź

i“1

p22¨3i´1

´ 1q ` p´1q
1`b

q.

pp “ 5q Np2, 5b, 5bq “

b
ź

i“1

p24¨5i´1

´ 1q,

Np2, 5b, 5b ´ 1q “
1

2
p

b
ź

i“1

p24¨5i´1

´ 1q ` p´1q
1`b

q.

pp “ 7q Np2, 7b, 7bq “

b
ź

i“1

p23¨7i´1

´ 1q
2,

Np2, 7b, 7b ´ 1q “
1

2
p

b
ź

i“1

p23¨7i´1

´ 1q
2

´ 1q.

pp “ 11q Np2, 11b, 11bq “

b
ź

i“1

p210¨11i´1

´ 1q,

Np2, 11b, 11b ´ 1q “
1

2
p

b
ź

i“1

p210¨11i´1

´ 1q ` p´1q
1`b

q.

pp “ 13q Np2, 13b, 13bq “

b
ź

i“1

p212¨13i´1

´ 1q,

Np2, 13b, 13b ´ 1q “
1

2
p

b
ź

i“1

p212¨13i´1

´ 1q ` p´1q
1`b

q.

pp “ 17q Np2, 17b, 17bq “

b
ź

i“1

p28¨17i´1

´ 1q
2,

Np2, 17b, 17b ´ 1q “
1

2
p

b
ź

i“1

p28¨17i´1

´ 1q
2

´ 1q.

pp “ 19q Np2, 19b, 19bq “

b
ź

i“1

p218¨19i´1

´ 1q,

Np2, 19b, 19b ´ 1q “
1

2
p

b
ź

i“1

p218¨19i´1

´ 1q ` p´1q
1`b

q.

Proof. For the case n “ 2b, notice that according to the notation in Corollary 2.3, p “ 2 and m “ 1. So for the

orders ordkp2q, the only k we need to consider is 1 (there is only one term in the product part of formulas (2.11)

and (2.12)). Since ord1p2q “ 1 and ϕp1q{ ord1p2q “ 1, by the first formula of (2.11), we have

Np2, 2b, 2bq “ 22
b

p1 ´
1

2
q “ 22

b
´1.
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Since xm ´ 1 “ x ´ 1, t “ 1. Thus

Np2, 2b, 2b ´ 1q “ 22
b

´1p1 ´
1

2
q “ 22

b
´2.

The other cases can be derived from (2.11), (2.12), and Lemma 3.2. As an example, we consider the case

n “ 7b. In this case, m “ n “ 7b and a “ 0 in Cor. 2.3 and Cor. 2.4.

The divisors of m to be considered are 7i, 0 ď i ď b. We have ord1p2q “ 1, ord7p2q “ 3, and ord72p2q “ 21.

Thus by Lemma 3.2, for i ą 0, ord7ip2q “ 3 ¨ 7i´1. For i “ 0, ϕp1q{ ord1p2q “ 1; and for 1 ď i ď b,

ϕp7iq

3 ¨ 7i´1
“

7i´1 ¨ 6

3 ¨ 7i´1
“ 2.(4.1)

So by the second formula of (2.11), the number of nonsingular 7b ˆ 7b matrices over F2 is

Np2, 7b, 7bq “ 27
b

´7bp2 ´ 1q

b
ź

i“1

p23¨7i´1

´ 1q2

“

b
ź

i“1

p23¨7i´1

´ 1q2.

As for the rank n ´ 1 ones, since xm ´ 1 has only one root in F2, in formula (2.12), t “ 1; and since a “ 0, the

added term exists. From what we have computed and (4.1), we have

M “
ÿ

k|7b

ϕpkq

ordkp2q
“ 1 ` 2b.

Therefore, by the second formula of (2.11), the number of n ˆ n (n “ 7b) rank n ´ 1 matrices over F2 is

Np2, 7b, 7b ´ 1q “ 27
b

´7b´1p2 ´ 1q

b
ź

i“1

p23¨7i´1

´ 1q2 ` p´1q1`2bp1 ´ 2´1q

“
1

2
p

b
ź

i“1

p23¨7i´1

´ 1q2 ´ 1q.

The proofs are similar for other cases. □

Given a general n, if the factorization of n is known, then we can compute the number of n ˆ n circulant

matrices of any given rank by using the formulas derived in this paper. We finish this paper by listing the

numbers (N) of nonsingular circulant matrices over F2 of sizes 1 ď n ď 31 in the table below.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

N 1 2 3 8 15 24 49 128 189 480 1023 1536 4095 6272 10125

n 16 17 18 19 20 21 22 23 24

N 32768 65025 96768 262143 491520 583443 2095104 4190209 6291456
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