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LIFTING AUTOMORPHISMS OF SUBGROUPS OF DIRECT PRODUCTS OF
CYCLIC p-GROUPS

JILL DIETZ

ABSTRACT. Let I" be a finite group. A subgroup H of I is called “fully liftable” in T' if every auto-
morphism of H is the restriction of an automorphism of I'. Let G = Cx; X Cpk,, where 1 < k1 < k
and p is prime. Using information about the subgroup structure of G and knowledge of Aut(G), we
characterize all fully liftable subgroups of G. It turns out that all cyclic subgroups of G are fully liftable,
and non-cyclic subgroups are fully liftable if and only if they are automorphic to certain subproducts of
G, where two subgroups H and K are automorphic in G if there exists & € Aut(G) such that a(H) = K.
Further, we compare the fully liftable subgroups of G with the characteristic subgroups of G, which are
similarly characterized by certain subproducts. Finally, we exhibit some interesting lattice features of

both fully liftable subgroups of G and characteristic subgroups of G.

1. Introduction

Finite abelian p-groups are foundational in the study of group theory. While they seem to be among
the easiest groups to understand, their structure is rich and surprisingly complicated. Counting and
describing the subgroups of abelian groups goes back to at least 1904 in a paper by Miller [13]. The
same problem was revisited many times in the last 120 years (see [12], [4], [15]) including a paper
published in 2020 [5]. Similarly, the study of characteristic subgroups of abelian groups goes back at
least to 1905 (once again in a paper by Miller [14]) and was revisited in 1935 by Baer [2], in 2011 by
Kerby and Rode [11], and most recently by Humam and Astuti in 2022 [10]. In recent years, there has
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been interest in lattice-theoretic properties of groups, including finite abelian groups (see [10], [1], and
at least 16 papers from Tarnauceanu including the book [17]).

In this paper we continue the tradition of diving into the structural depths of finite abelian p-groups,
use many of the results in the papers mentioned above, and contribute new results on the interplay
between automorphisms of a subgroup of a group and the automorphisms of the parent group.

Let B < A be groups. “Looking down” from A toward B, we have long been interested in auto-
morphisms of A that are invariant on B and, hence, in characteristic subgroups of A. Here we will
“look up” from B toward A and determine when automorphisms of B “lift” to automorphisms of A,
or, equivalently, are induced by automorphisms of A. When every member of Aut(B) lifts to Aut(A),
B is “fully liftable.” Note that a group is of “injective type” every subgroup is fully liftable (see [3]).

There is a symmetry in the ideas of looking down and looking up to identify characteristic and fully
liftable subgroups. While some subgroups can be both characteristic and fully liftable, we will see that
corresponding lattice diagrams are fairly complementary.

The structure of this paper is as follows. After a bit of notation in section 2, we define fully liftable
subgroups in section 3 and state our main theorems. In section 4 we state some needed information
on automorphism groups; similarly, in section 5 we establish notation and information concerning
subgroups of rank 2 abelian p-groups. Section 6 focuses on fully liftable subgroups and proving the

main theorems, while in section 7 we investigate the lattices of characteristic and fully liftable subgroups.

2. Notation

I" will denote a generic finite group, while G will specifically refer to the rank 2 abelian p-group
G = Cpry X Cpys

where 1 < k1 < ko, and p is prime.
| X| is the cardinality of the set X, while o(g) is the order of g € T.

e We will consider G' multiplicatively, with G = (s1, s2) where o(s;) = p~i.
We say that G has type (p*1, p*2).

If t € Z then t,, is the highest power of the prime p that divides ¢

3. Fully liftable subgroups

We begin with some definitions, examples, and analogies between fully liftable subgroups and char-

acteristic subgroups.

Definition 3.1. Let H be a subgroup of the group I'. The element 6 € Aut(H) lifts to Aut(I") if there
exists 0 € Aut(D) such that 0|y = 0. If every member of Aut(H) lifts to Aut(T), then we say H is
fully liftable (FL) in T.

Example 3.2. Let G = C), x Cp2 = (s1,52). The subgroup H = (s1,s5) is not FL in G because the
automorphism of H that swaps the generators does not lift to Aut(G).

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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Definition 3.3. Let Aut(I') act naturally on the set of subgroups of T'. Let H <T.

(1) Denote the orbit of H by O(H). If K € O(H) we will say that H and K are automorphic,
and write H ~ K. We will call O(H) the automorphic class of H.

(2) The stabilizer of H under the action of Aut(I") is the set of characterizers of H in G. That
18,

Char ayyr) (H) = {¢ € Aut(I') [¢(H) = H}.
Clearly H is characteristic in I' if and only if Char sy (H) = Aut(I).

Proposition 3.4. Let H be a subgroup of the group I'. If H is FL in I' then we must have
|Aut(H)| | [Char sy ry (H)] | [Aut(I)].

Proof. Whether H is FL in I' or not, we must have |Charayury(H)| | [Aut(T")| because the set of
characterizers of H is a stabilizer subgroup of Aut(I).

Let p : Charpyyry(H) — Aut(H) be the restriction homomorphism so that p(¢) = ¢|y. Then H is
FL in I" if and only if p is surjective, in which case we must have [Aut(H)| | |Char sy ry(H)|- O

Just as the property of being a characteristic subgroup satisfies a transitive relation, we have the
following transitivity result for FL subgroups. The proof is clear, but we state the result in order to

reference it later.

Proposition 3.5. Let H, K, and ' be groups with H < K <T'. If H is FL in K and K is FL in T,
then H is FL inT.

We see in the next proposition that FL subgroups fall into automorphic classes.
Proposition 3.6. Let H and K be automorphic subgroups of I'. If H is FL in I, then so is K.

Proof. Let ¢ € Aut(T") such that ¢(H) = K. Let 6 € Aut(K), then a = ((¢|g) "' 000 ¢|g) € Aut(H).
Since H is FL in T, there is a lift & of o in Aut(T). Tt is routine to check that 6 = ¢ o d o ¢! is a lift
of 9. ]

Proposition 3.7. Let H, K, and I' be groups with H < K < T'. If H is not FL in K and K 1is
characteristic in I', then H is not FL inT.

Proof. Suppose by way of contradiction that H is FL in I', then every 6 € Aut(H) lifts to 6 e Aut(T).
Now K characteristic in I' means that 0|x € Aut(K). But |x is clearly a lift of 6 in Aut(K),
contradicting the fact that H is not FL in K. O

We end this section by stating the main result characterizing fully liftable subgroups of
G= Cpk1 X Cpk2 = <81,82>.
Its proof requires results in each of the next three sections.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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Main Theorem. Let H < G and assume 0 < a; < k; fori=1,2.
1) When k1 < ko, H is FL in G if and only if H is cyclic or is automorphic to spal,spa2 with
1 2
al > as.
2) When k1 = ko, H is FL in G if and only if H is cyclic or is automorphic to sP , 2% for any
1 2

ai,a.

4. Automorphisms of GG

Recall that G = Cpp; X Cpry = (s1,82), with 1 < ky < ko. From [9] and [7], every automorphism ¢

i
My =
™
where m = ko — k1, 0 < 4,5 < p*, 0 < gp™,r < p*?, and det(My) # 0 mod p. The notation means that
¢(s1) = sis¥" and ¢(s2) = s]s5. For simplicity, we will often write ¢ = My. Note that if ky = ko = k,
then Aut(G) = GLQ(Zpk).

From [9, Theorem 4.1],

of G can be associated with a matrix

p4k_3(p—1)2(p+1), ifki=ko=k
piFithke=2(p _1)2, if k1 < ko.

Aut(@)| = {

5. Subgroups of GG

5.1. Subgroup structure. From [8, Theorem 1] there is a one-to-one correspondence between the
subgroups of G and triples of the form (p®,p®,t) where 0 < a; < k;, 0 < t < p?—1, and d =

min(ay, kg — ag). Every triple is associated with

a a
H(a17a2vt) = <511) 173(173;2) 2>

where o = tp® 1,

Notes about H(aq,az,t):

e The order of H(ay,as,t) is easily seen to be pft—a1tka—az,
e Fixing a1 and ay clearly fixes the order of H(ay,az,t) but not its type. The [8, Theorem 2]
shows that
H(ai,a2,t) = Cpa X CpB

where p® = ged(ph—a1, pk2—a2 ¢ph2—a2=d) and B = ky — ay + ko — ag — . Thus, the type of
H(ai,az,t) depends on t, once the a; are fixed.

e Different values of ¢, might lead to different types of subgroups of the form H (a1, ag,t) which
will then not be automorphic; on the other hand, different values of ¢ that have equal ¢, will
always lead to the same type subgroup. We will see in Proposition 5.1 that having the same

value of ¢, always results in automorphic subgroups.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924


http://dx.doi.org/10.22108/ijgt.2024.142837.1924

Int. J. Group Theory, 14 no. 4 (2025) 235-252 J. Dietz 239

e H = H(ay,az,t) is a subproduct of G (meaning that H = Hy x Hy where H; < Cpe;) if and
only if t = 0. Further, H (a1, as,0) is cyclic if and only if a; = k1 or ag = ko.

e When ¢t = 0, the subgroups H (a1, as,0) are exactly the same as the subgroups R(k1 —a1, ko —a2)
n [11]. We will use this fact later.

e When t = 0 we will often write H (a1, az) or H(a), where a = (a1, as).

5.2. Maximal subgroups. There are p + 1 maximal subgroups of G. Here we associate them with
the notation introduced above.
In order for H(aj,az,t) to be a maximal subgroup of G, we must have a; + a2 = 1. If a; = 0 and

as = 1, then d = 0 and we get the subgroup
H(O, 1, 0) = <$1, Sg> = Cpkl X Cpk2—1.
If a1 =1 and ag = 0, then d = 1 and we get p subgroups of the form
H(].,O,t) = <811)73332> = Cpkl—l X CkaaO <t<p-1.

Unless k1 = ko, the maximal subgroups fall into two different types and different types are not

automorphic.

5.3. Automorphic subgroups. Next we will partition subgroups of G of the same order into subsets,
all of whose members are automorphic, but this partition is not necessarily a decomposition into
automorphic classes.

Fix a; and az where 0 < a; < k; (we will not consider cyclic subgroups here). Let X, 4, be the set
of subgroups of G of index p®*92. The members of X,, 4, are subgroups of G of the form H (a1, as,t),
where 0 <t < pd —1 and d = min(ay, k2 — az), hence | Xg, o,| = pd. If d > 0, partition X, 4, as follows:
let

AO = {H(al,ag,O)}
A1 = {H(al,ag,t) |If7é O,tp = 1}
Ap ={H(ay,a2,t)|t #0,t, =p}

Apa = {H(a1,a2,t) |t #0,t, = pd_1}>
then A; N A; =0 when i # j and
Xa1,a2 =AgU A1 U Ap U--- UApd—l.

We see that |A,| =ptp—1)fori=0,1,...,d— 1. If d = 0, then Xg, o, = Ao = {H(a1,as,0)}.
From the notes in section 5, we see that every subgroup in the set A, has the same type. Further,

we will show that all of the subgroups in A, are automorphic to each other.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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Proposition 5.1. Assume d = min(ai, k2 —az) #0. Let A, i =0,1,...,d—1, be as described above.
Let H(ay,as2,t) € Ap,, then H(a1,as,t) is automorphic to H(p*,p*,t,).

Proof. Since H (a1, az,t) € A, we know that t # 0 and ¢, = p'. Let t = gp® where p{q. As H(ay,as,t,)
is automorphic to itself, we will assume g # 1 and show H (a1, az, qp’) ~ H(a1,az, p*).

Recall that H(ay,az,t) = (s’fa1 , 3‘{352), where o = tp®1 9,

Consider ¢ € Aut(G) given by ¢(s1) = sT and ¢(s2) = s2. Then we have

a1 a1
dlsi ) = st

pn.lfd«ki pa2 _ qpa17d+7l pu2
P(sy sy ) =81 S2 -

Hence,
. aq ay—d+i ag al a]—d+i ag .
¢(H(ar,az,p") = (s ,sf" " sh7) =(s] "  sb7) =H(ar,a,qp").
U

By transitivity (Proposition 3.5), every member of the set A, is automorphic to every other member

of the set. However, an entire automorphic class may be split up among several A,’s.

5.4. Characteristic subgroups. We end this section with a description of the characteristic sub-

groups of G, when p > 2.

Theorem 5.2. [11, Thm 2.2] Let p > 2. The subgroup H (a1, a2,t) is characteristic in G if and only if
the following three conditions hold:

(1) t =0 (so that H(ai1,a2,0) = R(k1 — a1, ks — ag) in the [11] notation),

(2) k1 — a1 < ko —az, and

(3) a1 < as.

6. Fully liftable subgroups of G

6.1. Cyclic subgroups.
Proposition 6.1. FEvery cyclic subgroup of G is FL in G.

Proof. Let H = (z) where z = s4's% with 0 < b; < p¥i. As H = (e) is clearly FL in G, we will assume
that b; and by are not both 0.

Let o(z) = p® for some 1 < b < ky. An element of Aut(H) is 6 defined by 6(x) = x¢, where 1 < ¢ < p°
and ged(c, p) = 1. Set ¢; = ¢ mod pF1, where 0 < ¢; < p*1. We will show that é, defined below, is a lift
of 4.

First note that 6 is, indeed, a member of Aut(G) because ¢i¢ # 0 mod p.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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Next, we have

For the rest of this section, we will restrict to non-cyclic subgroups of G.

6.2. Reduction to subproducts. In this subsection, assume 0 < a; < k; so that H(aj,aso,t) is
non-cyclic.

From Proposition 5.1, we see that the automorphic class of H (a1, as,t) must include entire sets of
the form A,. Certainly the subset Ay, is in O(H/(a1,az,t)), but other members of the partition of
Xa, a, from section 5.3 might also be included O(H (a1, az,t)). Regardless, we will see that H (a1, az,t)
is FL in G if and only if H (a1, ag,t) is automorphic to the subproduct H (a1, as,0).

Proposition 6.2. If the non-cyclic subgroup H(a1,as,t) is FL in G, then H(a1,as2,t) is automorphic
to H(a1,as,0).

Proof. Suppose H (a1, asz,t) is not automorphic to H (a1, as,0), then the automorphism orbit of H (a1, as, t)
consists of subsets of the form A, and specifically does not include Ag. Thus, there exist i1,iz,...,ip
with 0 < 4; < d (where p? is the number of subgroups of G' having the same order as H (a1, as,t)) such
that i1 <19 < --- < i, and

|O(H (a1, az,t))] = [Apin | + [Apia [ + -+ + [Apin |
— (pd—i1—1 +pd—i2—1 4. +pd—in—1)(p . 1)
=pT T T T 1 ) (p - 1)

=rpT " (p - 1),

where 7 = pin i 4 pinT2 4 ... 41,
From the orbit-stabilizer theorem we know that |O(H (a1, ag,t))| must divide |[Aut(G)|. From the for-
mula for [Aut(G)| in section 4, we conclude that ~ must divide p**1T+2=2=(p—1). However, ged(r, p) = 1

and r > p — 1, so we have a contradiction. [l

Thus, we may concentrate on determining which subproducts of G are FL in G.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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6.3. Fully liftable subproducts of G. In this section we will switch to the more compact notation
of H(ay,as,0) = H(a), when referring to non-cyclic subproducts of G. Given a; with 0 < a; < k;, let
bi = ki — Q. Then

H(a) = (s}, s57) = Cuy x Oy
Definition 6.3. The factor distance of H(a) = Cpp; x Cpp, is
da = (kQ —ag) — (]{71 — al) = bQ — bl.

Note that we do not require b; < bs in the definition above, so it is possible for d, to be negative.
On the other hand, since we insist that k1 < ks, the factor distance of G = H(0,0) is dg = ko — k1 > 0.
(Note that dg = m, from the description of Aut(G) in section 4.)

Except when k) = ko, we will ultimately see that H(a) is FL in G if and only if the factor distance

of G is a lower bound for the factor distance of H(a).

Proposition 6.4. Let G = Cpp; x Cpry with 1 < ki < ky. Let H(a) be a non-cyclic subproduct of G.
If dy < dg, then H(a) is not FL in G.

Proof. Note that since H(a) is non-cyclic, neither by nor by is 0.
Case 1: Assume by > by.
Let a; = sfai so that H(a) = (a1, ag). Consider § € Aut(H (a)) given below

11
0 —
o
We claim that 6 does not have a lift in Aut(G).

Suppose a lift of 6 exists and has the form

D>
I
—
()
ST
3
S .
[ |

Then 6(cz) = O(ap) implies

Jjpe2 rp?2 _ _ bt p*2
517 8y = o1 =S] 59 .

In particular, we must be able to solve jp® = p® mod p¥'. By hypothesis, by — by < ko — k1, hence

as—ai

a1 < a9, and it is impossible to solve jp =1 mod p.

Case 2: Assume by < by.

In this case, we essentially swap the generators of H(a) so that automorphisms are of the form given

i
(b - [ bl_b2 ]
qp r

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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means ¢(ag) = abaf’ 7 and ¢(a1) = aaf. We will show that

1 0
O=1
p 1 2 1
does not have a lift in Aut(G).

Suppose a lift of 0 exists and has the form

Then (ap) = 6(cr) implies

jpa2 ,r,pa2 _ pb17b2 . pa2 pa1+b17b2
51 T8y = ooy =55 8]

In particular, we must be able to solve
(6.1) jp = pMthi=b pod pht,
Now
a1 +by—by=a1+ (k1 —a1) — (ko —az) = k1 — k2 +az < as
and
a1 +by —by=ki —by+by —ba =k —ba < k.
Thus, solving equation 6.1 is equivalent to solving

(a1+b17b2) 0«1+b1*b2)

)

jp*?T =1 mod pkl*(

which is impossible.

J. Dietz
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O

By the proposition above, when k1 < ko we need only look among the groups H(a) with factor

distance at least dg = ko — k1 to find non-cyclic FL subgroups. It turns out that all such subgroups

are FL in G. To show this, we will follow a chain of subproducts, each FL in the next, up to the end

of the chain, whose factor distance equals dg and is FL in G.

We begin by looking at the maximal subgroups of G. From section 5.2 we see that the maximal

subgroups of G that are subproducts are H(0, 1) and H(1,0). These subproducts are non-cyclic as long

as ]{31,]{,‘2 > 1.

Theorem 6.5. Assume 2 < ki < ko. The maximal subgroup H(1,0) is FL in G and the maximal

subgroup H(0,1) is FL in G only when ki = k.
Proof. First consider the subgroup H(1,0) = (s!, s2). Let

i J
0=
[ qpk‘z—k‘l—i-l r

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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b= S
gpt

First note that 0 is, indeed, a member of Aut(G). Next, we have

We will show that a lift of 0 is

ko —Fk1

O(st) = (sis5” " )P
= Sipsgka_kl+1
= 6(s1)

and
0(s2) = s sh
= 0(s2).

Thus, we see that H(1,0) is FL in G.
Next consider the subgroup H(0,1) = (s1,sh), with k1 < ko. Let 6 € Aut(H(0,1)) be defined by
0(s1) = s1 and 6(sh) = s1sh. That is
11
0= :

pq
P

Then (sh) = 6(sh) implies s{psg = s155. In particular, we must be able to solve jp = 1 mod p*t,

Suppose 6 lifts to § € Aut(G), where

which is impossible.

Finally, we consider the subgroup H(0,1) = (s1,sh), with k1 = ko. Using the automorphism of G
that swaps generators, H(0,1) and H(1,0) are automorphic. Hence, by Proposition 3.6, H(0,1) is FL
in G. [l

Proposition 6.6. Let H(a) be a non-cyclic subgroup of G with da = dg. Then H(a) is FL in G.

Proof. Since da = dg we know that a1 = as = a for some 0 < a < k1. We can assume a # 0 so that
H(a) # G, and a # k since H(a) is not cyclic.
Since by — by = ko — k1 = dg = m, a typical automorphism of H(a) is

gp™ T

where 0 < 4,7 < p, 0 < gp™,r < p*2, and det(#) # 0 mod p.

http://dx.doi.org/10.22108/1ijgt .2024.142837.1924
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Consider 0 as a member of Aut(G) to get a lift. That is, define § € Aut(G) by

) [ P ] |
gp™ T
We see that 0 is, indeed, in Aut(G), and it clearly induces @ when restricted to H(a). O

Theorem 6.7. Let G = Cpy X Cpp, with 1 < ky < ko and dg = kg — k1. Let H(a) be a non-cyclic
subgroup of G where a = (a1, a2), b; = ki — a;, and du = by — by.

(1) When ki < ko, H(a) is FL in G if and only if da > dg.

(2) When ky = ko, H(a) is always FL in G.

Proof. We begin by showing that H(a) is FL in G whenever d, > dg for k1 < ky. If da = dg, then
H(a) is FL in G by Proposition 6.6. When d, > dg we let n = dy — dg. Then n = a3 — az > 0.
Applying Theorem 6.5 to the group H(a; — i,a9), for i = 1,2,...,n, we see that H(a; — i+ 1,az) is
maximal and FL in H(aj —4,a2). Thus, we get the following sequence of subgroups, each maximal and
FL in the next:

H(ai,a2) < H(a1 — 1,a2) < H(a; —2,a2) < --- < H(a; — n,ag).

On the righthand end of the sequence, a1 —n = a2, 80 d(4, q,) = (k2 — a2) — (k1 — a2) = dg and we see
that H(a; — n,az) is FL in G by Proposition 6.6. By transitivity (Proposition 3.5), H(a) is FL in G.

To complete part (1) of the theorem, we assume k; < ko and note that if dy < dg, then H(a) is not
FL in G by Proposition 6.4.

To complete part (2) of the theorem, we assume k; = ko and must show that H(a) is FL in G when
da < dg = 0. In this case, we will see that we essentially swap the roles of the generators of G and use
part (1).

Let G’ = (s9,s1) and set H'(ag,a1) = <s§a2,511’a1>. Then G’ = G and H'(ag,a1) = H(a1,az2). Now
d(ag,ar) = —da > 1, 50 H'(ag,a1) is FL in H'(1,0) by part (1) of the Theorem. We know H'(1,0) is FL
in G’ by Proposition 6.5, thus, by transitivity, H'(ag,a;) is FL in G'. Finally, by swapping generators
again, we see that H(aj,a2) is FL in G. O

Combining the theorem above with the description of characteristic subgroups in Theorem 5.2, we

get the following description of subproducts that are both FL and characteristic in G when p > 2.

Corollary 6.8. Let G = Cppy X Cppy with 1 < ky < ko and p > 2. Let H(a) be a (possibly cyclic)
subproduct of G where 0 < b; < k;.
(1) When ki < ko, H(a) is both FL and characteristic in G if and only if (i) H(a) is non-cyclic
and a1 = ag, or (i) H(a) = H(ki,az) is cyclic with az > k.
(2) When ki = ko, H(a) is both FL and characteristic in G if and only if a1 = as.
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Proof. For the first part of the theorem, assume k; < k. When H (a) is non-cyclic, we need a; > ag in
order for H(a) to be FL in G by Theorem 6.7 and we need a1 < ag in order for H(a) to be characteristic
in G by Theorem 5.2, hence a; = ay. If H(a) is cyclic it is always FL in G by Proposition 6.1, but
characteristic in G only when dy < dg by Theorem 5.2.

For the second part of the theorem, assume k1 = k2. We know that H(a) is always FL in G, but

characteristic in G if and only if a1 = as. O

We know from [11] that a subgroup of G is characteristic in G if and only if it equals H(ay,az2,0) for
some a1 < ag with k1 — a1 < ko — as. From Proposition 6.2 we know that if a non-cyclic subgroup of G
is FL in G then it is automorphic to some H (a1, a2,0). In the next proposition we will see when that

happens.

Proposition 6.9. Let H = H(ay,az2,t) be a subgroup of G. Whent > 0, let t, = p* with0 <a <d—1
where d = min(ay, ke — a2). Then H is FL in G if and only if H is cyclic or one of the following
conditions holds when H is non-cyclic:

(1) t =0, and if k1 < ko then we must also have a1 > ag; or
(2) t#0, k1 —ay <ks—ay—d—a, a; > ag, and a; —d+ a > az.

Proof. To prove the sufficiency of the conditions, we begin with the fact that if H is cyclic then it is
FL in G by Proposition 6.1.

Assume H is non-cyclic, so neither a; = ky nor ag = ko. If t = 0 then H = H(ay,a3). By Theorem
6.7 we know that H(a) is always FL in G when k; = ks, and when k; < ko we must have a1 > a9 in
order for H(a) to be FL in G.

Suppose t # 0, k1 —a1 < ko —as —d—a, a1 > ag, and a1 —d+a > as. From Proposition 5.1 we know
that H (a1, as,t) is automorphic to H (a1, as,tp), so it suffices to show that H (a1, az, p*) is automorphic
to a FL subgroup of G.

From Section 5 we know that

H = H(ay,az,p") = Cpa x Cpp

where p® = ged(pF1—a, pke—az phke—az=d+a) and B = k) —ay + ko — az — a. Now a < d — 1 implies

ko—as—d+a<ky—ay—1<ky—as.

Hence aw = min(k; — a1, ka —as —d + a).
By assumption, k1 —ay < kg —as —d—a, thusa =k; —a; and = kg —ag. Since a; —d+a—ag <
a1 < kq, the following function is in Aut(QG)

a1 —d+a—as

1 ph—p

(6.2) o= 1

Recall that
H(a1,az2,p") = <S]10 1’55{5120 2> and H(a1,a2,0) = <5€ 175]20 2>7
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where o = p»~4te_ Now

a

o5 ) =87

and

a] —d+a ag a] —d+a ki1 _pa1—d+a—ag a ao
R S B b T

Thus ¢(H) = H(ay,a2,0) = H(a). By assumption, a; > ag, thus dy > dg and we know that H(a) is
FL in G. Hence H is FL in G by Proposition 3.6.

To prove the necessity of the conditions in the theorem, assume that H is FL in G and that it is not
cyclic.

If t =0 then H = H(ay,a2) and we must have a; > as when k; < ko.

Next, assume ¢t > 0. By Proposition 6.2, H = H(a1,a2,t) must be automorphic to H(ai,as,0),
which must also be FL in G. In particular, H must have the same type as H(a) = H(a1,a2). The
exponent of H(a) is max(k; — a1, k1 — az) while the exponent of H is (.

To begin with, assume that ko —as —d + a < k1 — a; so that a = ko — as — d + a. Then
B=ki—a1+ke—as—a=ki—a+d—a.

Now 8 # ki — aq since d # a, and 8 # ko — as because that would imply o = k1 — ay. Since H
does not have the same type as H(a), it cannot be automorphic to H(a), so is not FL in G when
ko —as—d+a<ki —a.

Next, assume k1 —ay < ko —as —d—+a so that o = k1 —aq and 8 = ko —as. We know k1 —a; < ko —as
from [8, Theorem 2], thus if a; < ay then H(a) is characteristic in G by Theorem 5.2. Characteristic
subgroups are the only ones in their automorphic class, so H ~ H(a) if and only if ¢ = 0. Since t # 0,
we must have a1 > as.

If ay — d+ a < az we will show that H ¢ H(a). Suppose we have ¢(H) = H(a) where

¢ = [ b € Aut(G).
™
Then
qﬁ(szfalidﬂ g@) _ S,ipalfdJﬁa_’_jpaQ Sgpmmrdﬂwp@'
If qﬁ(szl’al_dﬂ SI;Q) € H(a), then we must be able to solve
ipm e 4 5p%2 = (0 mod p*.

This is equivalent to solving

i+ jp™ 1t = 0 mod p?°,
which is impossible since i Z 0 mod p. O

Finally we note that Proposition 6.1, Proposition 6.2, Proposition 3.6, and Theorem 6.7 prove the

Main Theorem from section 3.
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7. Lattices

A number of papers concerning lattices of subgroups of a group have been published, with growing
interest in the last 20 years (see [10], [1], [16]). Properties of full subgroup lattices, characteristic
subgroup lattices, and centralizer lattices appear in [11], [18], and [6]. Here we mention a few interesting
properties about the lattice of FL subgroups of G.

We continue using the same notation as in the earlier sections, but now we restrict to p > 2 and we will
allow H(a) to be cyclic. Recall that H(a) is cyclic when one of a; = k;, and note that H(ki, k2) = {e}.

We will consider three lattices of subgroups of GG, each with a partial ordering given by inclusion.

e S(G) is the lattice of all subproducts of G. Hence,
SG = {H(al,ag) | 0 § a; S ki}

e C(G) is the lattice of all characteristic subproducts of G ([11, Theorem 2.2] shows that this is
the same as the lattice of all characteristic subgroups of G).
o FL(G) is the lattice of all fully liftable subproducts of G.

Example 7.1. In Figure 1 we show the Hasse diagram for all three lattices for G = Cps X Cpr, p > 2.
To save space, we write just a instead of H(a). Subproducts that are both FL and characteristic in G
are in bold face, characteristic subgroups that are not FL in G are in red, and FL subgroups that are
not characteristic in G are in blue. The full lattice is S(G). The red and bold face nodes form C(QG)
while the blue and bold face nodes form FL(G).

The shape of the graph in Figure 1 is typical; we will refer to the four borders as the NE, NW, SE,
and SW borders. For example, the SE border in Figure 1 consists of the subproducts with labels (3, 7),
(2,7), (1,7), and (0,7).

Proposition 7.2. Let p > 2. The lattice of all subproducts of G that are both FL and characteristic in
G, C(G)NFL(G), is a chain of length k.

Proof. We know what the members of B = C(G) N FL(G) are from Corollary 6.8. When ki < ko, B is
the following chain:
H(ky1,ko) < H(ki,ko—1)<--- < H(ki,k1) <H(k1 —1,k1 — 1) <--- < H(0,0).

ko—ki1+1 k1
When ki = ko = k, B is the following chain:

H(k,k)<H(k—1,k—1)<--- < H(0,0).

k+1

O

From [11, Theorem 3.3] we know that C(G) is a chain if and only k2 = k1 + 1. The next proposition

shows FL(G) is never a chain.
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(0,0)

RN
/\/\

(1,1)

VAVAVAN
AVAVAVAN

\/\/\/\
N NN N

AVAVAVAN
NVAVAY
VAR
\./

(3,7)
FIGURE 1. Lattices for Cps X Cp7

Proposition 7.3. Let p > 2. The lattice FL(G) is never a chain.

Proof. As cyclic subgroups, both H(kj, ke — 1) = <32 B ) and H (k1 — 1,ko) = (sll’k171> are FL in G,
but they are not comparable so cannot be part of a chain. O
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Next we consider maximal and minimal FL subgroups.

Proposition 7.4. Let p > 2 and 1 < k1 < ko.
(1) H(1,0) is the unique mazimal subgroup in FL(G).
(2) If dg > k1 then H(ky,7) is the unique mazimal subgroup in FL(G) of order p* for j = ki —
1,ky,..., ko — k1 — 1.
(3) If dg < ki, then there are no non-trivial unique mazximal subgroups in FL(G) of any order

except pFithe—1,

Proof. Since ki < ko we know from subsection 5.2 that H(1,0) is the only member of S(G) of its type.
When k; > 1, H(1,0) is FL in G by Theorem 6.5. When k; = 1, H(1,0) is FL in G by Proposition
6.1. Thus we have proved part (1).

From Figure 1 we see that the entire lefthand (NW and SW) border of S(G) consists of FL subgroups.
We will show that most of them are not the only FL subgroups in their rows, so are not unique among
FL subgroups of their particular order.

From order p*1*%2+1 down to order p*2*1, the NW border of S(G) consists of the rank 2 subgroups
H(i,0), i = 0,1,...,k — 1. From order p*2 down to order 1, the SW border of S(G) consists of the
cyclic subgroups H(k1,7), 7 =0,1,..., ko.

When i =0, H(i,0) = G and when ¢ = 1, H(1,0) is maximal by part (1), so we need not consider
these cases. Consider the subgroups H(7,0), i = 2,...,k; — 1. The subgroup to the immediate right of
H(i,0) in S(G) is H(i — 1,1). The factor distance of H(i — 1,1) is

(kg —1)— (k1 —i4+1) =dg+i—2>dg.

kitkz—i when

By Theorem 6.7, H(i — 1,1) is FL in G so there are at least two FL subgroups of order p
i=2.. .k — 1.

Next consider the subgroups H(k1,7), j = 0,1,...,ko. When j = ko, H(k1,j) = {e}, so we need
not consider this case. For j = 0,1,...,ks — 1, the subgroup to the immediate right of H(ky,j) is
H(k1 —1,j+1). The factor distance of H(ky — 1,57+ 1) is ke —j — 2 and ky — j — 2 > d¢ if and only if
j < ki — 2. Thus, as long as k; > 2 and j < k; — 2, there are at least two FL subgroups of order p*2—7
when j =0,...,ko — 1.

If k1 = 1, then dg > k1 and each row of S(G) containing non-trivial, proper subgroups contains
exactly the two subgroups H(1,j) and H(0,j+1),j =0,1,...,kas—1. The factor distance of H(0,j+1)
is less than dg so the subgroup is not FL in G as long as it is not cyclic, which happens when j = ko — 1.
Thus, every subgroup of the form H(1,5), j =0,1,..., ks — 2, is the unique FL subgroup of its order
in S(G). This proves statement (2) of the theorem for k = 1.

Now assume k1 > 2. The SE border of S(G) consists of cyclic FL subgroups of the form H (i, k2)
fori =0,1,...,k. The two cyclic subgroups H(ki,j) and H (i, k) are in the same row when k; + j =
ko + 4. In this case, 0 < ¢ < ky implies 0 < ky — ko + 5 < ki, or, equivalently, ko — k1 < j < ko.
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When 0 < j < k1 — 2 we know from above that H(ki,7) is in the same row as the FL subproduct
H(ky —1,7+1). Hence, the only hope for H(k1,7) to be the unique FL subproduct of order p¥2~7 is if
k1 —1<j <ky— ki — 1. Note that if k&1 > dg, this will never happen.

Finally, we will show that H(ki,7) is, indeed, the unique FL subproduct in its row when k3 — 1 <
j < ks — ki — 1. The row in §(G) containing H (ki,j) consists of the subgroups H(k; — a,j + a) for
a=0,1,...,k. The distance factor of H(k; — a,j + a) is

ko —(j+a)— (k1 — (k1 —a)) = k2 — j — 2a.

Since j > k1 — 1 we know
k‘z—j—2a§k2—k1+1—2a.

When 1 < a < k;, we see that the distance factor of H(k; —a,j + a) is less than dg, so H(k1 —a,j+a)
is not FL in G by Theorem 6.7. Finally, H(ki,j) is the unique FL subgroup of its order as long as
dg > ky and j =k; — 1,ky,..., ke — k1 — 1, thus proving parts (2) and (3) of the theorem. O

Example 7.5. Let G = Cys x Cyr, then dg > ki implies that H(ky,j) is the unique mazximal FL
subproduct of G for j = 2,3. Indeed, we can see this in Figure 1.
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